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ENSEMBLE MACHINE LEARNING-BASED STOPPING RULE FOR GREEDY
RANDOMIZED ADAPTIVE SEARCH PROCEDURE

Guilherme Caeiro de Mattos1,* , Leopoldo André Dutra Lusquino Filho2,3 ,
Luidi Gelabert Simonetti1 and Priscila Machado Vieira Lima1,4

Abstract. As with many metaheuristics, the Greedy Randomized Adaptive Search Procedure
(GRASP) lacks an effective stopping rule in its standard form and relies on ineffective criteria. This
often leads to a waste of computational resources. To address this limitation, rules based on Bayesian
statistics, cumulative distribution function, extreme value theory, and machine learning algorithms have
been proposed in the literature. However, these methods also present shortcomings, as they may fail
on certain instance types or be computationally expensive. In response, this work seeks to better un-
derstand these shortcomings and overcome some of them through an ensemble-based machine learning
approach. To demonstrate its capabilities, the new rule was evaluated on a custom dataset composed
of execution data from three optimization problems and compared to a group of alternatives. The eval-
uation used cross-validation and an additional test designed to assess generalization across problems,
in which the model was trained on two optimization problems and tested on a third. Two custom
metrics focused on evaluating how well the rules stop the metaheuristic at predetermined points in
the search are also introduced. The results indicate that the proposed stopping rule is competitive on
harder instances.
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1. Introduction

1.1. Background

Metaheuristics are search algorithms that employ a set of procedures to form a generic search strategy
to explore the solution space of optimization problems. However, despite being capable of achieving quality
solutions for computationally difficult problems, they are commonly unable to measure that quality. For that
reason, many lack an effective stopping rule capable of leveraging that information and rely on simple criteria,
like a maximum number of iterations, a number of iterations without improvement in the best solution found,
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or similar conditions associated with time. As a consequence, the algorithm may waste time and computational
resources by continuing the search for an improvement for longer than needed or by stopping while there is
still a high chance of finding a better solution in the next iteration, as pointed out by Ribeiro et al. [57] and
Ghoreishi et al. [23].

In the case of the standard GRASP metaheuristic, it suffers from that problem [57], but the literature already
provides multiple stopping rules for it that aim to be effective without requiring major modifications to the way
the metaheuristic works. Those alternatives are based on Bayesian statistics [44,45,48], cumulative distribution
function [19, 57], extreme value theory [13], and machine learning [38]. Although these approaches allow the
metaheuristic to be stopped based on an informed decision about the state of the optimization process, they
also have their own limitations.

1.2. Literature gap

It is possible to identify multiple limitations in the existing stopping rules for GRASP, some of which are
presented by their own authors, and others that are identified in the present work. For example, in the case
of rules that employ as a criterion the probability of improvement estimated by a cumulative distribution
function (CDF), they may perform well [19] if a parametric family of distributions can be properly fitted to
the distribution of solution cost values; otherwise, they are likely to fail. Additionally, limitations may also
be related to the cost of applying a given stopping rule. That situation can be exemplified by the method of
Mattos [38], which replaces the CDF with a machine learning model in the task of estimating the probability
of improvement in future iterations. In this case, the problem lies in the fact that it requires a costly process to
obtain the training data. Another problem with that stopping rule is that the model is trained on data from a
single optimization instance, which leads to significant variation in performance, depending on which instance
is used for training and which are used for evaluation. However, its authors briefly mention the possibility of
combining models in an ensemble to leverage their performance across different subsets of instances.

Given that situation, the limitations of existing stopping rules create an opportunity for the development of
a new alternative that overcomes the shortcomings of current methods. One possible way to do that is to use
one of the existing rules as basis and improve it. Among the options available, one that might be among the
most promising is the method based on machine learning algorithms, due to the flexibility that it can achieve
depending on the training data.

With that said, the use of machine learning as a component of a stopping rule is an example of the use of
machine learning to support a metaheuristic, a practice that is not limited to GRASP. That combination can be
seen in other works, such as in Bożejko et al. [9], where a neural network replaces the tabu list in the metaheuristic
Tabu Search, or in Alicastro et al. [2], where Q-Learning is used to select the best neighborhood structure in the
local search phase of the metaheuristic Iterated Local Search. Alternatively, the use of metaheuristics in support
of machine learning is also common, with them being applied, for example, in hyperparameter optimization
(HPO) [1,42,66] and feature selection [67]. These techniques partially automate the training process and could
be applied to any machine learning approach to a stopping rule for GRASP.

1.3. Contributions

Motivated by the context provided in Sections 1.1 and 1.2, the present work sought to understand the limi-
tations of some of the existing effective stopping rules for GRASP and to leverage ensemble learning to propose
an ensemble-based alternative that improves on some of those shortcomings or on the general performance of
those effective methods. Given these objectives, this paper contributes to the literature surrounding stopping
rules for GRASP in three ways. Firstly, it provides a discussion about the limitations of some existing methods,
covering those already mentioned by previous works, and demonstrating others that were not discussed previ-
ously. Building on this analysis, the second contribution consists of the proposal of an alternative stopping rule
based on the method of Mattos [38], where the estimators based on single instances are replaced by an ensemble
model that is aware of instance difficulty. That approach is taken in an attempt to improve the generalization
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capability of the original method and also to outperform existing alternatives. The training utilized hyperpa-
rameter optimization, and the proposed method had its performance compared to a set of past stopping rules
for GRASP based on CDF and on machine learning. The results indicate that the proposed method was better
or comparable to existing methods in certain cases, especially in harder instances.

The third and final contribution consists of two custom metrics, named Similarity at Threshold (SAT) and
Mean Similarity at Threshold (MSAT). They were included to measure how well the estimators perform at
stopping the metaheuristic execution at given levels of solution quality.

1.4. Text outline

In the remainder of this text, in Section 2, the existing stopping rules for GRASP are presented, as well
as other pertinent related works. Next, in Section 3, the ensemble-based stopping rule is introduced, and in
Section 4, the evaluation approaches and their results are described. This paper is concluded in Section 5, where
possible future work is also mentioned. Finally, a discussion on the limitations of some existing stopping rules,
which explores the research gap attacked by this text, is provided in Appendix A.

2. Related work

2.1. GRASP

The Greedy Randomized Adaptive Search Procedure (GRASP) [20] is a simple metaheuristic that is based on
two phases that are performed at each iteration. The first is the construction phase, where an initial solution
is built through a greedy randomized search, and the second is the local search phase, where a local search
procedure is used to look for an improvement in the solution space in the neighborhood of the initial solution.
Those two phases are illustrated in Algorithm 1.

In the constructive phase, the greedy randomized search is close to a usual greedy search, where, at each
vertex explored in the search graph (in this case, a search trying to create an initial feasible solution), the
next vertex to be visited is the one that brings the biggest improvement towards the objective function among
the available options. However, that procedure is randomized because, instead of always picking the best next
vertex, it randomly picks one in the list of best options. In the context of GRASP, that list is called Restricted
Candidate List (RCL), and its size is determined by a parameter called RCL Size. The RCL size can be a
number specified by the user or a percentage. In the latter case, Resende and Ribeiro [55] describes a quality-
based selection where, in a minimization setting, a vertex with cost 𝑐 is chosen to compose the RCL if it satisfies
the condition 𝑐min ≤ 𝑐 ≤ 𝑐min + 𝛼(𝑐max − 𝑐min). Here, 𝑐min and 𝑐max are the minimum and the maximum costs
among the options, and 𝛼 is a value between 0 and 1 that represents the RCL size. That parameter affects
the exploration and exploitation capabilities of the metaheuristic, where a high size leads to a more explorative
behavior and a small size leads to more exploitation.

After the constructive phase is performed and an initial solution is produced, the local search investigates
the neighborhood of that solution. That kind of procedure usually uses one of two strategies: first improvement,
where it stops after finding a solution better than the initial, or best improvement, which only stops after
investigating the entirety of the neighborhood (Resende and Ribeiro [55] provides examples of local search
strategies for a number of optimization problems). Once this phase is finished, the next step is to evaluate the
stopping condition, which terminates the execution if it is met; otherwise, the metaheuristic proceeds to the
next iteration. Due to the simplicity of the two phases of the metaheuristic, it can require only two parameters
in its standard form, the RCL size and the stopping criterion, as shown in Algorithm 1.

The standard GRASP can also be improved in some ways. One of them is through the use of path-relinking
[56]. In that method, a set with elite solutions (the 𝑒 sufficiently different best solutions found) is kept, and
at each iteration, the path between its members and the iteration’s solution is followed (in one or both ways)
by producing solutions through gradual changes in the direction of the target solution. Alternatively, the path-
relinking can be executed just as a post-optimization process, exploring the path between the solutions in the
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elite set after the GRASP execution ends. Other modifications that are worth mentioning in the present work are
the Reactive GRASP [53], which modifies the constructive phase so that the RCL size is selected dynamically,
allowing the metaheuristic to balance exploration and exploitation by itself, and the Lagrangian GRASP [51,52],
which is a hybridization of GRASP and Lagrangian Relaxation.

Algorithm 1: Pseudocode for the standard GRASP algorithm.
procedure grasp (numIters, rclSize)

1 𝑏𝑒𝑠𝑡𝑆𝑜𝑙← 𝑛𝑢𝑙𝑙
2 𝑏𝑒𝑠𝑡𝐶𝑜𝑠𝑡← +∞
3 for 𝑖← 1 to 𝑛𝑢𝑚𝐼𝑡𝑒𝑟𝑠 do
4 𝑠𝑜𝑙← 𝑔𝑟𝑒𝑒𝑑𝑦𝑅𝑎𝑛𝑑𝑜𝑚𝑖𝑧𝑒𝑑𝑆𝑒𝑎𝑟𝑐ℎ(𝑟𝑐𝑙𝑆𝑖𝑧𝑒)
5 𝑠𝑜𝑙← 𝑙𝑜𝑐𝑎𝑙𝑆𝑒𝑎𝑟𝑐ℎ(𝑠𝑜𝑙)
6 𝑐𝑜𝑠𝑡← 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝐶𝑜𝑠𝑡(𝑠𝑜𝑙)
7 if 𝑐𝑜𝑠𝑡 < 𝑏𝑒𝑠𝑡𝐶𝑜𝑠𝑡 then
8 𝑏𝑒𝑠𝑡𝐶𝑜𝑠𝑡← 𝑐𝑜𝑠𝑡
9 𝑏𝑒𝑠𝑡𝑆𝑜𝑙← 𝑠𝑜𝑙

end

end
10 return 𝑏𝑒𝑠𝑡𝑆𝑜𝑙, 𝑏𝑒𝑠𝑡𝐶𝑜𝑠𝑡

end

2.2. Stopping rules for GRASP

2.2.1. Overview

In this work, an effective stopping rule is one that makes decisions based on information about the optimization
process being conducted, such as assessment of solution quality or probability of improvement, while ineffective
rules are those that rely solely on predefined conditions that do not consider the state of the optimization
process, like a maximum number of iterations or time. In Ghoreishi et al. [23], a series of stopping criteria
for evolutionary algorithms are presented and the ineffective are grouped into a category that its authors call
direct termination criteria. Meanwhile, the effective criteria are divided into a series of classes based on what
type of information is used. Going beyond evolutionary algorithms, Corominas [16] discusses stopping rules for
metaheuristics in general and places some of the ineffective in the category of budget rules, because the final
solution is expected to be the best that the metaheuristic can find with the resource budget that is allocated at
the beginning of the execution. In addition, that work also presents simple formulas that use information about
the type of the stopping rule, the optimization problem, and the type of the metaheuristic to determine the
maximum number of iterations to be executed. Automated selection of the number of iterations is also utilized
in Goli et al. [27], which applies a method of experimental design to select metaheuristic parameters.

Given that context, the problem of the lack of an effective stopping rule for the standard GRASP, introduced
in Section 1, lies in the fact that it is not possible for the metaheuristic to assert anything about the optimality
of a given solution or about any other kind of measure of quality. Consequently, if an ineffective stopping rule
is used, computational resources and time are likely to be wasted. In order to illustrate that, two extreme
hypothetical examples can be provided. In the first, the optimal solution is found in the first iteration, but
the metaheuristic continues the search until the resource budget is exhausted, which means that most of those
resources were used unnecessarily. In the second, the search is stopped at the iteration immediately before the
one where the optimal solution – or a relevant improvement – would be found, wasting all the computational
effort that was made after the most recent change to the incumbent solution (best solution found). Although
these extreme situations are not the most likely to occur, intermediate situations, where some amount of resource
waste still occurs, are expected.
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In an effort to attenuate that limitation (i.e., reduce waste), effective stopping rules were already proposed.
Orsenigo and Vercellis [48] introduces an approach based on Bayesian statistics, where two prior distributions
were tested for GRASP implementations for the problem of building classification trees. They compare their
method to the use of a maximum number of iterations. Their stopping rule allowed the metaheuristic to run long
enough to produce a tree capable of reaching accuracy values comparable to those reached by the longest-running
GRASP that used a maximum number of iterations. Given that their approach took less time to reach those
results, they argue that their method was able to reach an optimal tradeoff between accuracy and computational
effort. Another Bayesian stopping rule is also proposed by Neves et al. [45] and Neves [44], which implements
the method of Boender and RinnooyKan [8] and shows that, for the three stopping criteria covered, all were
able to deliver quality solutions and save time in instances of the five optimization problems explored in that
work.

In Carling and Han [13], a method based on statistical bounds for the optimal solution is described. In that
approach, two point estimators from the Extreme Value Theory are evaluated, and the stopping rule consists of
using the lower and upper bounds that they estimate to calculate the optimality gap (the difference between the
bounds, divided by the lower bound). That gap can then be compared to a target gap to determine whether to
stop the execution or not. In that work, the point estimators are the focus, and no evaluation of the stopping rule
is provided. However, it is shown that, depending on the instance under evaluation (the work employs a group
of instances from four optimization problems), their testing parameters were not enough to guarantee that the
bounds cover the optimal solution. The authors also present their work as complementary to the probabilistic
stopping rule of Ribeiro et al. [57].

The probabilistic stopping rules for GRASP [19, 57] consist of approaches that make an assumption about
the distribution of the cost value of iteration solutions. Based on that, the cumulative distribution function
(CDF) of that distribution is used to estimate the probability of finding a solution at least as good as the
current minimum in subsequent iterations. These stopping rules stop the execution if that probability reaches
a target threshold 𝛽. Given some limitations of Ribeiro et al. [57] (discussed in Appendix A), Mattos et al. [40]
and Mattos [38] propose a machine learning-based approach that replaces the CDF with tree-based machine
learning models. They show that those estimators can achieve better results in multiple instances of two different
optimization problems.

Besides the stopping rules presented in this section, no recent alternatives have been proposed for GRASP.
However, Neves et al. [45] and Neves [44] also mention some that are not focused on that metaheuristic, but that
might be applicable. Additionally, it is also worth mentioning that the Lagrangian GRASP, briefly mentioned in
Section 2.1, already provides lower and upper bounds for the optimal solution, and, for that reason, a stopping
rule based on the optimality gap can be used [55]. Although unrelated to stopping rules for GRASP, Arbelaez
and O’Sullivan [3] propose a machine learning-based stopping rule for local search procedures. This approach is
indirectly relevant because the local search phase is a core component of the GRASP metaheuristic. The rule
they propose focuses on the Cable Routing Problem (CRP) and the Traveling Salesman Problem (TSP).

In the remainder of this section, some stopping rules for GRASP are covered in greater detail. Sections 2.2.2
and 2.2.3 present the probabilistic stopping rules based on the normal and on the gamma distributions, respec-
tively, while Section 2.2.4 focuses on the approach based on machine learning. Those methods also received
additional attention in Appendix A, which provides a discussion on the limitations of some of the approaches
mentioned in the present section. The Bayesian stopping rules, however, are not covered in the discussion
because no public implementation of them was found and no recent work reported the use of any of them.

2.2.2. Probabilistic stopping rule based on normal distribution

In Ribeiro et al. [57], the authors observed that, for a group of instances of the Quadratic Assignment Problem
(QAP), the Set 𝑘-Cover Problem (SCP), the Uncapacitated 𝑝-Median Problem (PMP), and the 2-path Network
Design Problem (2PNDP), the distributions of their cost values appeared to be approximately normal. For
that reason, given the mean 𝜇 and the standard deviation 𝜎 of the costs observed up to the iteration 𝑘 being
evaluated, as well as the minimum cost 𝑐min observed in the same interval, they proposed the use of the CDF
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of the normal distribution to estimate the probability of finding a solution smaller than or equal to 𝑐min. That
CDF is given by equation (1), where 𝑓(𝑐, 𝜇, 𝜎) is the probability density function (PDF).

𝐹 (𝑐min, 𝜇, 𝜎) =
∫︁ 𝑐min

−∞
𝑓(𝑐, 𝜇, 𝜎) d𝑐. (1)

After the value of the CDF is obtained, the stopping method consists of comparing it to a threshold 𝛽,
which is a target probability provided by the user. If 𝐹 (𝑐min, 𝜇, 𝜎) ≤ 𝛽, the execution is stopped; otherwise it
continues. In order to save computational resources, it is also recommended that the calculation of CDF should
be performed only at iterations where there is a change in the minimum or periodically.

In addition to that approach, the proponents of the method also suggested the use of the truncated normal
distribution to estimate a more precise probability. By doing so, they managed to achieve good results for the
PMP and the 2PNDP instances in tests using the costs of the best known solutions from the literature (optimal
or not) as lower bounds. However, for the QAP and the SCP instances, they were unable to reach some of the
thresholds used for testing.

The same work also mentions the possibility of a stopping rule based on the number of iterations needed
to find a new solution that improves the current minimum by a given amount. An example supporting this
possibility was also provided, but that approach was left as a subject for future research.

2.2.3. Probabilistic stopping rule based on gamma distribution

In Felici et al. [19], it was observed that, for the Minimum Cost Satisfiability Problem (MinCostSAT), the
distribution of the cost values showed a significant negative skewness, motivating its authors to propose a
stopping rule inspired by Ribeiro et al. [57] (described in Sect. 2.2.2), but based on two phases. The first, which
they called fitting-data, consists in identifying a parametric family of probability distributions that is suited to
represent the empirical distribution of cost value. Using Maximum Likelihood Estimation (MLE), the method
estimates the best parameters to fit the chosen distribution to the data. The second phase, called improve-
probability, uses the CDF to estimate the probability of improvement. It decides whether to stop the execution
or not by comparing the probability to a threshold provided by the user.

In the empirical study conducted in that work, the authors argued that, in minimization problems, it is easier
to find solutions with higher costs and difficult to reach those with smaller costs. For that reason, it is expected
to find a higher number of solutions with costs between the mean and the maximum costs (which means a
negatively skewed distribution). In order to deal with this situation, in the fitting-data phase, they proposed
the use of a procedure that reflects the distribution, which is presented in equation (2). In that equation, 𝐶 is
the set of all costs observed, and 𝑐 are the reflected costs.

𝑐 = max(𝐶)− 𝑐, ∀𝑐 ∈ 𝐶 (2)

Next, for their MinCostSAT instances, they observed that the reflected distributions resembled the gamma
distribution and proposed the use of that parametric family. Given the reflection procedure, they proposed the
calculation of a modified CDF that accounts for it in the improve-probability phase. In equation (3), that CDF
is presented, where 𝑐max is the maximum value among the reflected costs (the original minimum), 𝑓(𝑐max, 𝑎, 𝜃)
is the PDF of the gamma distribution, and 𝑎 and 𝜃 are the shape and scale parameters.

𝐹 ′ (𝑐max, 𝑎, 𝜃) = 1−
∫︁ 𝑐max

0

𝑓(𝑐, 𝑎, 𝜃) d𝑐. (3)

In their implementation of the proposed method, the authors estimated the parameters of the distribution
only once (using MLE), based on an initial sample of cost values whose size was defined by the user. After
that, the CDF was always calculated based on those parameters and only in iterations where minimum changes
occurred. According to the results obtained for that method, the stopping rule was able to achieve a significant
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reduction in execution time in the vast majority of the test instances, with a minor negative impact on the
quality of the solutions.

The use of the method in the literature is limited. In Alicastro et al. [2], it was applied to a variation of
Iterated Local Search called Reinforcement Learning Iterated Local Search, while Pastore et al. [49] and Ferone
et al. [21] only considered it as a possible alternative to the stopping rule that was used.

2.2.4. Machine learning-based stopping rule

The machine learning-based stopping rule for GRASP [38] is a method that replaces the CDF of the normal
distribution in the approach presented in Section 2.2.2 with a machine learning model that estimates the
probability of improvement or the number of expected future minima. In that method, the model is trained on
a dataset composed of iteration data obtained from a number of GRASP executions. Those executions result
from using a GRASP implementation to solve a given instance of an optimization problem. After training, the
model is then used to evaluate GRASP iterations from unknown instances of the same problem or belonging
to other problems, and stops the execution if the estimated value reaches the threshold provided by the user.
That method has similarities with the stopping rule for local searches proposed by Arbelaez and O’Sullivan [3].
However, it aims to be problem independent (which varies depending on the feature combination employed) and
uses as its target the two previously mentioned alternatives rather than an expected cost for the final solution.

Regarding those targets, the way they are calculated starts with counting the number of improved solutions
in the interval between the current iteration and the last iteration of the execution. In other words, for an
execution of size 106 (size used by Mattos [38]) and an iteration 𝑘, the interval is [𝑘 + 1, 106]. If the desired
target is a probability of improvement, the number of improved solutions found in that interval is divided by
the size of the execution. On the other hand, if the expected target is the number of remaining minima, the
division is simply avoided.

As for the arguments for the fixed upper bound of the counting interval, the first consists of not having to
run each execution for more than 106 iterations, which saves time during data acquisition. The second argument
is the observation that executions usually do not show many minimum changes after iteration 105, meaning
that, in a sliding interval of fixed size, the number of remaining minima observed after that iteration would not
change by much. However, the same work also proposed that, in a future work, it would be pertinent to evaluate
the impact of the tested approach in comparison to one that always considers a counting window of size 106.

In the tests performed, it was reported that the used method achieved satisfactory performance from the
perspective of the metric Root Mean Squared Error in some instances. It happened in those belonging to the
same optimization problem used for training, as well as in some belonging to different problems, depending on
the training features employed. When compared to the CDF of the truncated normal distribution, it presented
a smaller error on multiple occasions (especially in SCP instances; it was also tested on QAP instances). It was
also briefly mentioned that an ensemble could be used to combine models trained on different feature sets, with
the aim of leveraging their complementary performance across different subsets of the data.

Lastly, it is important to note that Mattos [38] left multiple improvement paths open. In addition to the
previously mentioned use of a fixed counting window, it also suggests the tightening of the normalization
boundaries; finding the ideal dataset size, with the aim of possibly reducing the amount of data required for
training; checking the feasibility of online learning; verifying the applicability of the method to other optimization
problems; and testing additional training features.

2.3. Integration of machine learning and metaheuristics

As mentioned in Section 1, machine learning can be used to support metaheuristics. Those combined tech-
niques are known as Learning-based Intelligent Optimization Algorithms (LIOA) [34], where Intelligent Opti-
mization Algorithms (IOA) commonly refers to nature-inspired metaheuristics. However, IOA has a broader
definition and, according to Tao et al. [62], also includes neighborhood search algorithms, a category where
GRASP can be included. That work also defines that IOAs can be classified into two other categories: evolu-
tionary and based on swarm intelligence. Moving from IOAs to LIOAs, some examples can be provided.
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Starting with evolutionary methods, in Goli [25], the Hybrid Red Deer and Genetic Algorithm (HRDGA)
is proposed, and 𝐾-Means [36] is applied to help classify the individuals as male or female red deer in the
metaheuristic’s Red Deer Algorithm [18] segment. Sulaman et al. [60], on the other hand, tries to reduce
the fitness calculation time for a Differential Evolution algorithm by using a Random Forest Regressor as a
surrogate for the fitness function, in a paradigm known as Surrogate-assisted Evolutionary Algorithms (SAEA).
That pardigm is applied to situations where the evaluation of an objective function is expensive, such as in
Simulation-based Optimization [35], because simulations are time-consuming and complicated [28].

When it comes to swarm intelligence LIOAs, Sun et al. [61] propose an enhancement to the Ant Colony
Optimization (ACO) algorithm for the Orienteering Problem (a variant of the TSP) that they call ML-ACO.
In that method, a machine learning model is used to estimate the probability that a given edge in the instance
graph belongs to the optimal solution and uses that information to warm start the ACO. A series of examples
of swarm-based LIOAs is also provided by Karaboga et al. [33], which surveys techniques that apply machine
learning to enhance the Artificial Bee Colony (ABC) algorithm.

As for neighborhood search LIOAs, the methods of Bożejko et al. [9] and Alicastro et al. [2] mentioned in this
text’s introduction fit that category, as well as a GRASP implementation coupled with the machine learning-
based stopping rule of Mattos [38]. The models proposed in Mattos [38] are each trained on data from a single
optimization instance, making them highly specialized. This raises concerns related to generalization, which
are covered in Appendix A and further demonstrated in Section 4.4. However, there are ways to combine such
specialist models using ensemble learning.

Carvalho et al. [15] review works on Dynamic Regressor Selection (DRS), an ensemble method where models
are chosen adaptively. One such work is Moura et al. [43], which classifies DRS approaches into three categories:
(1) dynamic selection, where only the most appropriate regressor is chosen to provide the output; (2) dynamic
weighting, where predictions from all regressors are combined in a weighted manner; and (3) dynamic weighting
with selection, where a subset of the regressors is selected and have their outputs combined in a weighted manner.
That work notes that each regressor is specialized in one region of competence (an area of the feature space).
As such, the model that is chosen to produce the output of the ensemble is the one whose region of competence
encompasses the observation being evaluated. In Cabral et al. [12], the dynamic selection is performed through
the use of classifiers that learn how to map features to a regressor. Among the classification algorithms that it
tests, Random Forest [10] (classifier) and 𝐾-Nearest Neighbors [63] are pertinent to the present work.

Given an ensemble architecture capable of combining specialist regressors, a challenge that remains is how
to choose the hyperparameters and the features used by the models that compose the ensemble. Choosing
appropriate hyperparameter values can have a significant impact on prediction quality [66], and the same
applies to feature selection. In the case of hyperparameter optimization (HPO), one of the most commonly used
methods is Grid Search [1], where all possible value combinations are tested (possibly restricted to a subset of
the hyperparameters and with constraints to valid value ranges). However, that exhaustive search might require
a prohibitive amount of time, and, for that reason, more efficient approaches are desirable. In Wicaksono and
Afif [66] and Alibrahim and Ludwig [1], the approach taken is the use of metaheuristics, specifically Genetic
Algorithm [31] (GA). Their results show that this choice resulted in a significant reduction in search time in
comparison to Grid Search, without compromising solution quality.

In feature optimization, finding an optimal combination of features can be done through multiple methods,
including metaheuristics. In Yusta [67], among other algorithms, Genetic Algorithm and GRASP are tested,
with the latter achieving the best results in most of the test cases.

According to Morales-Hernández et al. [42], HPO can be single-objective or multi-objective. In single-
objective, there is a single objective function that estimates the performance of the model, while in multi-
objective there are multiple functions, which calculate multiple performance measures. The same work states
that, in cases of multi-objective optimization, the objectives are often scalarized into a single one. It also men-
tions that the number of features can serve as a complexity measure in the context of balancing training cost
and error-based performance.
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Figure 1. Proposed ensemble architecture. Arrows indicate the data flow of the ensemble,
while dashed arrows indicate where the HPO acts.

Regarding scalarization, it can be done in multiple ways [25, 26, 46, 68]. Among those methods, a popular
choice [26] is the weighted sum, which is defined by max

∑︀𝑚
𝑖=1 𝑤𝑖𝑓𝑖(𝑥), subject to 𝑥 ∈ 𝑋, where 𝑋 is the set of

feasible input combinations, 𝑚 is the number of objective functions, 𝑓𝑖(𝑥) is the 𝑖-th objective function, and 𝑤𝑖

is the weight associated with it. In addition to that, Žižović et al. [68] also covers two multiplicative methods: the
weighted product max

∏︀𝑚
𝑖=1 𝑤𝑖𝑓𝑖(𝑥) and the product of exponents max

∏︀𝑚
𝑖=1 𝑓𝑖(𝑥)𝑤𝑖 . In those three methods,

it is assumed that
∑︀𝑚

𝑖=1 𝑤𝑖 = 1. For the sake of the present work, the equations are presented as maximization.
In Goli [24], the weighted sum is also used to combine an objective to be minimized and an objective to be
maximized.

Considering that HPO involves training multiple models in order to find a good – potentially optimal –
hyperparameter configuration, it is pertinent to take advantage of the parallel-processing capabilities of modern
computers. In the case of GA, Luque and Alba [37] show that parallelism can be achieved through a multi-
island architecture, where multiple populations are evolved separately in islands running on separate computers
or processor cores. Periodically, a migration procedure occurs between islands, where one or more solutions from
each island can move to other islands. According to the same work, the four parameters of a migration policy
are the migration gap, which is the number of generations between migrations; the migration rate, which is
the number of solutions to be moved; the migrant selection method; and the topology of the algorithm, which
stipulates the connections between islands.

3. Methodology

3.1. Model architecture

Given the limitations presented in Appendix A (primarily those of the original machine learning-based stop-
ping rule), this work proposes an ensemble-based alternative inspired by the approach of Mattos [38], which was
described in Section 2.2.4. In this alternative, the model also replaces the CDF as the probability or future min-
ima estimator but employs a structure that takes into consideration instance difficulty (as defined in Appendix
A) in order to provide more accurate results. The structure is that of an ensemble composed of three models:
one classifier at the top and two regressors at its base, as illustrated in Figure 1.

The model at the top is the entry point of the ensemble and is responsible for classifying each iteration
as belonging to an easy or a difficult instance. Then, depending on the difficulty estimated, the iteration is
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Figure 2. Steps of the model creation phase.

forwarded to one of the models at the base. Each of those models is trained on instances of only one difficulty,
and, as such, iterations classified as coming from easy instances are redirected to the model trained on easy
instances, and iterations classified as coming from difficult instances are evaluated by the model trained on
difficult instances. The final output of the ensemble is finally produced by the selected model, and, as in Mattos
[38], it can be a probability or the number of future minima (further details are provided in Sect. 4.1).

That kind of model combination represents a form of dynamic regressor selection, because the prediction task
is dynamically attributed to a model that is deemed specialized on the type of the observation being evaluated.
In this work’s approach, the classifier does not use the output of the specialist models directly in its training.
The dataset already contains the class of each observation. This sets that approach apart from the ensemble
methods in which the identification of the specialists occurs during the training. However, the training of the
models is not entirely independent, because it includes the use of a hyperparameter optimizer, which can be
employed to select, in combination, the usual hyperparameters of the machine learning algorithms, the training
instances, and the training features used by each model. In other words, there is only one objective function
for the entire ensemble, which means that the hyperparameters selected for a given classifier or regressor may
impact those selected for the other models.

3.2. Stopping rule

3.2.1. General idea

With the architecture in place, the general process for the stopping rule has two phases: model creation
and stopping rule usage. In model creation, three steps are executed, as shown in Figure 2. It starts with the
collection of data from different optimization processes related to different types of instances. In this case, data
comprise sequences of iteration costs and other information obtained by running GRASP to solve a group of
instances. Type refers to difficulty, cost distribution shapes, and other characteristics of these instances. All this
information is stored to be used directly as features or further processed into derived features.

After this initial dataset is obtained, the next step is to assign the instance difficulty to each iteration and
calculate the probability of improvement or the number of expected future minima. These values will serve as
targets for the models in the ensemble, allowing the execution of the last step, where the ensemble is trained
and evaluated. Details about features and targets are available in Section 4.1.

Once the ensemble is deemed ready for practical use, the usage phase starts. In that phase, similarly to what
is done in the original probabilistic stopping rule, the ensemble is used to evaluate iterations of executions of
unknown instances, and its estimates are compared to a threshold 𝛽. For any given iteration, the execution is
stopped if the estimate is smaller than or equal to that threshold. Unless needed, the first phase is expected
to be executed only once, while the usage phase can be applied to multiple instances. However, over time,
situations of reduced generalization or the availability of additional training data might motivate the retraining
of the ensemble.

3.2.2. Modified GRASP algorithm

In Algorithm 2, a pseudocode covering phase two of the stopping rule process is provided and includes some
modifications to the standard GRASP from Algorithm 1. The variables costsSeq and feat are, respectively,
an array containing the costs obtained at each iteration and a data structure containing the features of the
previous or of the current iteration. The storage of information about previous iterations is important because
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the function calcFeat, which calculates the features for the current iteration, may require it depending on the
features being used by the ensemble.

After the updated features are obtained, the function calcRemainMin uses the ensemble to estimate the
number of remaining minima. The execution is then stopped if that estimate is less than or equal to a threshold
provided by the user, or if a maximum number of iterations is reached. That additional stopping criterion is
optional and is used as a backup in case the threshold is never reached or takes too long for it to happen. A
graphical representation of a GRASP loop that incorporates the stopping rule is provided in Figure 3.

Algorithm 2: GRASP with the proposed stopping rule.
procedure grasp (maxIters, rclSize, 𝛽)

1 𝑏𝑒𝑠𝑡𝑆𝑜𝑙← 𝑛𝑢𝑙𝑙
2 𝑏𝑒𝑠𝑡𝐶𝑜𝑠𝑡← +∞
3 𝑐𝑜𝑠𝑡𝑠𝑆𝑒𝑞 ← {∅}
4 𝑓𝑒𝑎𝑡← 𝑛𝑢𝑙𝑙
5 for 𝑖← 1 to 𝑚𝑎𝑥𝐼𝑡𝑒𝑟𝑠 do
6 𝑠𝑜𝑙← 𝑔𝑟𝑒𝑒𝑑𝑦𝑅𝑎𝑛𝑑𝑜𝑚𝑖𝑧𝑒𝑑𝑆𝑒𝑎𝑟𝑐ℎ(𝑟𝑐𝑙𝑆𝑖𝑧𝑒)
7 𝑠𝑜𝑙← 𝑙𝑜𝑐𝑎𝑙𝑆𝑒𝑎𝑟𝑐ℎ(𝑠𝑜𝑙)
8 𝑐𝑜𝑠𝑡← 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝐶𝑜𝑠𝑡(𝑠𝑜𝑙)
9 𝑐𝑜𝑠𝑡𝑠𝑆𝑒𝑞 ← 𝑐𝑜𝑠𝑡𝑠𝑆𝑒𝑞 ∪ {𝑐𝑜𝑠𝑡}

10 if 𝑐𝑜𝑠𝑡 < 𝑏𝑒𝑠𝑡𝐶𝑜𝑠𝑡 then
11 𝑏𝑒𝑠𝑡𝐶𝑜𝑠𝑡← 𝑐𝑜𝑠𝑡
12 𝑏𝑒𝑠𝑡𝑆𝑜𝑙← 𝑠𝑜𝑙

end
13 𝑓𝑒𝑎𝑡← 𝑐𝑎𝑙𝑐𝐹𝑒𝑎𝑡(𝑖, 𝑏𝑒𝑠𝑡𝐶𝑜𝑠𝑡, 𝑐𝑜𝑠𝑡𝑠𝑆𝑒𝑞, 𝑓𝑒𝑎𝑡)
14 𝑟𝑒𝑚𝑎𝑖𝑛𝑀𝑖𝑛← 𝑐𝑎𝑙𝑐𝑅𝑒𝑚𝑎𝑖𝑛𝑀𝑖𝑛(𝑓𝑒𝑎𝑡)
15 if 𝑟𝑒𝑚𝑎𝑖𝑛𝑀𝑖𝑛 ≤ 𝛽 then
16 return 𝑏𝑒𝑠𝑡𝑆𝑜𝑙, 𝑏𝑒𝑠𝑡𝐶𝑜𝑠𝑡

end

end
17 return 𝑏𝑒𝑠𝑡𝑆𝑜𝑙, 𝑏𝑒𝑠𝑡𝐶𝑜𝑠𝑡

end

4. Experimental evaluation

4.1. Dataset

4.1.1. Dataset generation

The present work employed two datasets in the process of training and testing the models. They were based
on the raw executions available in Mattos et al. [41]. The first, referred to in this text as the original or the big
dataset, was composed of a set of 2150 executions of length 106 iterations (each iteration was an observation),
generated from 184 instances of three optimization problems. In total, it had 2.15× 109 iterations. The second
dataset, on the other hand, was composed of samples of the executions in the original dataset, specifically the
iterations where changes in the minimum occur and those at every 104 iterations. This dataset is referred to as
the sample or the small dataset and had 202 479 iterations.

The executions that composed both datasets originated from the benchmark instances listed in Table 1,
where 45 were from the problem SCP, 132 from QAP, and 7 from PMP. Each instance was obtained from one
of two possible repositories and was represented by 10, 20 or 30 executions in the original dataset and 10 in the
sample dataset.
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Figure 3. GRASP loop containing the stopping rule.

The SCP and the PMP were sourced from the OR-Library [6] and originated from Beasley [4, 5]. That
repository also provides the costs for the best known solutions in the case of PMP. Meanwhile, the QAP
instances are available in the QAPLIB [11] and come from a multitude of works. In this case, the sources and
the best known solutions are listed on the library’s website.

As for the GRASP implementations used to produce the executions, there were three. The one for QAP is the
same as that used in Oliveira et al. [47], while the implementation for the Set 𝑘-Covering Problem (SCP) is from
Pessoa et al. [52]. In the case of the latter, the code was run with 𝑘 = 2 so that the best known solutions provided
by the work from which it originated could be used when necessary. For the PMP problem, an implementation
[39] was created specifically for the present work, and the small number of PMP instances resulted from the
fact that this implementation had poor time performance. It is important to mention that the three GRASP
implementations were always executed with RCL size 0.2 (the way this value was used varied depending on the
GRASP implementation).

Regarding the features that represent each iteration, they are listed in Table 2, where a brief description is
also provided. In general, they cover three aspects of an execution: time, represented by the feature iteration;
instance characteristics, indicated by symmetric and sparsity ; and cost statistics, represented by the remaining
features. Together, they try to represent an iteration in a manner that is generic enough to allow generalization
across instances of different problems. The exceptions to that are symmetric and sparsity, which are not as
generic because some problems may have their instances described by only one type of matrix (for example, the
SCP instances employed in this work are always represented by non-square matrices).

In addition to training features, the dataset also included the target variables remaining mins and difficulty.
remaining mins acted as the main target of the dataset (the value to be estimated by the ensemble) and
represented the approximate number of future minima to be found in the GRASP execution if it were run until
an optimal solution was found. In practice, this approximation was calculated by observing a limited number
of iterations in the future and counting the number of improved solutions in it. In Mattos [38], that interval
had an upper limit at iteration 106, which represents a limitation, for the reasons mentioned in Appendix A.
An alternative would be the use of the interval [𝑖 + 1, 𝑖 + 106], for a given iteration 𝑖, similarly to what is done
by Ribeiro et al. [57] to evaluate the accuracy of their stopping rule. However, that approach could experience
instability over time because the number of remaining minima might increase from one iteration to another as
a result of the change in the evaluated interval.
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Table 1. List of instances of each difficulty per problem.

Prob. Diff. Instances

QAP Diff. chr20b, chr22a, chr22b, lipa50a, lipa60a, lipa70a, lipa80a, lipa90a, sko100a, sko100b, sko100c,
sko100d, sko100e, sko100f, sko42, sko49, sko56, sko64, sko72, sko81, sko90, ste36a, ste36c, tai100a,
tai100b, tai30a, tai35a, tai35b, tai40a, tai40b, tai50a, tai50b, tai60a, tai60b, tai80a, tai80b, tho40,
wil100, wil50

Easy bur26a, bur26b, bur26c, bur26d, bur26e, bur26f, bur26g, bur26h, chr12a, chr12b, chr12c, chr15a,
chr15b, chr15c, chr18a, chr18b, chr20a, chr20c, chr25a, els19, esc128, esc16a, esc16b, esc16c, esc16d,
esc16e, esc16g, esc16h, esc16i, esc16j, esc32a, esc32b, esc32c, esc32d, esc32e, esc32g, esc32h, esc64a,
had12, had14, had16, had18, had20, kra30a, kra30b, kra32, lipa20a, lipa20b, lipa30a, lipa30b,
lipa40a, lipa40b, lipa50b, lipa60b, lipa70b, lipa80b, lipa90b, nug12, nug14, nug15, nug16a, nug16b,
nug17, nug18, nug20, nug21, nug22, nug24, nug25, nug27, nug28, nug30, rou12, rou15, rou20, scr12,
scr15, scr20, ste36b, tai10a, tai10b, tai12a, tai12b, tai15a, tai15b, tai17a, tai20a, tai20b, tai25a,
tai25b, tai30b, tai64c, tho30

SCP Diff. scp41, scp410, scp42, scp43, scp44, scp45, scp46, scp47, scp48, scp49, scp51, scp510, scp52, scp53,
scp54, scp55, scp56, scp57, scp58, scp59, scp61, scp62, scp63, scp64, scp65, scpa1, scpa2, scpa3,
scpa4, scpa5, scpb1, scpb2, scpb3, scpb4, scpb5, scpc1, scpc2, scpc3, scpc4, scpc5, scpd1, scpd2,
scpd3, scpd4, scpd5

PMP Diff. pmed10, pmed2, pmed3, pmed4, pmed5
Easy pmed1, pmed6

Table 2. Features available in the dataset.

N Feature Description

1 iteration Number of the current iteration in its execution.
2 min changes Number of minimum changes.
3 skewness Skewness of the cost value distribution.
4 kurtosis Excess kurtosis of the cost value distribution.
5 𝑧-min Standardized minimum cost.
6 𝑧-max Standardized maximum cost.
7 minmaxdist Difference between stdmax and stdmin.
8 symmetric Instance matrix is symmetric or not.
9 sparsity Sparsity of the instance matrix.
10 best iter Iter. where the most recent min. change happened.

For those reasons, the approach taken in the present work was different. Firstly, the probability of improve-
ment 𝑝improv was calculated by counting the number of remaining minima in the interval [𝑖 + 1, 2 × 106] and
dividing it by 2 × 106 (the size of the raw execution1). The fixed upper limit for the evaluation interval and
the fixed denominator in the division guaranteed the stability of the probability. Then, after that, the value
of remaining mins for a given iteration was the result of 𝑝improv × 106. Considering that the executions in the
dataset included only the first 106 iterations, it guaranteed that the counting interval always had a length of at
least 106 iterations. As for the variable difficulty, its value was defined as presented in Appendix A.

4.1.2. Dataset characteristics

The dataset analysis conducted in this work is partially available in Appendix A, where some insights about
the instances that compose the dataset were provided in the context of showing limitations of existing stopping
rules. In the present section, the focus is on the correlation between the features and the targets, as well as some

1There are 4 raw executions that are smaller. But they are still longer than 106 iterations.
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Figure 4. Correlation between the dataset features and targets.

Figure 5. Separation of difficulty based on best iter and min changes.

related insights. That being said, in Figure 4, a heat map showing the linear correlation (Pearson Correlation
Coefficient) is presented, and two regions are of particular interest. Firstly, the image shows that there is a very
strong (negative or positive) correlation between the features minmaxdist, skewness, kurtosis and z-min. That
result is expected because, whenever z-min decreases, minmaxdist increases, and skewness and kurtosis are also
expected to be impacted due to the increase in size that the left tail experiences.

The other region of interest involves the features best iter and min changes, and the targets difficulty and
remaining mins. In this case, the two features have a high correlation with difficulty, while only min changes has
a non-negligible – but low – correlation with remaining mins. If the other features are observed, remaining mins
also presents a low correlation with iteration and minmaxdist, and a moderate correlation with z-max.
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Figure 6. Correlation per difficulty.

Table 3. Mutual information between the features and remaining mins.

Feature MI Feature MI

best iter 1.26 𝑧-max 0.25
𝑧-min 0.52 skewness 0.22
iteration 0.37 kurtosis 0.21
minmaxdist 0.36 min changes 0.21
sparsity 0.35 symmetric 0.02

Returning to the correlation between difficulty, best iter and min changes, if the perspective of the last
iteration of the executions is taken, the two features make it possible to separate the instances linearly by
difficulty in a satisfactory way, with little overlap, as can be deduced from Figure 5. In that figure, the values for
those two features are obtained at the end of each execution of each instance (limited to the executions present
in the small dataset), and those belonging to the same instance were averaged together, providing a single point
to represent each instance. That figure also shows that easy instances usually reach their best solution in earlier
iterations and with fewer changes to the minimum, while difficult instances usually behave in the opposite way.
It provides an additional perspective to a similar observation made in Appendix A.

Given that difference in behavior, investigating the correlation between the features and remaining mins
separated by instance difficulty is pertinent. In Figure 6, a heat map showing that information is provided, and
it is possible to see that, in difficult instances, the correlation ranged from low to high, and only the features
related to instance characteristics (symmetric and sparsity) showed negligible results. On the other hand, in
easy instances, only 4 features showed non-negligible values.

In order to capture not only linear correlation but also non-linear dependence, this work also employed a
measure called Mutual Information (MI). That method was applied to calculate the mutual dependence between
each feature (independently of others) and the target remaining mins. It returns a non-negative number where
the higher it is, the higher also is that dependence. The results are provided in Table 3, where it is possible
to see that best iter has a high relation to the target, with a score that is more than twice the score obtained
by z-min, which comes second. It is also pertinent to point out that, while sparsity had close to zero linear
correlation with the target, it is the fifth in mutual information. On the other hand, symmetric continues to
show negligible relevance.
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Table 4. Hyperparameters optimized and value ranges used.

Algorithm Hyperparameter Value range

Random Forest Classifier
n estimators 10–100
max depth 5–30
min samples leaf 10–25

𝐾-Nearest Neighbor
n neighbors 1–100
weight uniform, distance
𝑝 1–2

𝐾-Means + R.F. Classif.

n clusters 2–100
n estimators 10–100
max depth 5–30
min samples leaf 10–25

Random Forest Regressor

n estimators 10–100
max depth 5–30
max features 2–5
min samples leaf 10–25

4.2. Evaluation approaches

4.2.1. Evaluation from three perspectives

In order to evaluate the proposed ensemble model, the present work relied on three different tests. The first
consisted of an exploratory experiment that focused on identifying prominent setups for the ensemble. It also
examined the possibility of producing a good model trained on a small number of instances from the sample
dataset. The second test used the most prominent model setup from the first test and used cross-validation to
have a better idea of the performance of the stopping rule if the entirety of the available instances were used
to produce a model. Lastly, the third test checked what this paper calls the interproblem generalization, where
models were trained on a group of problems and used to produce estimates for an unknown problem.

In the approach taken in the first test, three classification algorithms were evaluated. They were the Random
Forest Classifier (RFC), the 𝐾-Nearest Neighbors (KNN), and a combination of 𝐾-Means and Random Forest
Classifier (KM+RFC). The reason for the first two lies in the fact that they are simple techniques and fast to
train (the Random Forest model is also fast to estimate values). KM+RFC, on the other hand, was a result of
trying to use 𝐾-Means in a classification-via-clustering setting [59] in the early stages of this work. The addition
of the RFC came from the necessity of ways for dealing with problems that occurred when two centroids shared
the same position (something that could happen when a large number of centroids were used). In this case, the
role of the classifier was to learn how to classify iterations based on the relabeled training data produced by the
clustering procedure. That relabeling consisted of performing the clustering and attributing to all observations
in a given cluster the dominant class among them (easy or difficult).

For each of the models in the ensemble, the hyperparameters used in the hyperparameter optimization (HPO)
can be seen in Table 4. Their meaning can be found in the documentation of the respective libraries used (the
libraries are mentioned in Section 4.3 and any hyperparameter not listed in the table was kept at its default
value). The value ranges were chosen based on early tests and, in some cases, were influenced by the values used
in Mattos [38]. The table also includes those for the regressor models, which were Random Forest Regressors
(RFR). That type of model was chosen because it is fast to train and to produce predictions, characteristics
that are convenient when performing HPO.

In addition to algorithm settings, the optimizer also chose the features and instances used for training. In the
features’ case, two sets were evaluated, and the optimizer was able to select any subset within a given set. The
first set was composed of all features listed in Table 2, while the second excluded the feature iteration. A third
possibility was also tested, where iteration was only excluded in the model trained on easy instances. Given
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Table 5. Feature normalization bounds.

Feature LB UB

iteration 1 1 000 000
min changes 0 100
skewness −5 5
kurtosis −5 5
minmaxdist 0 20
stdmin −5 0
stdmax 0 5
symmetric 0 1
sparsity 0 1
best iter 0 1 000 000

the fact that some of the machine learning algorithms were not tree-based, normalization of the data was also
performed (between 0 and 1). The bounds used for that purpose can be seen in Table 5.

Regarding the selection of the training instances, it was done among 20, where 10 were easy and 10 were
difficult. The specific difficult instances were scp47, scp55, scpa2, tai30a, tai35a, tai40a, tai50a, pmed2, pmed5
and pmed10, and the easy instances were had12, scr20, ste36b, chr20a, had18, bur26d, pmed1, tai12a, tai20b
and tai15a. Some of them were chosen because they were used in works mentioned in Section 2, while the others
were drawn at random. All instances not used for training were used exclusively for testing. The only model
where instance selection was not performed was the classifier.

For the second test, the evaluation approach consisted of a stratified 10-fold cross-validation where the
stratification was based on difficulty. In other words, in each fold, the number of easy instances was approximately
the same as the number of difficult instances. This test used the type of classifier, the feature set (among the three
options mentioned earlier), and the HPO optimizer environment (see Sect. 4.2.3) of the most prominent ensemble
of the exploratory experiment. It also included some changes to the value ranges of some hyperparameters,
influenced by the results observed in that first test. Given the fact that performing instance selection would
not be compatible with cross-validation, the HPO did not perform it, and the model produced at each fold was
trained on all the expected training data for that fold.

Finally, interproblem generalization was evaluated through a strategy known as leave-one-domain-out
(LODO). In that approach, the number of trained models is equal to the number of domains and, for each
model, a different domain is used for testing and all the others for training. As such, three different ensembles
were created. Each was trained on data from two optimization problems and tested on a third problem that
was not present in the training data. Regarding HPO, this approach employed it individually for each ensem-
ble. The hyperparameters that were optimized, as well as the value ranges, were the same used during the
cross-validation.

In these three tests, the models were trained using the small dataset defined in Section 4.1 and the evaluation
was performed using a set of metrics defined in Section 4.2.2. The performance of the models on the complete
executions of the original (big) dataset was also verified. In those cases, a comparison with the results of the CDF
of the gamma distribution (fitted to non-reflected costs) was also provided, as it is the most prominent estimator
from Appendix A. In the second and in the third tests (cross-validation and interproblem generalization), the
comparison also involved the CDF of the normal distribution and the two machine learning models (trained on
a single instance each) of Appendix A. In the case of the CDF of the gamma distribution, it is important to
mention that, in all executions, the estimates were only calculated in four situations: at iterations where the
minimum changed; at every iteration from iteration 2 to 100; at every 100 iterations from iteration 200 to 10 000;
and at every 105 iterations from iteration 105 to 106. That approach was taken because the calculation of the
MLE at every iteration would be very costly. Considering that the distribution of cost value is not well-defined
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at early iterations, the comparisons included only the results from iteration 100 and above. As for the details
of the HPO process, Section 4.2.3 presents its settings.

4.2.2. Metrics

In Mattos [38], the root mean squared error (RMSE) was used as an evaluation metric. However, while it
is sensitive to large divergences, it is not as sensitive when it comes to detecting stagnation in the estimates,
which end up shadowed by an eventual explosion of the metric value if large divergences occur. In addition,
it does not measure whether a target threshold 𝛽 is being reached at the proper moment. With the inclusion
of a classification model in the ensemble architecture proposed in Section 3, that metric is also inadequate to
evaluate that classifier.

For these reasons, in the present work, a multifaceted evaluation was applied, based on multiple metrics. In
that approach, the RMSE kept its role in detecting large divergences; however, stagnation was better visualized
through the mean absolute error (MAE) when evaluating a full execution, because the large number of iterations
reduces the impact of large divergences that last for a relatively small number of iterations. The classifier, on
the other hand, was evaluated using the F1 score and the Macro F1 score (referred to in this paper as MF1),
which are traditional metrics for classification tasks.

Regarding the evaluation of how well an estimator performs in making an execution stop at the expected
moment, a simple custom metric, which was referred to as Similarity at Threshold (SAT), was employed. In that
metric, the idea is to compare the iteration 𝑖𝑒, where a given threshold is reached in the curve of the estimates,
to the iteration 𝑖𝑡, where that threshold is reached in the curve of the targets. However, given the fact that the
absolute difference between those iterations can range from zero to a large number, the approach taken was
to use some form of similarity. The resulting metric, for the case where a single threshold is evaluated, can be
seen in equation (4). In that equation, the smallest among those two values is simply divided by the largest,
resulting in a value that is guaranteed to fall in the range between zero and one. In the case where 𝑚 thresholds
are evaluated at once, the metric takes the general form presented in equation (5), here referred to as Mean
Similarity at Threshold (MSAT), where 𝑖

(1)
𝑒 and 𝑖

(1)
𝑡 are the iteration numbers related to the first threshold

(in the set of thresholds being evaluated), 𝑖
(2)
𝑒 and 𝑖

(2)
𝑡 refers to the second threshold, and so on. In the tests

reported in Section 4.4, the MSAT was used to evaluate the performance at the thresholds 100 000, 10 000, 1000,
100, 10 and 1 (they could be 10−1, 10−2, 10−3, 10−4, 10−5 and 10−6, if the targets were probabilities).

SAT =
min(𝑖𝑒, 𝑖𝑡)
max(𝑖𝑒, 𝑖𝑡)

(4)
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𝑡 )

max(𝑖
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𝑒 ,𝑖

(1)
𝑡 )

+ ... + min(𝑖(𝑚)
𝑒 ,𝑖

(𝑚)
𝑡 )

max(𝑖
(𝑚)
𝑒 ,𝑖

(𝑚)
𝑡 )

𝑚
· (5)

To demonstrate the MSAT in practice, two illustrative executions identified as Execution 1 and Execution 2
can be considered. In Execution 1, the curve of remaining minima reaches the thresholds at iterations 7, 120,
27 000, 78 000, 720 000, and 720 000, respectively. In Execution 2, this happens at iterations 12, 420, 1800, 137 000,
248 000, and 534 000, respectively. The behavior of those two executions can be visualized in Figure 7. The
resulting MSAT is calculated as 7/12+120/420+1800/27000+78000/137000+248000/720000+534/720 ≈ 0.43,
where the approximate similarities at threshold are, respectively, 0.58, 0.29, 0.07, 0.57, 0.34, and 0.74. This shows
that the similarity at threshold 𝛽 = 1000 is the main responsible for reducing the MSAT.

As for the limitations of those custom metrics, one resides in the fact that it is necessary to develop an
additional rule to treat thresholds that are not reached in one of the curves. In those cases, the simplest
approach (which was the one taken in the present work) is to attribute zero to the similarity at those particular
thresholds. However, in the MSAT, there might be occasions where different approaches, such as a less harsh
penalty, might be desirable. In addition to that, the situation where a threshold is not reached by both curves
must also be treated, with a suitable approach (which was used in this work) being to consider a similarity of
1 at that threshold, because it is not expected to be reached and should not penalize the final result.
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Figure 7. Example of two illustrative executions reaching different thresholds of remaining
minima.

Another limitation resides in some situations where the distance between 𝑖𝑒 and 𝑖𝑡 is different in orders of
magnitude, such as 𝑖𝑒 = 7 and 𝑖𝑒 = 34, because the SAT value might end up being undesirably small, as in
7/34 ≈ 0.2, even though the distance in number of iterations is merely 27, which is negligible. This problem
can be mitigated in the MSAT by applying weights to each SAT value and reduced weights to the thresholds
where this kind of problem is prone to happen (mainly, 100 000 and 10 000; or 10−1 and 10−2, if the targets are
probabilities). Ignoring those potentially problematic thresholds is also an option.

In addition to the use of all metrics in their standard form (mainly to show training results), in tests that
evaluated each execution individually, the values reported were the averages obtained across the set of executions.
Seeking to highlight these occurrences, in cases where the reported value is an average, the metric name was
written with the symbol 𝜇 as subscript, as in MSAT𝜇.

Finally, it is important to mention that some other similarity metrics that could be used to replace the
SAT and the MSAT are presented in Fink and Pratt [22]. The most prominent are the basic similarity defined
by 𝑠(𝑖𝑒, 𝑖𝑡) = 1 − |𝑖𝑒 − 𝑖𝑡|/(|𝑖𝑒| + |𝑖𝑒|) and its aggregate versions called mean similarity and root mean square
similarity, given by (

∑︀𝑚
𝑗=1 𝑠(𝑖(𝑗)𝑒 , 𝑖

(𝑗)
𝑡 ))/𝑚 and
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𝑗=1 𝑠(𝑖(𝑗)𝑒 , 𝑖

(𝑗)
𝑡 )2)/𝑚), respectively. The reason why they

were not used was because the function 𝑠(𝑖𝑒, 𝑖𝑡) is non-linear and produces higher values than the SAT, which
could cause bad similarities to be interpreted less negatively than desired. Another option provided by that
same work is the peak similarity, which is defined as 𝑝𝑠(𝑖𝑒, 𝑖𝑡) = 1 − |𝑖𝑒 − 𝑖𝑡|/(2 ×max(|𝑖𝑒|, |𝑖𝑒|)) and could be
used to replace the SAT. However, because of the denominator of the division, it produces even higher values
and has a lower bound at 0.5 in the particular case where one of the parameters is zero.

4.2.3. Hyperparameter optimization

The hyperparameter optimizer used in this work consisted of a GA that was set up using a multi island
architecture in order to allow the optimization to take advantage of the parallelism offered by contemporary
computers. The parameter choices were partially influenced by Luque and Alba [37] and Belding [7]. The GA
was composed of 4 or 8 islands, each with a population size of 50 individuals, totaling from 200 to 400 individuals
across all islands. The two possible numbers of islands were used in the exploratory experiments, while, in the
cross-validation, only 4 were used. The reasons for the smaller number of islands in those cases were different.
In the first, it was related to the environment available at the time, while in the second, 4 threads were used by
each individual to speed up their training time, making 4 islands a safe setup for a processor with 16 cores, as
each island would be training one individual at a time.
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Moving to other parameters, in the exploratory experiments, two combinations of migration gap and migration
phases were tested. The first was a gap of 25 generations and 20 migrations, while the second was 50 and 10,
respectively. In both cases, 500 generations were executed. As for the migration topology, two were evaluated in
that same test. The first was more aimed toward diversification and consisted of each island receiving the best
individuals from two randomly chosen islands (one from each). Before inserting them, the local population was
restarted. The second topology focused on intensification: after each migration phase, the population of each
island was restarted, and the best individual of each island was inserted.

In addition to those settings, the other parameters pertinent to the GA were the offspring size, which was set
to 30; the mutation rate and degree, which were set to 50% and 20%; the crossover method, which was uniform;
and the selection method, which was the 3-way tournament and was applied to select parents for crossover and
individuals to be transferred between generations. In all generations, only the best individual was guaranteed
to be transferred to the next generation. However, in Sections 4.4.2 and 4.4.3, that number was increased to 5.

As described in Section 4.2, the optimization included the training instances, the training features, and the
hyperparameters of the model. However, in the case of instance selection, it was applied only to the model trained
on a limited subset of the dataset because otherwise there would be too many possible combinations. It is also
pertinent to mention that the value intervals presented in Table 4 are discrete, and no prior discretization was
necessary because they already had that characteristic (for example, it is not possible to have 20.5 estimators).

Finally, the fitness function used is presented in equation (6). It is a result of the scalarization of the multiple
metrics (objectives) mentioned in Section 4.2.2. The approach is similar to the weighted product method pre-
sented in Section 2, but without weights. One drawback that it has is that it can reach 0 if the MF1 reaches 1,
because a perfect MF1 does not mean a perfect score in other metrics. However, that problem can be avoided
by guaranteeing that the results of the operations between parentheses never reach 0. This can be achieved by
having those variables subtracted from 1.0001 instead of 1. That modification had to be made in Section 4.4.3
because the MF1 reached 1 in one of the models.

−1×MAE× RMSE× (1−MF1)× (1−MSAT𝜇). (6)

4.3. Computational setup

The work presented in this paper was conducted on two kinds of computational platforms, one for software
development and prototyping, and another for training the models. Although the development platform is not
particularly relevant, training was conducted on server grade Ampere Altra processors, based on the ARM
architecture, running at 2 GHz at Oracle Cloud and at Hetzner Cloud (likely a Q80-30, with up to 4 cores at
Oracle and 16 cores at Hetzner). As for the libraries pertinent to the results of the experiments, they were
NumPy [29] v2.0.2, SciPy [65] v1.15.1 (used for its statistical functions), Pandas [64] v2.2.3, Scikit-Learn [50]
v1.2.2 and v1.6.0 (machine learning algorithms and metrics), Statsmodels [58] v0.14.4 (Q-Q plots), Matplotlib
[32] 3.10.6, and Autorank [30] v1.3.0 (Critical Difference diagrams).

4.4. Results and analysis

4.4.1. Exploratory experiments

Given the evaluation approach presented in Section 4.2, this section starts with the results obtained for the
first test. In Table 6, each row represents one test ensemble that was subjected to HPO, and all of its values are
truncated to the first or the second decimal place, as in all other tables in this section. In the first column, a
numeric identification for the estimator is provided, and, in the second column, the classifier used at the top of
each ensemble is presented. The third column covers the topology employed by the GA, where A means the one
in which each island receives two migrants during the migration phase, and B represents the topology in which
each island receives one migrant from each island. As for the fourth column, it covers the set of features available
during the HPO process, with M being the set of all features, N being the set without the feature iteration, and
O being the set where only the regressor trained on easy instances did not have the feature iteration available.
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Table 6. Results for the training involving only the small dataset. Metrics followed by a 𝜇
indicate that the values are averages of the results observed per execution.

Training Test

Est. Classifier Topol. Feat. MAE RMSE MF1 MSAT𝜇 MAE RMSE MF1 MSAT𝜇 Fitness

1

KM+RFC

A
M 5148.7 36 834.8 0.88 0.33 5192.4 37 612.9 0.89 0.32 −14 314 849.8

2 N 5543.9 40 078.4 0.89 0.40 10 100.1 54 929.5 0.88 0.37 −40 798 552.2
3 O 5112.6 37 321.2 0.96 0.35 5425.7 38 951.7 0.83 0.31 −23 160 447.8
4

B
M 5051.4 36 761.0 0.91 0.39 5141.5 37 701.0 0.89 0.31 −13 588 150.4

5 N 5428.6 39 623.2 0.87 0.33 10 056.6 55 467.4 0.89 0.32 −40 196 689.6
6 O 5110.7 36 998.3 0.90 0.35 5356.1 37 838.8 0.84 0.34 −19 824 125.1

7

KNN

A
M 5136.7 37 000.5 0.94 0.42 5150.3 37 740.2 0.91 0.33 −11 089 648.0

8 N 5348.4 38 548.6 0.99 0.38 9983.5 54 104.3 0.90 0.35 −32 071 798.7
9 O 5129.7 37 101.8 0.96 0.35 5436.0 37 916.6 0.86 0.32 −18 860 701.7
10

B
M 5101.0 36 910.3 0.94 0.42 5178.5 37 819.4 0.91 0.34 −11 045 659.0

11 N 5321.0 38 691.5 0.99 0.40 10 134.8 54 074.0 0.90 0.36 −32 300 919.7
12 O 5110.1 37 229.4 0.96 0.36 5425.0 38 015.0 0.86 0.33 −18 717 593.4

13

RFC

A
M 5052.3 36 771.3 0.94 0.36 5129.5 37 553.6 0.90 0.33 −11 813 138.0

14 N 10 725.3 59 757.7 0.96 0.25 9563.0 52 533.5 0.87 0.27 −44 910 785.5
15 O 8027.2 37 384.4 0.93 0.36 8080.4 38 114.7 0.90 0.33 −20 225 528.5
16

B
M 5024.8 36 733.0 0.97 0.40 5139.4 37 746.3 0.90 0.36 −12 028 174.0

17 N 5377.7 39 248.5 0.96 0.38 10 003.0 54 537.7 0.87 0.34 −43 912 959.9
18 O 8276.1 37 710.8 0.93 0.36 8171.3 38 377.5 0.90 0.34 −20 515 697.2

The results in that table show that, among the alternatives tested, the best fitness was obtained by ensemble
10, which had a KNN at its top and the feature set M available during the training. The GA used topology B.
In addition to that model, the second and the third best (numbers 7 and 13, respectively) also employed the
feature set M and achieved a fitness that was relatively close to that obtained by the best model. The second
place was an ensemble that had a KNN at its top as well, but the GA topology was A. The third place also
used that same topology but employed an RFC as its classifier. Given the fact that random forest models are
also ensembles, it is important to mention that, in this section, they will not be referred to by that word, as it
would cause confusion because the architecture that they are part of is also an ensemble.

In order to evaluate the specific hyperparameters used during the training of those models, Table 7 can be
inspected. In that table, it is possible to see that no ensemble used all features during the training of its internal
models, with the classifiers being those that relied on the highest number of features, while the regressors used
only from 1 to 3. Furthermore, it is evident that the best and the second-best ensembles had very similar
hyperparameter values, with differences only in the training instances and the training features of the RFR
models.

Those regressors also stand out for another reason. In the case of the ones trained on easy instances, they
were less complex than their counterparts trained on difficult instances, being shallower and having fewer trees.
The one in the third-best ensemble, for example, had a max depth of 5 and only 10 trees. That simplicity
motivated the inspection of the feature importance of each feature. For ensembles 10 and 7, it was 0.98 and 0.97
for the feature iteration in the regressors trained on easy instances, meaning that the other features had little
impact on the estimates. In the regressors trained on difficult instances, the dominant feature was minmaxdist,
achieving an importance of 0.97 in the best ensemble and 0.8 in the second best, where iteration reached 0.19.
The ensemble that occupied the third position showed importances close to those obtained by the best model,
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Table 7. Hyperparameters of the top 3 models. Feature names were replaced by their number
according to Table 2.

Role Hyperparameter 1st Place (10) 2nd Place (7) 3rd Place (13)

Classifier training features 1, 2, 3, 4, 8, 10 1, 2, 3, 4, 8, 10 1, 2, 8, 10
n neighbors 74 74 N.A.
weights uniform uniform N.A.
𝑝 manhattan manhattan N.A.
n estimators N.A. N.A. 13
max depth N.A. N.A. 6
min samples leaf N.A. N.A. 23

Regressor training instances had12,had18, had12,had18, had12,ste36b,
(easy bur26d,tai12a, bur26d,tai12a, bur26d,tai15a
instances) tai15a tai15a

training features 1, 3 1, 3, 9 1, 5, 9
n estimators 12 12 10
max depth 12 12 5
max features 5 5 3
min samples leaf 10 10 10

Regressor training instances tai35a,pmed5, tai30a,tai40a, scp47,scpa2,
(difficult pmed10 pmed5,pmed10 pmed5pmed10
instances) training features 2, 7 1, 3, 7 7

n estimators 65 65 67
max depth 14 14 21
max features 4 4 2
min samples leaf 10 10 10

but, in the case of the regressor based on difficult instances, it was expected, given the fact that it was trained
using a single feature (minmaxdist).

In order to clarify whether the results obtained by those ensembles are sufficiently good, the values of the
other metrics must be checked. The MSAT𝜇 obtained by them were 0.33 and 0.34, which are below the 0.37
reached by ensemble 2 in Table 6. This estimator, as well as the others that used the feature set N, shows
much higher MAE and RMSE, which indicates a stagnation of the estimates at some high values in a significant
number of instances, a factor that can be confirmed through visual inspection. Figures 8a and 8b, for example,
show extreme cases where the estimates stagnated at very high values. In Figure 8a, the estimates continue to
fall over time, but the execution ends with them still far from the target. Meanwhile, in Figure 8b, a proper
stagnation at around 104 expected minima is shown. However, it is important to mention that, in those figures,
nearly all iterations of the executions that they are based upon are shown, while the small dataset only includes
some reference points for each execution, as described in Section 4.1.

In both figures, the iterations range from 100 to 106 and the results for the CDF of the gamma distribution
are also presented. The exclusion of the first few iterations was done because those values were used to compose
the initial sample that was used to fit the distribution. Unlike [19], the parameters of the distribution were recal-
culated periodically, based on all previous iterations. In iterations where it was not calculated, the probability
obtained in the prior iteration was replicated. The increased frequency in the calculation was done in order to
make the comparisons fairer by allowing the distribution to incorporate new information not only about the
frequencies, but also about those brought by changes in the minimum and in the maximum. With that said,
the observation that can be made about the CDF from what is shown is that it can stagnate at relatively large
values, and also that the estimates can fall, increase again, and continue at a high value until the end of the
execution. Those behaviors were observed in multiple easy instances.
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Figure 8. Stagnation of the model estimates on two easy instances. Results for the CDF of
the gamma distribution are also included.

Figure 9. Example of temporary falls in the estimates. Results of the application of ensemble
10 on an execution of the instance scp63.

Proceeding with the matter of stagnation, all ensembles experienced it to some extent. The best three, for
example, failed to reach the last one or two thresholds in easy instances on many occasions. In some cases, that
was caused by the response being strongly tied to iteration number, which showed reduced flexibility, while in
some other situations, the stagnation was due to difficulty misclassification.

An additional problem that can be reported is, in some sense, similar to that observed for the CDF, where
the estimates fall drastically and rise again. In the case of the ensembles, the length of those falls can be short or
very long, lasting from a few iterations to thousands. The result of this kind of problem is that, in some cases,
an execution may stop much earlier than expected. An example of this kind of behavior is provided in Figure 9,
where it is caused by difficulty misclassification. In that example, the overall fitting was also not good.

The ensembles not covered up to this point were those where the feature iteration was not available for use
by the regressor trained on easy instances (those identified by an O in the column Feat.). The suppression of
that feature was done in order to avoid the problem of having it achieve very high importance, which may result
in estimates with very similar behavior on many instances. However, in the case of the ensembles 3, 6, 9 and
12, this approach ended up leading to a situation where iteration became dominant in the regressor trained on
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Table 8. Evaluation of complete executions. Metrics followed by a 𝜇 indicate that the values
are averages of the results observed per execution.

Easy test instances Difficult test instances All test instances

Estimator MAE𝜇 RMSE𝜇 F1𝜇 MSAT𝜇 MAE𝜇 RMSE𝜇 F1𝜇 MSAT𝜇 MAE𝜇 RMSE𝜇 F1𝜇 MSAT𝜇

7 60.5 325.1 0.93 0.48 15.0 95.1 0.96 0.57 37.8 210.7 0.94 0.53
10 52.8 264.1 0.93 0.48 22.4 105.5 0.96 0.58 37.7 185.3 0.94 0.53
13 44.9 727.0 0.89 0.46 24.8 102.1 0.96 0.55 34.9 416.4 0.93 0.51
CDF 39 522.1 48 911.2 N.A. 0.51 371.2 428.1 N.A. 0.63 20 061.1 24 811.4 N.A. 0.57

difficult instances, with importance close to 1.0, and minmaxdist became dominant in the regressor trained on
easy instances. The result of that was that the test MF1 scores were smaller. On many occasions, the behavior
of the estimates was more unstable because of misclassifications, and in instances classified as difficult, the curve
of the estimates was identical. Meanwhile, in the case of the ensembles 15 and 18, iteration was avoided, but
the problem became stagnation, which is evidenced by the MAE and the RMSE values in the test set.

To conclude the exploratory experiments, the results of applying the three best ensembles to complete exe-
cutions are provided and compared to the results of the CDF of the gamma distribution (the probabilities
were converted to remaining minima by multiplying them by 106). In Table 8, each execution was evaluated
separately, and the presented values are the average of what was reported by the metrics for the components of
the set of executions. The exact number of instances and executions involved was 164 (only test instances) and
1710, respectively.

Those results show that, in the MSAT𝜇, which is the most relevant metric, the ensembles that were trained
on just 20 instances were unable to perform better than the CDF. Despite that, they were not far behind, with
ensemble 10 being behind by approximately 0.03 and 0.05 in the easy and the difficult instances, respectively,
and by 0.04 when all test instances are considered. As for the MAE𝜇 and the RMSE𝜇, they confirm previous
observations that the CDF can stagnate at high values. Out of 779 executions where the CDF’s MAE was
greater than 100, 668 belonged to a group of 68 easy instances, where the MSAT𝜇 was 0.46. However, it is
important to mention that situations such as the one presented in Figure 9, where estimates fall and rise again,
happened in many of those cases. That is a factor that explains why the MSAT𝜇 was not lower.

4.4.2. Evaluation through cross-validation

In this test, the approach taken was to perform a stratified 10-fold cross-validation for an ensemble with
some basic settings similar to those of the ensemble 10 from Table 6. However, some changes were made. In all
random forest models, the max depth range considered in the HPO was 10 to 30, and max features was set to
be the square root of the number of features. The number of migration phases was also reduced to 5, due to the
number of models trained in each GA individual becoming several times higher because of the cross-validations.
Additionally, instance selection was not performed, and the number of islands was changed to 4 in all cases.
This change in the number of islands was done in order to allow the allocation of multiple threads to the models
during their training phase.

The results obtained are presented in Table 9 and show that the cross-validation scores, in the four basic
metrics, are close to the results reported in Table 6 for ensemble 10. The relevant difference lies in the fitness,
where the associated cross-validation score was significantly higher (which is better, given the fact that the fitness
function is from a maximization process). However, the standard deviation of the values used to calculate that
score was also high, which indicates that the fitness observed at each fold varied considerably. In practice, it
ranged from −1 555 854.8 to −13 170 742.1, with −8 148 407.7 as the median fitness.

Regarding the features and hyperparameters used in each of the ensemble’s models, they are presented in
Table 10. Once again, it is possible to see that the RFR trained on easy instances was shallow and had a small
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Table 9. Cross-validation scores based on each metric.

Metric Score Std. Dev.

MAE 5274.7 237.0
RMSE 37 442.1 1013.3
MF1 0.93 0.03
MSAT𝜇 0.34 0.02
Fitness −7 680 862.9 3 832 057.6

Table 10. Hyperparameters of the ensemble from Table 9.

Role Hyperparameter Values

Classifier training features 1, 4, 7, 8, 9, 10
n neighbors 17
weights distance
𝑝 manhattan

Regressor training features 1, 2, 3, 8
(easy n estimators 11
instances) max depth 10

min samples leaf 22
Regressor training features 3, 5, 7, 9, 10
(difficult n estimators 15
instances) max depth 18

min samples leaf 18

Table 11. Evaluation of complete executions. Metrics followed by a 𝜇 indicate that the values
are averages of the results observed per execution.

Easy instances Difficult instances All Instances

Estimator MAE𝜇 RMSE𝜇 F1𝜇 MSAT𝜇 MAE𝜇 RMSE𝜇 F1𝜇 MSAT𝜇 MAE𝜇 RMSE𝜇 F1𝜇 MSAT𝜇

Ensemble 317.9 878.3 0.94 0.40 17.9 102.7 0.97 0.67 161.7 474.3 0.96 0.54
CDF(gamma) 33 551.4 41 418.6 N.A. 0.50 287.6 342.7 N.A. 0.65 16 223.3 20 020.9 N.A. 0.58
CDF(normal) 74 757.7 74 766.5 N.A. 0.28 1739.8 1814.1 N.A. 0.39 36 720.5 36 763.4 N.A. 0.34
RFR(scp42)* 9262.8 9390.6 N.A. 0.36 8.4 112.4 N.A. 0.62 4504.7 4620.2 N.A. 0.50
RFR(pmed1)* 3.8 110.5 N.A. 0.46 7.8 99.5 N.A. 0.44 5.9 104.7 N.A. 0.45

number of estimators, while the RFR trained on difficult instances was more complex. The former also included
the feature iteration among its training features. However, despite achieving a high importance, in this case it
was smaller than in the cases mentioned in Section 4.4.1, ranging from 0.78 to 0.82 (it was different in each fold).
At the same time, in the model trained on difficult instances, the highest importance reached was approximately
0.45, by the feature minmaxdist.

The numbers in Table 9 are based on the small dataset and provide only a limited idea about the performance
on complete executions. For that reason, as in the exploratory experiment, Table 11 shows the aggregate
performance of the proposed method when applied to the executions of the big dataset individually. In this
case, each execution was evaluated by the model from the fold where it figured in the test set, and the reported
aggregate metrics were calculated over the entire set of executions.
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Table 12. Ensemble and CDF results separated by instance difficulty. Metrics followed by a
𝜇 indicate that the values are averages of the results observed per execution.

Ensemble results CDF results

Instance
difficulty

Better Estim.
(MSAT)

Num.
executions

F1𝜇 MAE𝜇 RMSE𝜇 MSAT𝜇 MAE𝜇 RMSE𝜇 MSAT𝜇

Easy
CDF 523 0.94 390.6 1327.0 0.36 52 101.0 65 884.9 0.67
Ensemble 507 0.94 242.9 415.3 0.43 14 416.4 16 180.2 0.31

Difficult
CDF 512 0.97 15.4 117.9 0.64 36.1 90.1 0.77
Ensemble 608 0.97 20.1 89.9 0.70 499.4 555.4 0.55

The results show that, when all executions were considered, the CDF of the gamma distribution achieved the
highest MSAT𝜇 and the ensemble ranked second, with a difference of 0.04. The same difference was observed
between the second and the third place, which was occupied by the RFR model trained on executions of the
instance scp42. However, that model cannot be reliably compared to the ensemble or any other estimator because
its results do not include scp42 executions, as they were present in the training set. A similar situation applies
to the RFR model trained on pmed1 executions, because no pmed1 execution was included in the model’s
evaluation (the “*” in an estimator’s name was used to indicate that situation). Despite that, these results were
presented together for completeness and ease of comparison.

If the focus is shifted to the difficult instances, that table indicates that the ensemble showed a slightly better
MSAT𝜇 than that of the CDF of the gamma distribution. The worst performance in the complete dataset is
explained by the results in easy instances, where the proposed method reached an MSAT𝜇 of only 0.4, being
0.1 behind the CDF.

Investigating these results further, Table 12 shows that, in the case of executions from difficult instances, the
ensemble showed an equal or better MSAT in approximately 54% of them, and, in the cases where it was behind
the CDF of the gamma distribution, the MSAT𝜇 was still above 0.6. Meanwhile, in the case of executions from
easy instances, the ensemble provided an equal or better MSAT in approximately 49% of them. However, in the
other 51%, the difference in MSAT𝜇 was greater than 0.3. If the MAE𝜇 and RMSE𝜇 of the ensemble are taken
into consideration, it becomes evident that it was caused by the estimates stagnating at large values. The lower
F1𝜇 (if compared to the case of difficult instances) also suggests that difficulty misclassification was part of the
problem.

In Table 11, the high MAE𝜇 and RMSE𝜇 observed for the CDF estimators and for the RFR trained on scp42
executions also indicate the occurrence of stagnation of estimates, but mainly on easy instances. In the case of
the RFR model, that situation is justifiable because it was not trained on easy instances. On the other hand,
in the case of the CDF of the normal distribution, it presents a comparatively high MAE𝜇 and RMSE𝜇 also in
difficult instances, a factor that contributes to its last position under the MSAT𝜇 metric, as it indicates that
it often stagnates in executions of that category of instance as well. As for the RFR model trained on pmed1
executions, the low MAE𝜇 and RMSE𝜇 are misleading, appearing to indicate a good performance. However,
they are caused by the model starting to estimate 0 (or a value close to that) early in the execution. That often
leads to relatively small divergences for most of the execution, and, consequently, large divergences in early
iterations end up diluted because of the large size of the execution.

Considering that the training of the ensemble (based on the small dataset) was performed through cross-
validation, it is pertinent to verify the cross-validation score also on complete executions. The results in Table 11
are expected to be close to such scores, but they slightly differ because the number of executions per fold is not
always equal (some instances had more than 10 executions). Given that situation, in Table 13, the average of
the MSAT𝜇 per fold is presented. The focus on that metric is justified by the fact that it better describes the
estimator’s performance in their intended role (supporting the decision on whether to stop the metaheuristic).
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Table 13. Average of the MSAT𝜇 per fold.

Estimator

Evaluation instances Difficulty Ensemble
CDF
(gamma)

CDF
(normal)

RFR
(scp42)

RFR
(pmed1)

All Instances
Both 0.5437 0.5807 0.3434 – –
Easy 0.4006 0.5003 0.2822 – –
Difficult 0.6759 0.6555 0.3938 – –

scp42 and pmed1
removed

Both 0.5431 0.5812 0.3454 0.5003 0.4579
Easy 0.4016 0.5029 0.2829 0.3623 0.4663
Difficult 0.6740 0.6536 0.3973 0.6276 0.4494

Those results are shown for the entire original dataset and also for a subset where instances scp42 and pmed1
are removed. This subset is used to allow for a reliable comparison between all estimators.

The results in that table, which were truncated at four decimal places for better clarity, do not provide new
information compared to Table 11, except for the fact that no significant differences were observed in the first
three estimators after the removal of the two aforementioned instances. However, the comparison between all
estimators allows the verification of the statistical significance of the results, which shows if a given method is
indeed better than the other. That procedure is pertinent because some scores were relatively close, like those
for the ensemble and for CDF of the gamma distribution.

For that purpose, the present work used the Friedman test followed by the Nemenyi test, covered in Demšar
[17]. It starts by conducting the Friedman test, whose null hypothesis states that all estimators have similar
performance and that their average ranks should be equal. The alternative hypothesis, on the other hand, says
that there is at least one estimator with a performance that differs. With a significance level 𝛼 = 0.05, the
null hypothesis can be rejected if the 𝑝-value of the test is lower than 𝛼. In the case of the 𝑝-values for the
three types of datasets, they were approximately 2.21× 10−7 for the dataset composed of only easy instances,
1.91 × 10−6 for the one with only difficult instances, and 1.35 × 10−7 for the complete dataset, which covers
both difficulties. Given these results, the null hypothesis was rejected in all cases, which means that there was
at least one estimator with a performance that differed from the others.

Once the null hypothesis is rejected, the Nemenyi test is used to conduct a pairwise comparison, where the
estimators have their performance checked against each other. In order to show those results, Critical Difference
(CD) diagrams were used. That kind of diagram shows the average rank of each estimator (based on their
performance on each fold) and connects estimators with a black line if the difference between their results is
not statistically significant. For any given pair of estimators, they are considered significantly different if their
average ranks differ by at least the value of the CD (which depends on the number of estimators and datasets
– in this case, folds); otherwise, the difference is statistically insignificant. In Figure 10a, the result for the
Nemenyi test on the estimators evaluated on all executions is provided and shows that the CDF of the gamma
distribution ranks first among the test estimators, with an average rank of 1.3. In second comes the ensemble,
with 1.7. That figure also indicates that the difference between the results of those two estimators and between
them and the RFR trained on the instance scp42, are not statistically significant, even though the average rank
of that RFR model was 3.1, which is almost twice that of the ensemble.

In Figure 10b, the evaluation was limited to executions from easy instances, and the first two positions were
taken by the CDF of the gamma distribution and the RFR trained on the instance pmed1, with average ranks
smaller than 2. The ensemble ranked third, and the difference between its results and the results of the first two
estimators was not statistically significant (the difference when compared to the worst performing estimators
was also insignificant). The next comparison is provided by Figure 10c, where only executions from difficult
instances are considered. It places the ensemble in the first position, but the CDF of the gamma distribution
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Figure 10. Critical Difference Diagrams showing the results of the Nemenyi test. Estimators
connected by a horizontal bar are not significantly different in performance.

and the RFR trained on the instance scp42 come close after. The difference between the results of those three
estimators is, once again, statistically insignificant.

4.4.3. Evaluation through a Leave-One-Domain-Out strategy

Given the LODO strategy and the three optimization problems represented in the dataset, three combinations
were tested. The first with QAP and PMP instances in the training set, and SCP instances in the test set; the
second with QAP and SCP instances involved in the training and PMP instances in the test set; and the third
with SCP and PMP instances used for training and the QAP instances used for testing. The results are presented
in Table 14 and are based only on the small dataset.

Each ensemble in that table was trained using HPO, where the number of migration phases was increased
back to 10. For the one trained on the combination of QAP and PMP instances, the test MF1 score was 1.0,
which means that the iterations of the testing SCP executions were correctly classified as coming from difficult
instances in all cases. The testing MSAT𝜇 and the fitness were also the highest. However, the fitness value was
mainly influenced by the MF1 score, which led to a near zero value being present in the multiplications executed
in the fitness function.
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Table 14. Interproblem performance involving only the small dataset. Metrics followed by a
𝜇 indicate that the values are averages of the results observed per execution.

Training results Test results

Training
problems

Test
problem

MAE RMSE MF1 MSAT𝜇 MAE RMSE MF1 MSAT𝜇 Fitness

QAP+PMP SCP 5368.7 36 278.3 0.96 0.31 5199.39 37 350.7 1.00 0.49 −9 759.5
SCP+QAP PMP 5304.6 37 091.7 0.99 0.39 4964.9 34 883.9 0.94 0.42 −5 565 386.6
PMP+SCP QAP 5260.8 36 923.6 0.81 0.45 5294.0 37 692.8 0.75 0.24 −37 215 163.3

Table 15. Results for the evaluation on complete executions. Metrics followed by a 𝜇 indicate
that the values are averages of the results observed per execution.

Easy Instances Difficult Instances All Instances

Training

problems

Test

problem
Estimator MAE𝜇 RMSE𝜇 F1𝜇 MSAT𝜇 MAE𝜇 RMSE𝜇 F1𝜇 MSAT𝜇 MAE𝜇 RMSE𝜇 F1𝜇 MSAT𝜇

QAP+PMP SCP

Ensemble N.A. N.A. N.A. N.A. 6.2 80.2 1.00 0.60 6.2 80.2 1.00 0.60

CDF (gamma) N.A. N.A. N.A. N.A. 7.3 73.9 N.A. 0.69 7.3 73.9 N.A. 0.69

CDF (normal) N.A. N.A. N.A. N.A. 1976.6 2079.4 N.A. 0.28 1976.6 2079.4 N.A. 0.28

RFR (scp42)* N.A. N.A. N.A. N.A. 7.3 107.5 N.A. 0.62 7.3 107.5 N.A. 0.62

RFR (pmed1) N.A. N.A. N.A. N.A. 7.8 101.4 N.A. 0.45 7.8 101.4 N.A. 0.45

SCP+QAP PMP

Ensemble 90.7 145.4 0.98 0.46 13.3 62.7 0.98 0.65 35.4 86.3 0.98 0.60

CDF (gamma) 1572.4 1576.6 N.A. 0.32 124.4 161.5 N.A. 0.57 538.1 565.8 N.A. 0.50

CDF (normal) 10 351.8 10 353.9 N.A. 0.20 759.8 811.2 N.A. 0.35 3500.3 3537.7 N.A. 0.30

RFR (scp42) 15.0 103.1 N.A. 0.43 7.0 97.6 N.A. 0.62 9.3 99.2 N.A. 0.57

RFR (pmed1)* 3.5 94 N.A. 0.54 7.3 91.5 N.A. 0.46 6.7 91.9 N.A. 0.47

PMP+SCP QAP

Ensemble 6.6 92.1 0.75 0.42 6.4 85.3 0.99 0.62 6.6 89.9 0.82 0.48

CDF (gamma) 34 843.5 43 028.4 N.A. 0.50 650.4 695.8 N.A. 0.63 23 836.1 29 400.8 N.A. 0.54

CDF (normal) 77 360 77 369.1 N.A. 0.28 1671.3 1717.2 N.A. 0.54 52 994.5 53 015.4 N.A. 0.36

RFR (scp42) 9636.5 9765.8 N.A. 0.36 9.9 121 N.A. 0.62 6537.5 6661 N.A. 0.44

RFR (pmed1) 3.8 110.9 N.A. 0.46 8 99 N.A. 0.44 5.2 107 N.A. 0.45

The performance on the training set was lower, resulting from the model selection focusing only on the test
set. This highlights a possible disadvantage of that exclusive focus and of using a multiplicative scalarization,
because the excessive impact of the MF1 score might have led to the dismissal of estimators with better or more
balanced training and testing MSAT𝜇.

For the ensemble based on SCP and QAP instances, the training and the testing MSAT𝜇 were more equi-
librated, and the testing MAE and RMSE were the smallest. However, the test set was very small, containing
only 7 instances, of which only 2 were easy. This makes the numbers less representative of the actual expected
performance when compared to the other ensembles. The number of PMP instances also had a major impact
on the ensemble trained on PMP and SCP instances. Of 52 instances used for training, 50 were difficult and
only 2 were easy. This resulted in an ensemble that did not have an adequate amount of training data about
easy instances, a factor that helps explain the low test MF1 and MSAT𝜇.

In addition to the performance on the small dataset, it was also verified how well the three ensembles perform
on complete executions (big dataset). Table 15 shows the results for each of those ensembles separately and also
includes other estimators for comparison. Starting with the case where the test set was composed of instances of
the problem SCP, the CDF of the gamma distribution achieved the highest MSAT𝜇, being followed by the RFR
trained on the instance scp42. That RFR model being the second and surpassing the ensemble (the third place)
is not surprising, because it was trained exclusively on complete executions of an instance from the SCP problem.
However, it is important to mention that its training data was not considered during the model’s evaluation,
similarly to what was done in Section 4.4.2. Given the fact that this approach leads to differences in the test
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datasets used by the estimators, the results for that RFR model in that table cannot be reliably compared to
those of the other estimators. As in the aforementioned section, these results were presented together for the
sake of completeness and ease of comparison. However, removing the instances scp42 and pmed1 from all test
datasets only leads to slight changes in the presented values.

In the cases where the test problem is the SCP or the QAP, no changes in the MSAT𝜇 were observed within
two decimal places (considering truncation). For that reason, the respective results in Table 15 would not change.
However, when the test problem is the PMP, more relevant changes were observed when evaluating executions
of all instances and those of the remaining easy instance (pmed6). Specifically, the MSAT𝜇 for the estimators
Ensemble, CDF (gamma), CDF (normal), RFR (scp42), and RFR (pmed1) were, respectively, 0.62, 0.53, 0.33,
0.59 and 0.47 in the scenario “all instances”, and 0.46, 0.34, 0.23, 0.45 and 0.54 in the scenario “easy instances”.
Those new values maintain the order of the top three estimators in each scenario.

Continuing with the analysis of the table’s results, and still in the case where the test problem is the SCP,
the remaining two estimators performed significantly worse. In the case of the RFR trained on the executions
of the instance pmed1, it still performed better than the CDF of the normal distribution, despite the fact that
it was not trained on any difficult instance. It is also important to mention that, in the same section of the
table, the scenarios “difficult instances” and “all instances” have the same results because the dataset used in
the present work did not include any easy SCP instance.

Regarding the MSAT𝜇 results for the case where the test problem is the PMP, the Ensemble appears to
outperform all the other baseline methods when all instances in the dataset are considered and also when only
the difficult ones are examined. If the test is conducted only on easy instances, that estimator falls to second,
and the RFR trained on the instance pmed1 takes the first position. However, while the ensemble was evaluated
on executions of the instances pmed1 and pmed6, the RFR model faced only the pmed6.

Switching the attention to the section of the table where the test executions belong to the QAP problem,
no “*” appears beside the RFR models, which indicates that no QAP instance was removed from the test set
during the evaluation. The best MSAT𝜇 is achieved by the CDF of the gamma distribution in all three variants
of the test set. The ensemble, on the other hand, ranks as second only if all instances are considered. In the
subset of difficult instances, it is the third, showing an MSAT𝜇 slightly behind the one of the RFR trained on
the instance scp42 (the difference is not visible with two decimal places). In the case of the easy QAP instances,
the ensemble is also the third, but not far behind the RFR trained on the pmed1 instance. Regarding the results
for the other metrics, the comments that could be made are the same as those made in the context of Table 11.

Given those results, their statistical significance can also be verified. The presence of 5 different estimators
allows the use of the Friedman and the Nemenyi tests. However, because no cross-validation was performed,
the multiple datasets that those methods require were represented by each execution. For example, for the
evaluation of the statistical significance of the results for PMP instances, the metric was the MSAT𝜇 and each
of the more than 100 executions of that problem was considered a dataset. They are individual time series and
have an associated MSAT. The use of those tests also required the evaluation of all estimators on the same
data. For that reason, executions of the instances spc42 and pmed1 were not considered.

Starting with the Friedman test, the 𝑝-values for all tested cases were approximately 0, meaning that the null
hypothesis can be rejected and that there is at least one estimator that significantly differs from the others in
each case. The results of the Nemenyi test are provided by the CD diagrams in Figure 11. In those images, the
names Ensemble, CDF (gamma), CDF (normal), RFR (scp42), and RFR (pmed1) are replaced by 𝐸, 𝐺, 𝑁 ,
𝑆, and 𝑃 , respectively. The values shown indicate that the ensemble, the CDF of the gamma distribution, and
the RFR model trained on executions of the instance scp42 are, in most cases, among the three with the best
average ranks. The ensemble figures in the top three in all cases, showing the benefit of training on multiple
instances of different difficulties. However, when it comes to the significance of the difference between estimators’
results, there is always another estimator whose estimates are not significantly different from the ensemble’s.
In Figures 11a and 11f, the performance of the ensemble is significantly different from the estimator with the
best average rank. In all other cases, the difference is not significant. It is also important to note that, due to
the varying number of executions per problem and per difficulty, the value of the CD varied from case to case.
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Figure 11. Critical Difference Diagrams showing the statistical significance of the results.
Estimators connected by a horizontal bar are not significantly different in performance.

Finally, an additional piece of information that can be provided about the results is related to the hyperpa-
rameters used in each ensemble, which are shown in Table 16. From the values presented, it can be seen that
the feature iteration was included in nearly all base models. In those cases, the feature importance was always
0.7 or higher, reaching 0.96 and 0.99 in the regressors trained on easy and difficult instances (respectively) of
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Table 16. Hyperparameters of the models of the interproblem test.

Ensembles

Role Hyperparameter QAP+PMP SCP+QAP PMP+SCP

Classifier training features 1, 2, 6, 7, 8, 9 3, 6, 7, 8, 9, 10 1, 2, 10
n neighbors 38 30 42
weights uniform distance distance
𝑝 euclidean euclidean manhattan

Regressor training features 4, 6, 7, 9, 10 1, 2, 3 1, 9
(easy n estimators 41 26 10
instances) max depth 23 10 19

min samples leaf 21 20 14
Regressor training features 1, 2, 3, 6, 7 1, 3, 4, 5 1, 8
(difficult n estimators 32 10 99
instances) max depth 12 26 11

min samples leaf 12 25 18

the ensemble PMP+SCP. For the two base models in that specific ensemble, the output was dominated by the
number of the iteration, and the behavior of the curve of the estimates showed very little variation, regardless
of the test execution being evaluated. That is one of the main factors behind the poor performance on easy
QAP instances, because the learned behavior was mainly that of difficult instances (only two easy instances
were used for training, as previously mentioned in this section).

4.5. Discussion

The results presented in Sections 4.4.2 and 4.4.3 for complete executions show that the ensemble approach
proposed in this work has a performance close to what is observed for other top estimators, sometimes surpassing
their scores, and other times being not far behind. From the perspective of the MSAT𝜇, the ensemble also does
not differ significantly from those in the first place in most cases and reaches the first position on three occasions:
(1) difficult instances during the cross-validation; (2) difficult PMP instances in the interproblem evaluation;
and (3) among the set of all PMP instances. However, this third occasion is a case where the representativeness
of the results can be questioned because of the small number of easy PMP instances. Also in the interproblem
evaluation, the ensemble ranked close to first among the difficult QAP instances. Given that situation, there is
evidence that the method proposed in this work produces a stopping rule that is competitive when compared
to other top performers, but mainly on difficult instances.

The CDF of the gamma distribution, on the other hand, showed a more consistent performance in the context
of the cross-validation, which places it as the best estimator when it comes to the cross-validation score based
on MSAT𝜇. Additionally, the interproblem evaluation clearly presents it as the best estimator in the case of
SCP instances. However, this work did not test the possibility of combining that method with the CDF applied
to a reflected cost distribution, where the latter would be used in situations where the original distribution is
negatively skewed. That approach has the potential to improve the CDF’s results, as it could treat positively
and negatively skewed distributions with possibly more appropriate estimators. It would be similar to what the
ensemble-based method does (a dynamic estimator selection), but dependent on the skewness of the cost value
distribution, rather than on instance difficulty.

In the cases of the ensemble and of the CDF of the gamma distribution, the problems of stagnation and of
temporary falls in the estimates were not treated. In the case of the CDF, they were the main ones responsible
for the high MAE and RMSE observed in the executions of many instances, which were mostly easy instances.
The use of those metrics was especially pertinent because they allowed the detection of those situations on
some occasions, particularly the problem of stagnation of estimates, which can be easily recognized through
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a high MAE. The proposed ensemble-based method expects a secondary termination criterion consisting of a
maximum number of iterations, but it was not applied during the tests (although the size of the executions
could be seen as a limit in the number of iterations). Despite that, all stopping rules can benefit from that
secondary termination criterion, because it would always guarantee the stopping of the metaheuristic at some
moment, even if stagnation occurs.

As for the RFR models trained on single instances, the average ranks shown in Figures 10 and 11 demonstrate
that they perform better on instances of similar difficulty to that of the instance used for training, confirming a
limitation that is mentioned in Appendix A. Despite that, when it comes to generalization capabilities, it can be
said that the model trained on a difficult instance (scp42) is preferable over the one trained on an easy instance
(pmed1), because even if it might take much longer than needed to stop an execution from an easy instance, it
is often better than stopping too early in a difficult instance, in a moment when the incumbent solution is still
of poor quality.

The CDF of the normal distribution was the estimator that performed the worst in all tested cases, but a poor
result was already expected, given the limitations presented in Appendix A. The truncated normal might be
able to improve the situation in some of the test executions if good lower bounds are available. However, if those
values are available, a stopping rule based on the optimality gap could be used instead, as suggested by Resende
and Ribeiro [55] for the Lagrangian GRASP. Given that situation, the applicability of the CDF of the standard
normal distribution appears to be more limited than that of an RFR model trained on a single instance, because
it depends on where the 𝑧-score of the optimal solution is located in the PDF of the distribution.

Regarding the architecture proposed for the ensemble, the combination of specialist models using a DRS
approach was successful in creating a competitive method and reaching, in most cases, a better generalization
across difficulties when compared to the models trained on a single instance. However, depending on the test
dataset, the performance on easy instances was inferior to that of the CDF of the gamma distribution or to
that of the RFR trained on executions of the instance pmed1. This is a situation that was caused by difficulty
misclassification and by an underperforming regressor trained on easy instances. Nevertheless, in the latter case
it might be related, at least in part, to the data used for the training.

For most easy instances, the optimal solution is reached before iteration 10 000, a fact that can be visualized
in Figure 5. That same figure also shows that, in those cases, the number of minimum changes is usually smaller
than 10. This means that, in most executions from easy instances, the details of the curve of remaining minima
up to the optimal solution are described only by the few iterations where changes to the minimum occur (all
the other 100 iterations describing the execution are just zero). On the other hand, the behavior of executions
from difficult instances is represented by several times more iterations, because the last change in the minimum
usually occurs after the iteration 105, allowing the description of the curve of remaining minima to incorporate
observations at every 10 000 iterations before that minimum is reached. However, this is a hypothesis that
remains to be tested.

A concrete limitation observed in the approach taken to evaluate the ensemble resides in obtaining the
training data. That happens because each execution took from hours to days to be generated. The training of
the ensembles also presented a similar challenge, because the use of HPO resulted in training times longer than
24 h. The use of the sample dataset was intended to reduce the amount of resources and time needed to train
the models. However, while it allowed the use of HPO, it still required the generation of the executions from
which it was sampled.

Regarding the HPO procedure, model selection focused exclusively on the performance in the test set led to
a curious situation in the case of the interproblem evaluation, because the test MSAT𝜇 of one of the ensembles
was much higher than the training MSAT𝜇. However, this kind of situation might be mitigated by including the
performance on the training set in the fitness calculation in some way. The use of HPO also resulted in many
ensembles with base models where the feature iteration achieved a very high importance. In some of those cases,
that represented a problem, because the estimated curve of remaining minima showed little to no variation when
complete executions were evaluated. The exploratory experiments tried to mitigate that situation by removing
that feature or limiting its influence, but this resulted in a poorer fitness. The use of this feature also leaves
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questions about the behavior of the estimates after iteration 106, because this is the maximum iteration number
available in the dataset.

Still in the context of the features employed in this work, the new approach to the calculation of remaining
minima allowed the ensemble to learn behaviors that foresee a value greater than zero at the end of an execution.
However, no comparison with the calculation method of Mattos [38] was provided, which means that it is not
possible to discuss the impact of the change beyond what is already done in Appendix A.

Finally, the use of cross-validation, interproblem evaluation, and custom metrics showed that the ensemble-
based approach proposed in this work was capable of generalizing even to unknown problems, which means
that it might be applicable to standard GRASP implementations for multiple problems, depending on the data
used for training and the type of instance being optimized. The MSAT𝜇 was also effective in summarizing the
performance across a large number of executions into a single value. However, it is important to mention that
the use of a custom evaluation method (test cases, dataset and metrics) made it not possible to directly compare
the results obtained in the present work to those obtained in previous works. Additionally, when it comes to
comparisons with CDF estimates, it is important to note that the main target variable in the dataset is also an
approximation. In other words, remaining mins was calculated based on sample probability, which means that,
except for the iterations after a known optimal solution is found, the real probability of improvement is always
unknown and may differ from the sample probability. Similarly, the CDF is the probability of finding a value
smaller than or equal to the value being evaluated, and, for that reason, it is also an approximation.

5. Conclusion

5.1. Contributions and limitations

This work sought to analyze the limitations of existing stopping rules for the GRASP metaheuristic and
propose an alternative ensemble-based rule that improves on some of them. Regarding the first objective, a
series of shortcomings was described for a group of existing techniques. The comparison between rules indicated
that the probabilistic approach based on the CDF of the gamma distribution was the most effective, although
it faced problems in some easy optimization instances. It was also demonstrated that, in that method, the cost
distribution does not need to be reflected if it has positive skewness.

As for the second objective, the proposed ensemble-based stopping rule was able to improve on the limitations
of an already existing machine learning-based approach by working with a more diverse training dataset and
introducing awareness about instance difficulty, which allowed it to be more flexible to instances of different
difficulties. It produced better results than the CDF of the standard normal distribution, which performed
poorly because normality is not guaranteed and the applicability of the CDF depends on how far from the
mean the standardized cost of the optimal solution is. When compared to the CDF of the gamma distribution,
the new rule showed a performance that indicates that it is competitive on harder instances. The ensemble
also showed generalization capability on instances of problems that were not involved in its training. The tests
performed included two custom similarity metrics, SAT and MSAT, which were proposed to measure how well
the estimators performed at stopping a GRASP execution at expected moments. In the case of the evaluation
of multiple executions at the same time, the average of the MSAT values was also effective at summarizing
the performance into a single value. Compared to works that proposed previous stopping rules, the tests were
performed on a much larger dataset, which, despite being imbalanced, covers more optimization problems or
instances in most cases.

Regarding the limitations of this work, one of them is that the proposed stopping rule did not perform as
well on easy instances as it did on difficult instances. However, this is not a big problem because some easy
instances may be solved to optimality by exact methods. Another limitation is that the applicability of the
method is restricted to the standard GRASP, and it is not possible to guarantee a satisfactory generalization on
every instance of every problem. Its use in variants of the metaheuristic, if possible, may require modifications
to the method. This work also did not solve the problem of requiring a large amount of training data, although
the use of the sample dataset demonstrated that it is possible to use a smaller training dataset if the execution
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data are representative of the characteristics of the complete executions from which they derive. As for analysis
and comparisons, they did not include all existing stopping rules for GRASP.

5.2. Future work

The ensemble-based stopping rule showed promising results in difficult instances, but there is still room for
improvement. The next steps that the authors aim to tackle are the improvement of the performance on easy
instances and the possibility of using ensemble methods to combine estimators from existing approaches, like
the CDF of different distributions and specialist machine learning models. Metalearning approaches where the
ensemble itself creates specialist models could also be tested.

In addition to that, future works could try to change the MSAT metric to also account for the divergence
between the estimates and the targets, which would remove the need for the metrics MAE and RMSE. The
dataset could also be expanded to include execution data from more optimization problems. In that same
context, synthetic executions could be used to increase the diversity of the training data without requiring the
metaheuristic to be run. Finally, the applicability of the proposed stopping rule could be tested on variants
of the GRASP metaheuristic and also on other metaheuristics. In the case of GRASP variants, this includes
GRASP with path-relinking and Reactive GRASP.
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experimental. Master’s thesis, Federal University of the Stat of Rio de Janeiro, Rio de Janeiro, RJ, May (2009).
http://www.repositorio-bc.unirio.br:8080/xmlui/handle/unirio/12807.

[45] L.A. Neves, A.C.F. Alvim and M.G.C. Resende, Implementação e teste de critérios de parada para heuŕısticas
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Appendix A. Limitations of some existing stopping rules

In order to start this appendix, it is important to first establish a definition for instance difficulty that is pertinent to
the present work. In that definition, an instance is said to be easy if, among the executions available for it in the dataset
(10, 20 or 30), the corresponding standard GRASP implementation was able to achieve the best known solution in the
literature, which might be optimal or not (the majority is), on all occasions. In cases where it did not, the instance was
considered difficult. In other words, an instance is treated as easy if the average gap was 0 and as difficult otherwise.
That difference is important because it has implications on how the curve of expected remaining minima behaves and
also on the shape of the distribution of cost values.

Regarding the curve of expected remaining minima, it is the result of the counting of improved solutions observed
in an interval of future iterations (similarly to what is described in Sect. 2.2.4). In easy instances, where the optimal
solution is commonly found in early iterations, that curve also reaches zero as soon as the optimal solution is found, and,
for that reason, it is usually narrow. On the other hand, in difficult instances, improvements to the solution are expected
to happen through the entirety of the execution. Consequently, the number of remaining minima falls gradually until it
reaches zero or a small number later in the execution, resulting in a wide curve.

In Mattos [38], the use of models trained on executions from a single instance is proposed, and, for that reason,
instance difficulty is not considered. That approach figures as a limitation because those models are expected to perform
better on instances whose difficulty is similar to that of the instance used for training. Specifically, if a model is trained
on an easy instance, using the feature set independent of cost value that was proposed by that work, and is applied
to a difficult instance, the estimates might reach a very small number of remaining minima or zero in early iterations.

https://doi.org/10.1109/ICCS45141.2019.9065747
https://doi.org/10.5281/zenodo.13819579
https://doi.org/10.14569/IJACSA.2018.091238
mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o


ENSEMBLE-BASED STOPPING RULE FOR GRASP 681

Figure A.1. Example of models trained on single instances being applied to instances of different difficulty.

Likewise, if the model is trained on a difficult instance and applied to an easy one, it might not recognize that an optimal
solution was found and only estimate zero or a very small value later on in the execution.

The training features play a major role in that problem. In the case where cost value is not included in some way,
the feature set was composed of the number of minimum changes, the number of the iteration, the number of iterations
since the last minimum change, and the number of iterations since the current minimum appeared for the last time (it
can appear multiple times). While that combination might allow for the identification of patterns, tests where iteration
number was included were prone to result in models where that feature achieved very high importance, meaning that it
ended up dominating the decision on whether to stop the metaheuristic.

In order to exemplify the entire situation, in Figure A.1, the results for two models are presented. They are random
forest regressors, trained with hyperparameters used by Mattos [38]. Specifically, there were 10 trees in each model,
and each tree had a maximum depth of 10 and at least 20 observations in each leaf. In Figure A.1a, the model trained
on instance scp42, which is a difficult one, was applied to an execution belonging to instance pmed1, which is easy
(information about instances is available in Sect. 4.1). Meanwhile, in Figure A.1b, the roles are inverted. The model was
trained on instance pmed1 and the execution was from instance scp42. In those results, it is possible to see the previously
mentioned problem of applying models of one difficulty to executions of another. Moreover, if the feature importances
are inspected, iteration number achieved approximately 0.76 and 0.83 for the scp42 and the pmed1 models, respectively,
which means that it had a very high impact on the decision process.

It is important to mention that the number of remaining minima was calculated according to the method described in
Section 4.1. That information brings attention to another possible limitation, which lies in the approach taken to perform
that calculation in Mattos [38], because the ever-shrinking counting window that it employs will cause the number of
remaining minima to reach 0 at some point in an execution, making it not possible for the models to get an adequate
insight into the real behavior of that variable near the end of an execution.

In addition to those points already presented, another restriction lies in the way in which the features are normalized.
Iteration number reaches the upper bound used for normalization at iteration 106, which means that it stops providing
updated information past that point, despite the fact that difficult instances will generally require more than that number
of iterations to reach optimality. In the case of cost value, it was normalized using the cost of the best known solution
from the literature as a lower bound when used as a feature. However, for unknown instances, the best cost is expected
to be unknown, which means that the results provided in these cases can only be interpreted as best-case scenarios.

One final drawback of the machine learning-based stopping rule is the time required to obtain the data used for
training. Even if only one instance is used, many executions of size 106 will be required, as well as several hours or several
days to generate them, depending on the instance used. It is a one-time procedure, but it is costly.

Moving to the relation that instance difficulty has with the shape of the distribution, Table A.1 shows that, for a set
consisting of 180 (out of 184) instances present in the dataset of Section 4.1, the absolute difference between 0 and the
observed skewness and excess kurtosis was always smaller than 1 in difficult instances, while in easy instances it varied
considerably. Additionally, after visual inspection, it is possible to see that, in some easy instances, the distribution does
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Table A.1. Limited summary of some statistics of the dataset employed in Section 4.1. Values are
based on the averages of the statistics observed for executions of each instance.

Statistic Easy Difficult

Min Skewness −29.14 −0.25
Max Skewness 6.54 0.77
Min Kurtosis −1.48 −0.55
Max Kurtosis 1389.49 0.90
% |Skewness| > 1 25.27% 0.00%
% |Kurtosis| > 1 31.86% 0.00%
Min 𝑍-score LB −47.73 −85.92
Max 𝑍-score LB −0.16 −2.51

Figure A.2. Cost value distribution of the instance tai20b.

not even resemble a normal distribution, as in the case of instance tai20b, which looks like a sequence of bell curves, as
shown by Figure A.2.

The observation that the cost value distribution can differ from a normal distribution by being significantly skewed,
kurtotic or by having an irregular shape conflicts with the assumption made by Ribeiro et al. [57] that the distribution
is approximately normal. Moreover, if the CDF of the non-truncated standard normal is used, a probability smaller than
10−6, which would be equivalent to 0 remaining minima in the test method employed by that same work, would require
a minimum cost with a 𝑧-score smaller than −4.75 (value obtained using the Percentage Point Function of the normal
distribution). That is a value that, according to Table A.1, some instances would not be able to reach, regardless of being
easy or difficult, because their lower bounds (best known solutions) return a higher value. A consequence of that is a
stagnation of the estimates in cases where that 𝑧-score cannot be reached, meaning that, even if the optimal solution is
evaluated, a high probability could be returned. As for how high it can be, even something in the order of 10−1 could be
expected, like in the case of the instance tai64c (an easy one), whose optimal cost returns a probability of approximately
0.18, showing that, for its case, the CDF of the non-truncated distribution would not be reliable.

An alternative to that situation, which is already proposed by the authors of the technique, is the use of the CDF of
the truncated normal. However, that approach stumbles on a major problem, which is the difficulty in obtaining quality
lower bounds for the cost value. Quality is relevant because, depending on how far the bound is from the optimal cost,
the probability might reach zero too early or continue to face stagnation. In the first case, it happens when the lower
bound is much higher than the optimal cost and might be reached with ease, while the second case occurs if the bound
is smaller, meaning that a probability of 0 will never be reached and the estimate might stagnate at an undesirably high
value. An example of that second problem is the instance tai35b, where a lower bound 0.01% smaller than the optimal,
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Figure A.3. Q-Q plots comparing the distribution of the instance scp42 and the gamma distribution.

coupled with an upper bound calculated as suggested by Ribeiro et al. [57], results in a probability of approximately 0.03
when the optimal solution is evaluated.

Among the stopping rules proposed for GRASP, the approach based on the gap between statistical bounds [13], briefly
mentioned in Section 2, in addition to being able to stop the metaheuristic on a quality basis, could also provide a way
to obtain the lower bound for the truncated normal and for the machine learning-based approach. However, according
to the results that its authors provide, the method did not guarantee the tightness of the bounds, did not guarantee that
the optimal solution would be covered, and, depending on the instance, it may also require a large amount of data.

Regarding the first and the second limitations, among the two proposed estimators, the Weibull point estimator
managed to achieve tighter bounds, but presented a low coverage rate in most of the instances used for evaluation. On
the other hand, the second order Jackknifing point estimator had wider bounds and a higher coverage rate. As for the
amount of data (cost values) that the method requires, it is not clear how many iterations each of the suggested 100
replicates (executions) of the metaheuristic had, because the work mentions numbers of local searches (which could mean
iterations or local search steps in each local search phase). Nevertheless, if the highest running times in Carling and Meng
[14], which are used as reference for instances of some problems, are taken into consideration, each replicate could have,
at least, tens of thousands of iterations.

One way to avoid dealing with truncation is to use the probabilistic stopping rule based on the gamma distribution,
which was described in Section 2.2.3. However, there are two problems with this approach. The first has to do with the
necessity of the reflection procedure, because its authors argue that, in minimization problems, a longer tail to the left
(negative skewness) is to be expected, a characteristic that they verified in their instances for the MinCostSAT problem.
Despite that, in the present work, the majority of the instances (also from minimization processes) showed positive
skewness, putting into question the need for a reflection procedure in those cases.

In order to verify that, in Figure A.3, Q-Q plots for an execution of the instance scp42 are provided. That execution
has skewness and kurtosis of 0.44 and 0.26, respectively. In Figure A.3a, the non-reflected distribution is shown to match
well the theoretical gamma distribution, while Figure A.3b shows that the same does not apply if reflection is used.

Based on those results, it is possible to argue that, for positively skewed distributions, reflection might have the adverse
effect of providing worse results, an argument that can be strengthened by evaluating the CDF at the best cost from
the literature (references about those costs are mentioned in Sect. 4.1). In the case of the non-reflected distribution, the
probability returned is approximately 8.6−10, while the estimate gets stagnated at approximately 3−4 if reflection is used.
A similar situation was seen in many other instances whose distribution was positively skewed. On the other hand, in
the case of instances that show negative skewness, the present work was unable to verify the suitability of the reflection
procedure because less than 10% of the instances in the dataset shared that characteristic, and their distributions often
presented an irregular shape.

In order to gather further information on which distribution is more appropriate to be used, the Wasserstein Distance
[54] was used to evaluate the divergence between the cost distribution and normal and gamma distributions fitted to the
parameters obtained using MLE. That metric calculates the minimal effort necessary to transform one distribution into
another and is applied, in the present case, to check which alternative is the closest to the empirical cost distribution (in
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Table A.2. Number of instances where each fitted distribution presented the smallest Wasserstein
Distance.

Skewness Difficulty Normal
Gamma
(non-ref.
costs)

Gamma
(ref. costs)

Negative
Easy 4 2 7
Difficult 0 0 1

Positive
Easy 19 59 2
Difficult 0 87 1

Table A.3. Instances per probability range resulting from the use of the CDF of the gamma distribution.

Probability
range

Median
probability

Instances
Easy Difficult Total

≥ 10−6 1.1× 10−3 74 10 84
< 10−6 3.0× 10−14 19 79 98

the case of the gamma distribution, the use of reflection was also tested). In the test, 182 instances were considered and
each was represented by one execution.

The results of that comparison are presented in Table A.2 and show that, in general, the gamma distribution fitted
on non-reflected costs is the best option, presenting the smallest distance in nearly all 89 difficult instances considered
and also in the majority of the 93 easy instances. As for the use of the gamma distribution fitted to reflected costs, it
had the smallest distance in only 11 instances, and, among them, 8 had negative skewness (out of 14 executions with
that characteristic among the 182 executions). Considering that the use of reflection led to the smallest distance in the
majority of the instances with negative skewness, these results point to the possibility that it might be appropriate to
use non-reflected cost for instances with positive skewness and reflected costs for cases with negative skewness. However,
properly testing that possibility would require a larger number of instances that produce a negatively skewed distribution.

Finally, with respect to the second limitation of the use of the gamma distribution, it lies in the observation that,
although the CDF performs well on difficult instances (when reflection is not used), its estimates often stagnate at some
probability above 10−6 on easy instances. This problem is tied to the previous verification that, on multiple occasions,
the gamma distribution did not fit easy instances well. In Table A.3, the CDF at the best known solution from the
literature was calculated for one execution of each instance, and the instances were grouped based on whether the
resulting probability was below 10−6 or not. It is possible to see that not only the vast majority of the easy fell in the
group with CDF equal or greater than that threshold, but also that, in that group, stagnation occurred at approximately
10−3 or more in at least half of the instances (observation based on the median probability).
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