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CHARACTERIZATIONS OF LOCALLY LIPSCHITZ GEODESIC
PSEUDOLINEAR FUNCTIONS ON HADAMARD MANIFOLDS
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Abstract. In this paper, using the properties of Clarke subdifferential, we derive some characteriza-
tions of locally Lipschitz geodesic pseudolinear functions on Hadamard manifolds. Moreover, employ-
ing these characterizations, we derive some properties of the solution sets of pseudolinear programming
problems on the Hadamard manifold. The results established in this paper generalize and extend several
known results in the literature. We furnish several examples to illustrate these results. Furthermore, to
demonstrate the practical applications of our outcomes, we solve a specific form of the Karcher mean
problem by employing the results established in this paper.
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1. Introduction

It is well known that convexity plays a central role in optimization theory, as in a convex minimization prob-
lem, a local minimum becomes a global minimum. Despite being a central tool in optimization, the notion of
convexity is very restrictive for real-life problems (see, [49]). By weakening the notion of convexity, Mangasarian
[24] introduced a more general class of functions, namely, pseudoconvex functions. Moreover, Mangasarian [24]
introduced pseudoconcave functions by relaxing concavity. Functions, which are both pseudoconvex and pseu-
doconcave, are named as pseudolinear functions by Chew and Choo [8]. For more exposition about pseudolinear
functions, we refer to a monograph by Mishra and Upadhyay [29].

In recent years, researchers have established many characterizations of pseudolinear functions as well as
characterizations of solution sets of pseudolinear programming problems, for instance, see [14, 15, 34] and the
references cited therein. Kortanek and Evans [17] characterized the functions which are both pseudoconvex
and pseudoconcave, and established the Lagrange regularity conditions for constrained pseudoconcave problem.
Further, some properties of pseudolinear function and pseudolinear optimization problem have been derived by
Chew and Choo [8]. Komlosi [16] presented first and second order characterizations of pseudolinear functions.
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Characterizations of solution sets of nonlinear programming problems with multiple solutions are very useful
for better understanding of solution methods. Mangasarian [25] characterized solution sets of convex programs
with differentiable objective function and studied monotone linear complementarity problems in R𝑛. Burke and
Ferris [4] provided several characterizations for nondifferentiable convex programming problem. Jeyakumar and
Yang [13] considered differentiable pseudolinear programming problem and obtained some new characteriza-
tions of its solution sets. Lalitha and Mehta [18] extended these characterizations for non-differentiable case.
Using Clarke subdifferential, Hui and Li [23] characterized locally Lipschitz pseudolinear functions and solution
sets of a pseudolinear programming problem on Banach space. Dinh et al. [9] studied pseudolinear minimiza-
tion problem and characterized solution sets of linear fractional programs. Zhao and Tang [51] characterized
solution sets of nonsmooth generalized pseudolinear extremum problem. Moreover, Mishra and Upadhyay [26–
28] studied fractional and multiobjective programming problems involving generalized pseudolinearity. Mishra
et al. [30] considered a minimization problem involving nonsmooth pseudolinear function and established
Lagrange multiplier characterizations of its solution sets.

In the last few decades, several important concepts of optimization theory have been extended from Euclidean
space to Riemannian manifold, (see, for instance, [19, 32, 37, 38]). There are some advantages of these exten-
sions, for example, a nonconvex optimization problem can be reduced into a convex optimization problem by a
suitable Riemannian metric, and a constrained optimization problem can be transformed into an unconstrained
one, in the view of Riemannian geometry. A generalized concept of convexity known as geodesic convexity
was introduced by Rapscák [35] and Udrişte [40]. Barani [1] and Hosseini and Pouryayevali [11] considered the
notion of Clarke subdifferential and gave several characterizations of generalized convexity in the framework
of the Riemannian manifold. Németh [31] presented the notion of generalized pseudoconvexity for differen-
tiable functions on Riemannian manifolds. Jayswal et al. [12] derived some relations between vector variational
inequality and vector optimization problem with approximate geodesic pseudoconvex function on a Riemannian
manifold. Chen and Fang [5] derived some properties for nondifferentiable generalized pseudoconvex functions
on Hadamard manifolds. Li et al. [22] characterized the solution sets of pseudoaffine programming problems
on the Hadamard manifold. For more exposition and the updated survey about optimization techniques in the
framework of Hadamard manifolds, we refer to [5, 6, 10,41–45,47,48] and the references cited therein.

Motivated by [22,23,30,51], we introduce locally Lipschitz geodesic pseudolinear functions on the Hadamard
manifold and derive some properties of this class of functions. Moreover, we show the geodesic convexity of
the level set of this class of functions and establish positive linear dependence of any two vectors of the Clarke
subdifferential of every geodesic pseudolinear function. Further, we consider a minimization problem involving
a geodesic pseudolinear function and deduce some important characterizations of its solution sets. In particular,
the results presented in this paper extend the corresponding results of [23] from Banach space to the Hadamard
manifold. In addition to this, the results deduced in this paper generalize corresponding results of [30,51] from
Euclidean space to the Hadamard manifold. Moreover, our results generalize the result of [22] from smooth to
nonsmooth case in the Hadamard manifold setting. We also provide suitable examples to illustrate these results.

This paper is organized in the following manner: In Section 2, we recall some definitions and preliminaries.
In Section 3, we derive some characterizations of locally Lipschitz geodesic pseudolinear functions. In Section 4,
we formulate a nonlinear programming problem involving a geodesic pseudolinear objective function and derive
some characterizations of solution sets of this problem. In Section 5, to illustrate the practical significance of the
derived results, we consider a specific form of the Karcher mean problem and solve it by employing the results
established in this paper. Conclusions along with future research direction are drawn in Section 6.

2. Preliminaries

In this section, we recall some basic definitions and results related to nonsmooth analysis that will be useful
to derive our main results.

The conventional notations R𝑛 and N are utilized to represent the Euclidean space of dimension 𝑛 and the set
of all natural numbers, respectively. For any 𝑛 ∈ N, let H denote the 𝑛-dimensional smooth manifold. The set of
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all tangent vectors at the point 𝑥 ∈ H, is denoted by 𝑇𝑥H. The tangent bundle of H is denoted by 𝑇H =
⋃︀

𝑥∈H
𝑇𝑥H.

On a smooth manifold H, the Riemannian metric is a 2-tensor field, symmetric, and positive definite. We employ
the notation G to denote the Riemannian metric. For any two arbitrary elements 𝜈1, 𝜈2 ∈ 𝑇𝑥H, the inner product
of 𝜈1 and 𝜈2 is given by ⟨𝜈1, 𝜈2⟩𝑥 = G𝑥(𝜈1, 𝜈2), where G𝑥 is the Riemannian metric at the point and ‖ · ‖𝑥 be
norm associated with this inner product. For simplicity, from now onwards, unless specified otherwise, we use
⟨·, ·⟩ and ‖ · ‖ to denote the inner product on H and its corresponding norm, respectively.

A smooth manifold H, endowed with a Riemannian metric, is referred to as a Riemannian manifold. Now,
we assume that H is a connected Riemannian manifold of dimension 𝑛.

Let 𝛾𝑥𝑦 : [𝑎, 𝑏] → H be a piecewise smooth curve joining the two points 𝑥 and 𝑦, such that 𝛾𝑥𝑦(𝑎) = 𝑥 and
𝛾𝑥𝑦(𝑏) = 𝑦. The length of curve 𝛾𝑥𝑦 is defined as follows:

𝐿(𝛾𝑥𝑦) :=
∫︁ 𝑏

𝑎

||𝛾′𝑥𝑦(𝑡)|| d𝑡.

Then, for any 𝑥, 𝑦 ∈ H, the Riemannian distance 𝑑(𝑥, 𝑦) is defined by minimizing this length over the set of all
such curves 𝛾𝑥𝑦 joining 𝑥 and 𝑦.

Let ∇ denote the Levi–Civita connection associated with the Riemannian metric on H. Given a smooth curve
𝛾 in H, a vector field 𝑋 is said to be parallel along 𝛾 if ∇𝛾′𝑋 = 0. Additionally, it is noteworthy that if 𝛾′ itself
is parallel along 𝛾, then 𝛾 is termed as a geodesic. Furthermore, if the length of a geodesic joining 𝑥 to 𝑦 in
H equals 𝑑(𝑥, 𝑦), the geodesic is called a minimal geodesic. The parallel translation on the tangent bundle 𝑇H
along 𝛾, is an isometry induced by ∇ and given by the map:

𝑃
𝛾(𝑡2)
𝛾(𝑡1)

: 𝑇𝛾(𝑡1)H → 𝑇𝛾(𝑡2)H.

A Riemannian manifold is said to be complete if, for any 𝑥 ∈ H, all geodesics 𝛾(𝑡) emanating from 𝑥 are
defined for all 𝑡 ∈ R. In view of the Hopf–Rinow theorem, it follows that if H is complete, then any two points
in H can be joined by a minimal geodesic. Moreover, (H, 𝑑) forms a complete metric space.

Let H be complete. Then the exponential map exp𝑧 : 𝑇𝑧H → H at 𝑧 ∈ H is defined as exp𝑧 𝑣 = 𝛾𝑣(1, 𝑧) for
each 𝑣 ∈ 𝑇𝑧H, where 𝛾(·) = 𝛾𝑣(·, 𝑧) represents the geodesic starting at 𝑧 with velocity 𝑣, satisfying 𝛾(0) = 𝑧 and
𝛾′(0) = 𝑣. It is evident that exp𝑧(𝑡𝑣) = 𝛾𝑣(𝑡, 𝑧) for each real number 𝑡. Note that the map exp𝑧 is differentiable
on 𝑇𝑧H for any 𝑧 ∈ H.

An 𝑛-dimensional simply connected and complete Riemannian manifold H with nonpositive sectional cur-
vature is referred to as Hadamard manifold of dimension 𝑛. Henceforth, we are assuming that H denotes the
Hadamard manifold of dimension 𝑛.

The following proposition is from [36].

Proposition 2.1. The exponential mapping exp𝑥 : 𝑇𝑥H → H is a diffeomorphism for every 𝑥 ∈ H. Moreover,
for any 𝑥, 𝑦 ∈ H, there exists a unique minimal geodesic joining 𝑥 to 𝑦, given by:

𝛾(𝑡) = exp𝑥(𝑡 exp−1
𝑥 𝑦), ∀𝑡 ∈ [0, 1].

We recall that a function ℎ : H → R is said to be Lipschitz of rank 𝐾 on a given subset Γ of H, if there exists
a constant 𝐾 ≥ 0 with 𝐾 = 𝐾(Γ), such that

|ℎ(𝑥)− ℎ(𝑦)| ≤ 𝐾𝑑(𝑥, 𝑦), ∀𝑥, 𝑦 ∈ Γ,

where 𝑑(𝑥, 𝑦) represents the Riemannian distance on H. A function ℎ is said to be Lipschitz near 𝑥′ ∈ H, if there
exists 𝐾(𝑥′) ≥ 0 such that the above inequality holds with 𝐾 = 𝐾(𝑥′) for every 𝑥, 𝑦 in the neighbourhood of
𝑥′. A function ℎ : H → R is said to be locally Lipschitz on H, if ℎ is locally Lipschitz near 𝑥, for every 𝑥 ∈ H.

The following notions of generalized directional derivative and Clarke subdifferential in the framework of
Hadamard manifolds are from [2].
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Definition 2.2. Given 𝑥, 𝑦 ∈ H and a locally Lipschitz function ℎ : H → R, the generalized directional
derivative ℎ𝑜(𝑥; 𝑣) of ℎ at 𝑥 in the direction 𝑣 ∈ 𝑇𝑥H, is defined as follows:

ℎ𝑜(𝑥; 𝑣) = lim
𝑦→𝑥

sup
𝑡↓0

ℎ
(︁

exp𝑦 𝑡(𝑑 exp𝑥)exp−1
𝑥 𝑦𝑣

)︁
− ℎ(𝑦)

𝑡
,

where (𝑑 exp𝑥)exp−1
𝑥 𝑦 : 𝑇exp−1

𝑥 𝑦(𝑇𝑥H) ≃ 𝑇𝑥H → 𝑇𝑦H is the differential of exponential mapping at exp−1
𝑥 𝑦.

Definition 2.3. Given a locally Lipschitz function ℎ : H → R, the generalized gradient (or Clarke subdifferen-
tial) of ℎ at 𝑧 ∈ H is the subset 𝜕𝑐ℎ(𝑧) of 𝑇𝑧H, defined by:

𝜕𝑐ℎ(𝑧) = {𝜁 ∈ 𝑇𝑧H | ℎ∘(𝑧; 𝑣) ≥ ⟨𝜁, 𝑣⟩, ∀𝑣 ∈ 𝑇𝑧H}.

Remark 2.4. Notably, for a locally Lipschitz function ℎ : H → R, the following holds:

𝜕𝑐(−ℎ)(𝑥) = −𝜕𝑐(ℎ)(𝑥).

Moreover, 𝜉 ∈ 𝜕𝑐ℎ(𝑥) if and only if −𝜉 ∈ 𝜕𝑐(−ℎ)(𝑥).

The following result from Barani [1] is an extension of the classical Lebourg’s mean value theorem in the
framework of Hadamard manifolds.

Lemma 2.5 (Mean Value Theorem). Let 𝑥, 𝑦 ∈ H and ℎ : H → R be a locally Lipschitz function. Then there
exist 𝑡0 ∈ (0, 1) and 𝜉 ∈ 𝜕𝑐ℎ(𝛾(𝑡0)), such that

ℎ(𝑦)− ℎ(𝑥) = ⟨𝜉, 𝛾′(𝑡0)⟩,

where 𝛾(𝑡) = exp𝑥

(︀
𝑡 exp−1

𝑥 𝑦
)︀
, ∀𝑡 ∈ [0, 1].

The following lemma from [44] provides some basic properties of the Clarke subdifferential in the framework
of Hadamard manifolds.

Lemma 2.6. Let 𝑥 ∈ H and ℎ : H → R be a locally Lipschitz function of rank 𝐾 near 𝑥. Then the following
assertions hold:

(i) 𝜕𝑐ℎ(𝑥) is a nonempty, convex, compact subset of 𝑇𝑥H, and ‖𝜉‖𝑥 ≤ 𝐾 for every 𝜉 ∈ 𝜕𝑐ℎ(𝑥).
(ii) Let {𝑥𝑖} and {𝜉𝑖} be sequences in H and 𝑇𝑥H, respectively, such that 𝜉𝑖 ∈ 𝜕𝑐ℎ(𝑥𝑖) for each 𝑖. Suppose {𝑥𝑖}

converges to 𝑥, and let 𝜉 be a cluster point of the sequence {𝜉𝑖}. Then, it follows that 𝜉 ∈ 𝜕𝑐ℎ(𝑥).

The following definition is from [6].

Definition 2.7. A set Γ (⊆ H) is said to be geodesic convex, if the following inclusion holds:

exp𝑥

(︀
𝑡 exp−1

𝑥 𝑦
)︀
∈ Γ,

for any two points 𝑥, 𝑦 ∈ Γ and for all 𝑡 ∈ [0, 1].

Throughout this paper, unless stated otherwise, we assume that 𝒟 is a nonempty open subset of H and Γ is
a geodesic convex subset of 𝒟.

In the Hadamard manifold setting, the notion of generalized convexity for a locally Lipschitz function is
recalled in the following definition (see, [5]).
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Definition 2.8. Let ℎ : 𝒟 → R be a locally Lipschitz function on 𝒟. Then ℎ is said to be
(i) geodesic quasiconvex on Γ if

ℎ(𝛾(𝑡)) ≤ max{ℎ(𝑥), ℎ(𝑦)}, ∀𝑥, 𝑦 ∈ Γ and 𝑡 ∈ [0, 1];

(ii) geodesic semistrictly quasiconvex on Γ, if ∀𝑥, 𝑦 ∈ Γ with ℎ(𝑥) ̸= ℎ(𝑦),

ℎ(𝛾(𝑡)) < max{ℎ(𝑥), ℎ(𝑦)}, ∀𝑡 ∈ [0, 1],

where 𝛾(𝑡) = exp𝑥

(︀
𝑡 exp−1

𝑥 𝑦
)︀
;

(iii) geodesic pseudoconvex on Γ, if for any 𝑥, 𝑦 ∈ Γ

∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥) such that
⟨︀
𝜉, exp−1

𝑥 𝑦
⟩︀
≥ 0 ⇒ ℎ(𝑦) ≥ ℎ(𝑥),

or equivalently,
ℎ(𝑦) < ℎ(𝑥) =⇒ ⟨𝜉, exp−1

𝑥 𝑦⟩ < 0, ∀𝜉 ∈ 𝜕𝑐ℎ(𝑥).

Definition 2.9. A function ℎ : 𝒟 → R is said to be geodesic quasiconcave if −ℎ is geodesic quasiconvex.

Definition 2.10. A function ℎ : 𝒟 → R is said to be geodesic pseudoconcave on Γ if −ℎ is geodesic pseudo-
convex on Γ.

Definition 2.11. A function ℎ : 𝒟 → R is said to be geodesic pseudolinear on Γ if ℎ is geodesic pseudoconvex
and geodesic pseudoconcave on Γ.

The following result from [5] demonstrates the relationship between geodesic quasiconvex, geodesic
semistrictly quasiconvex, and geodesic pseudoconvex functions.

Lemma 2.12. Let ℎ : 𝒟 → R be a locally Lipschitz and geodesic pseudoconvex function on Γ. Then ℎ is both
geodesic quasiconvex and geodesic semistrictly quasiconvex on Γ.

Let 𝑋(H) be the set of all multivalued vector fields 𝜎 : H → 2𝑇H, such that 𝜎(𝑥) ⊆ 𝑇𝑥H for all 𝑥 ∈ H, and

𝐷(𝜎) = {𝑥 ∈ H : 𝜎(𝑥) ̸= ∅},

defines the domain of 𝜎.

The following definition from Li et al. [21] represents the concept of pseudomonotonicity for multivalued
vector fields in the framework of Hadamard manifolds.

Definition 2.13. A multivalued vector field 𝜎 is said to be pseudomonotone, if for any 𝑥, 𝑦 ∈ 𝐷(𝜎) and
𝑢 ∈ 𝜎(𝑥), the following implication holds:⟨︀

𝑢, exp−1
𝑥 𝑦

⟩︀
≥ 0 ⇒

⟨︀
𝑣, exp−1

𝑦 𝑥
⟩︀
≤ 0, ∀𝑣 ∈ 𝜎(𝑦).

The following Lemma from [5] establishes the relationship between the geodesic pseudoconvexity of a locally
Lipschitz function and the pseudomonotonicity of its Clarke subdifferential.

Lemma 2.14. Let ℎ : 𝒟 → R be a locally Lipschitz function on Γ. Then, ℎ is geodesic pseudoconvex if and
only if 𝜕𝑐ℎ is pseudomonotone on Γ.



1626 B.B. UPADHYAY ET AL.

3. Locally Lipschitz geodesic pseudolinear functions on Hadamard manifolds

In this section, we establish some characterizations of geodesic pseudolinear functions.

Theorem 3.1. Let ℎ : 𝒟 → R be a locally Lipschitz geodesic pseudolinear function on Γ. Then for all 𝑥, 𝑦 ∈ Γ,
the following statements are equivalent:

(i) There exists some 𝜉 ∈ 𝜕𝑐ℎ(𝑥), such that ⟨𝜉, exp−1
𝑥 𝑦⟩ = 0,

(ii) ℎ(𝑥) = ℎ(𝑦).

Proof. To begin with, we assume that (𝑖) holds and we show that

ℎ(𝑥) = ℎ(𝑦), ∀𝑥, 𝑦 ∈ Γ.

From the hypothesis, it follows that ℎ is a geodesic pseudoconvex function and hence for all 𝑥, 𝑦 ∈ Γ, there
exists some 𝜉 ∈ 𝜕𝑐ℎ(𝑥), such that

⟨𝜉, exp−1
𝑥 𝑦⟩ ≥ 0 ⇒ ℎ(𝑦) ≥ ℎ(𝑥). (1)

Moreover, by employing the geodesic pseudoconcavity of ℎ, there exists some 𝜉 ∈ 𝜕𝑐ℎ(𝑥), such that

⟨𝜉, exp−1
𝑥 𝑦⟩ ≤ 0 ⇒ ℎ(𝑦) ≤ ℎ(𝑥), (2)

for all 𝑥, 𝑦 ∈ Γ. Combining (1) with (2), it follows that

∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥), such that ⟨𝜉, exp−1
𝑥 𝑦⟩ = 0 ⇒ ℎ(𝑦) = ℎ(𝑥), ∀𝑥, 𝑦 ∈ Γ.

(ii) ⇒ (i) On the contrary, let ℎ(𝑥) = ℎ(𝑦) for some 𝑥, 𝑦 ∈ Γ, but ⟨𝜉, exp−1
𝑥 𝑦⟩ ̸= 0. Without loss of generality,

one can assume that
∀𝜉 ∈ 𝜕𝑐ℎ(𝑥), ⟨𝜉, exp−1

𝑥 𝑦⟩ > 0.

For any 𝑡 ∈ [0, 1], we set
𝑥𝑡 := exp𝑥(𝑡 exp−1

𝑥 𝑦).

Now, our claim is to show that ℎ(𝑥𝑡) = ℎ(𝑥), ∀𝑡 ∈ (0, 1). To prove, ℎ(𝑥𝑡) = ℎ(𝑥), ∀𝑡 ∈ (0, 1), We consider the
following possible cases:

Case 1: Let ℎ(𝑥𝑡) > ℎ(𝑥), ∀𝑡 ∈ (0, 1).

By invoking the geodesic pseudoconvexity of ℎ, for all 𝜉′ ∈ 𝜕𝑐ℎ(𝑥𝑡), we have

⟨𝜉′, exp−1
𝑥𝑡

𝑥⟩ < 0. (3)

Moreover,

exp−1
𝑥𝑡

𝑥 =
−𝑡

1− 𝑡
exp−1

𝑥𝑡
𝑦, ∀𝑡 ∈ (0, 1). (4)

Employing (3) and (4), one can conclude that⟨
𝜉′,

−𝑡

1− 𝑡
exp−1

𝑥𝑡
𝑦
⟩

< 0,

or
⟨𝜉′, exp−1

𝑥𝑡
𝑦⟩ > 0.

Utilizing the geodesic pseudoconvexity of ℎ, it follows that

ℎ(𝑦) ≥ ℎ(𝑥𝑡),

but ℎ(𝑥𝑡) > ℎ(𝑥) = ℎ(𝑦), which is a contradiction.
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Case 2: Let ℎ(𝑥𝑡) < ℎ(𝑥), ∀𝑡 ∈ (0, 1).

By employing similar arguments to those in Case 1, we conclude that ℎ(𝑥𝑡) = ℎ(𝑥) = ℎ(𝑦). Now,

ℎ(𝑥𝑡) = ℎ(exp𝑥(𝑡 exp−1
𝑥 𝑦)) = ℎ(𝑥), ∀𝑡 ∈ (0, 1),

=⇒ ℎ(exp𝑥(𝑡 exp−1
𝑥 𝑦))− ℎ(𝑥) = 0.

In the light of Lemma 2.5, there exists some 𝑡0 ∈ (0, 𝑡) and 𝜁 ∈ 𝜕𝑐ℎ(𝑥𝑡0), such that the following equality
holds:

⟨𝜁, 𝑥′𝑡0⟩ = ⟨𝜁, exp−1
𝑥 𝑦⟩ = 0. (5)

Since 𝑡 → 0, 𝑡0 → 0, 𝑥𝑡0 → 𝑥, therefore from (5) and Lemma 2.6, it follows that

∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥) such that ⟨𝜉, exp−1
𝑥 𝑦⟩ = 0.

This completes the proof.

�

Remark 3.2. From Theorem 3.1, we can conclude that if ℎ is locally Lipschitz geodesic pseudolinear function
on a geodesic convex set Γ ⊆ H and 0 ∈ 𝜕𝑐ℎ(𝑥) for any 𝑥 ∈ Γ, then ℎ is a constant function on Γ.

Theorem 3.3. Let ℎ : 𝒟 → R be a locally Lipschitz function, then the following statements are equivalent:

(i) ℎ is geodesic pseudolinear on Γ,
(ii) there exists a function 𝑃 : Γ×Γ → R, such that for every 𝑥, 𝑦 ∈ Γ, 𝑃 (𝑥, 𝑦) > 0 and there exists 𝜉 ∈ 𝜕𝑐ℎ(𝑥),

satisfying:
ℎ(𝑦) = ℎ(𝑥) + 𝑃 (𝑥, 𝑦)⟨𝜉, exp−1

𝑥 𝑦⟩. (6)

Proof. We assume that ℎ is a geodesic pseudolinear function on Γ and we show that the assertion (𝑖𝑖) holds.
If ⟨𝜉, exp−1

𝑥 𝑦⟩ = 0, for some 𝜉 ∈ 𝜕𝑐ℎ(𝑥) and for any 𝑥, 𝑦 ∈ Γ, then we define 𝑃 (𝑥, 𝑦) := 1. Therefore, invoking
Theorem 3.1, one can conclude that ℎ(𝑥) = ℎ(𝑦) and equation (6) holds.

If ⟨𝜉, exp−1
𝑥 𝑦⟩ ≠ 0, for some 𝜉 ∈ 𝜕𝑐ℎ(𝑥) and for any 𝑥, 𝑦 ∈ Γ, we define 𝑃 : Γ× Γ → R as follows:

𝑃 (𝑥, 𝑦) :=
ℎ(𝑦)− ℎ(𝑥)
⟨𝜉, exp−1

𝑥 𝑦⟩
·

From the definition of 𝑃 (𝑥, 𝑦), one can observe that the Equation (6) is satisfied. To complete the proof, it
remains to show that 𝑃 (𝑥, 𝑦) > 0, ∀𝑥, 𝑦 ∈ Γ. The following cases may arise:

Case 1: Let ℎ(𝑦) > ℎ(𝑥), then by employing the geodesic pseudoconcavity of ℎ, we have:

⟨𝜉, exp−1
𝑥 𝑦⟩ > 0 =⇒ ℎ(𝑦)− ℎ(𝑥)

⟨𝜉, exp−1
𝑥 𝑦⟩

> 0.

Case 2: Let ℎ(𝑦) < ℎ(𝑥), then by using the geodesic pseudoconvexity of ℎ, it follows that:

⟨𝜉, exp−1
𝑥 𝑦⟩ < 0 =⇒ ℎ(𝑦)− ℎ(𝑥)

⟨𝜉, exp−1
𝑥 𝑦⟩

> 0.

Case 3: Let ℎ(𝑦) = ℎ(𝑥), then in view of Theorem 3.1, there exists some 𝜉 ∈ 𝜕𝑐ℎ(𝑥), such that

⟨𝜉, exp−1
𝑥 𝑦⟩ = 0 =⇒ 𝑃 (𝑥, 𝑦) = 1 > 0.

This ensures that 𝑃 (𝑥, 𝑦) > 0 for all 𝑥, 𝑦 ∈ Γ.



1628 B.B. UPADHYAY ET AL.

Conversely, assume that, there exists 𝑃 : Γ× Γ → R and 𝜉 ∈ 𝜕𝑐ℎ(𝑥), such that

𝑃 (𝑥, 𝑦) > 0 and ℎ(𝑦) = ℎ(𝑥) + 𝑃 (𝑥, 𝑦)⟨𝜉, exp−1
𝑥 𝑦⟩.

We show that ℎ is a geodesic pseudolinear function on Γ.
Now, if ⟨𝜉, exp−1

𝑥 𝑦⟩ ≥ 0, then from (6), one has

ℎ(𝑦)− ℎ(𝑥) = 𝑃 (𝑥, 𝑦)⟨𝜉, exp−1
𝑥 𝑦⟩ ≥ 0 ⇒ ℎ(𝑦) ≥ ℎ(𝑥),

which exhibits the fact that ℎ is a geodesic pseudoconvex. In the similar manner, when ⟨𝜉, exp−1
𝑥 𝑦⟩ ≤ 0, then

from (6), one has:

ℎ(𝑦)− ℎ(𝑥) = 𝑃 (𝑥, 𝑦)⟨𝜉, exp−1
𝑥 𝑦⟩ ≤ 0 ⇒ ℎ(𝑦) ≤ ℎ(𝑥),

which implies that ℎ is a geodesic pseudoconcave. Hence, ℎ is geodesic pseudolinear on Γ. This completes the
proof. �

Theorem 3.4. Let ℎ : 𝒟 → R be a locally Lipschitz function. If ℎ is geodesic pseudolinear on Γ and there exists
𝜉 ∈ 𝜕𝑐ℎ(𝑥), such that ⟨𝜉, exp−1

𝑥 𝑦⟩ = 0. Then, for all 𝑡 ∈ [0, 1] and 𝑥, 𝑦 ∈ Γ

ℎ(𝛾(𝑡)) = ℎ(𝑦) = ℎ(𝑥),

where 𝛾(𝑡) = exp𝑥(𝑡 exp−1
𝑥 𝑦).

Proof. Let 𝑥, 𝑦 ∈ Γ and 𝜉 ∈ 𝜕𝑐ℎ(𝑥), such that ⟨𝜉, exp−1
𝑥 𝑦⟩ = 0. Then, by geodesic pseudoconvexity of ℎ, it

follows that
ℎ(𝑦) ≥ ℎ(𝑥). (7)

From Lemma 2.12, it follows that a geodesic pseudoconvex function is also geodesic quasiconvex, and hence, by
geodesic quasiconvexity of ℎ, we have:

ℎ(𝑦) ≥ ℎ(𝛾(𝑡)), ∀𝑡 ∈ [0, 1].

Similarly, by geodesic pseudoconcavity and geodesic quasiconcavity of ℎ, we obtain:

ℎ(𝑦) ≤ ℎ(𝑥),

and
ℎ(𝑦) ≤ ℎ(𝛾(𝑡)), ∀𝑡 ∈ [0, 1]. (8)

From (7) and (8), we get
ℎ(𝛾(𝑡)) = ℎ(𝑦) = ℎ(𝑥), ∀𝑡 ∈ [0, 1].

This completes the proof. �

Remark 3.5. (i) Theorems 3.1, 3.3 and 3.4 extend the results of Propositions 2.1 and 2.2 of [8], respectively,
from smooth optimization problems to nonsmooth optimization problems and also generalize them from the
context of Euclidean space to the framework of Hadamard manifolds.

(ii) Theorems 3.1, 3.3, and 3.4 are extensions of Theorems 3.1, 3.2, and 3.3 of [23], respectively, from the context
of Banach space to the framework of Hadamard manifolds.

(iii) Theorems 3.1, 3.3, and 3.4 generalize the results of [30] from the context of Euclidean space to the framework
of Hadamard manifolds.

The following result extends Proposition 2.1 of [30] from the Euclidean space to the framework of Hadamard
manifolds.
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Proposition 3.6. Let ℎ : 𝒟 → R be a locally Lipschitz and geodesic pseudolinear on Γ. Then, for any 𝑧 ∈ Γ,
the set 𝐿 := {𝑥 ∈ Γ | ℎ(𝑥) = ℎ(𝑧)} is geodesic convex subset of H.

Proof. In order to prove that 𝐿 is a geodesic convex subset of H, we show that

𝛾(𝑡) = exp𝑥(𝑡 exp−1
𝑥 𝑦) ∈ 𝐿, ∀𝑡 ∈ [0, 1],

for any 𝑥, 𝑦 ∈ 𝐿. Since 𝑥, 𝑦 ∈ 𝐿, therefore ℎ(𝑥) = ℎ(𝑦) = ℎ(𝑧). From Theorem 3.1, there exists some 𝜉 ∈ 𝜕𝑐ℎ(𝑥),
such that:

⟨𝜉, exp−1
𝑥 𝑦⟩ = 0.

In view of the fact, exp−1
𝑥 𝛾(𝑡) = 𝑡 exp−1

𝑥 𝑦, it follows that

⟨𝜉, exp−1
𝑥 𝛾(𝑡)⟩ = ⟨𝜉, 𝑡 exp−1

𝑥 𝑦⟩
= 𝑡⟨𝜉, exp−1

𝑥 𝑦⟩ = 0.

From Theorem 3.1, we have
ℎ(𝛾(𝑡)) = ℎ(𝑥) = ℎ(𝑧).

This shows that 𝛾(𝑡) ∈ 𝐿, ∀𝑡 ∈ [0, 1]. Therefore, 𝐿 is a geodesic convex subset of Γ. This completes
the proof. �

Remark 3.7. The Cauchy–Schwarz inequality for any inner product space states that

⟨𝑢, 𝑣⟩ ≤ ||𝑢||||𝑣||,

where 𝑢, 𝑣 are vectors of inner product space. When 𝑢, 𝑣 are nonzero, then equality holds if and only if 𝑢 = 𝜆𝑣,
for some 𝜆 > 0.

The following proposition establishes positive linear dependence between any two vectors associated with the
Clarke subdifferential of every locally Lipschitz geodesic pseudolinear function and generalizes Proposition 2.2
of [30] from the context of Euclidean space to the framework of Hadamard manifolds.

Proposition 3.8. Let Γ (⊆ H) be an open geodesic convex set and ℎ : Γ → R be a real-valued locally Lipschitz
function. Moreover, assume the geodesic pseudolinearity of ℎ on Γ. Then for all 𝑥 ∈ Γ and any 𝜉1, 𝜉2 ∈ 𝜕𝑐ℎ(𝑥),
there exists some 𝜆 > 0, such that 𝜉2 = 𝜆𝜉1.

Proof. Let 𝜉1, 𝜉2 be two arbitrary vectors in 𝜕𝑐ℎ(𝑥). If 𝜉1 = 0, then by Remark 3.2, ℎ is a constant function on
Γ. Therefore

𝜕𝑐ℎ(𝑥) = {0} and 𝜉1 = 𝜉2 = 0,

and the conclusion of the proposition holds for any 𝜆 > 0. Similarly, when 𝜉2 = 0, it follows that 𝜉1 = 0 and
hence 𝜉2 = 𝜆𝜉1 holds for any 𝜆 > 0.

On the contrary, let us assume that 𝜉1 ̸= 0, 𝜉2 ̸= 0 and there does not exist any 𝜆 > 0, such that 𝜉2 = 𝜆𝜉1.
Now, we show that there exists some 𝑢 ∈ H, such that ⟨𝜉1, 𝑢⟩ > 0 and ⟨𝜉2, 𝑢⟩ < 0. Let us define:

𝑢 =
𝜉1

||𝜉1||
− 𝜉2

||𝜉2||
·

In the Riemannian manifold, the tangent space is equipped with a positive definite inner product. Therefore,
we can apply Cauchy–Schwarz inequality on the Hadamard manifold. Hence, by using Remark 3.7, it follows
that when 𝜉2 ̸= 𝜆𝜉1, for all 𝜆 > 0, one has

⟨𝜉1, 𝑢⟩ = ||𝜉1|| −
⟨𝜉1, 𝜉2⟩
||𝜉2||

> ||𝜉1|| −
||𝜉1||||𝜉2||
||𝜉2||

= 0,
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and

⟨𝜉2, 𝑢⟩ =
⟨𝜉2, 𝜉1⟩
||𝜉1||

− ||𝜉2||

<
||𝜉2||||𝜉1||
||𝜉1||

− ||𝜉2||

= 0.

Here ⟨·, ·⟩ is inner product on 𝑇𝑥H and ‖ · ‖ is norm associated with this inner product.
From the hypothesis Γ is open, and hence one can choose 𝑡 > 0, such that

𝑧0 = exp𝑥 𝑡𝑢 ∈ Γ and exp−1
𝑥 𝑧0 = 𝑡𝑢.

Now, we have
⟨𝜉1, exp−1

𝑥 𝑧0⟩ = ⟨𝜉1, 𝑡𝑢⟩ > 0, (9)

and
⟨𝜉2, exp−1

𝑥 𝑧0⟩ = ⟨𝜉2, 𝑡𝑢⟩ < 0. (10)

Let us define an open set 𝐵 in H as follows:

𝐵 := Γ ∩ {𝑧 ∈ H | ⟨𝜉1, exp−1
𝑥 𝑧⟩ > 0 } ∩ {𝑧 ∈ H | ⟨𝜉2, exp−1

𝑥 𝑧⟩ < 0}.

From (9) and (10), it follows that 𝑧0 ∈ 𝐵 and hence the set 𝐵 is nonempty. Moreover, for all 𝑦 ∈ 𝐵, we have

⟨𝜉1, exp−1
𝑥 𝑦⟩ > 0 =⇒ ℎ(𝑦) ≥ ℎ(𝑥),

⟨𝜉2, exp−1
𝑥 𝑦⟩ < 0 =⇒ ℎ(𝑦) ≤ ℎ(𝑥).

Therefore, it implies that ℎ is constant on 𝐵 and 𝜕𝑐ℎ(𝑧) = {0} for every 𝑧 ∈ 𝐵. Since, 𝐵 ⊆ Γ and ℎ is geodesic
pseudolinear on Γ, therefore from Remark 3.2, ℎ is a constant function on Γ. Hence, 𝜕𝑐ℎ(𝑥) = {0} and this
contradicts our assumption. This completes the proof. �

The following example illustrates the significance of Theorems 3.1, 3.3, and Proposition 3.8.

Example 3.9. Let us consider the Poincaré half-plane:

H :=
{︀

(𝑧1, 𝑧2) ∈ R2 : 𝑧2 > 0
}︀
.

From [40], it follows that H is a Riemannian manifold endowed with the metric induced by the family of local
scalar products ⟨𝑢, 𝑣⟩𝑧, given by:

⟨𝑢, 𝑣⟩𝑧 = ⟨G (𝑧)𝑢, 𝑣⟩, ∀𝑢, 𝑣 ∈ 𝑇𝑧H = R2,

where G (𝑧) =

[︃
1
𝑧2
2

0
0 1

𝑧2
2

]︃
and ⟨·, ·⟩ is the standard inner product on R2. The sectional curvature of H is −1 (see,

[40]), hence H is also a Hadamard manifold. The exponential map exp : 𝑇𝑧H → H is defined as follows (see,
[40]):
If 𝑣1 = 0

exp𝑧(𝑣) =
(︁
𝑧1, 𝑧2𝑒

𝑣2
𝑧2

)︁
.

If 𝑣1 ̸= 0, then exp𝑧(𝑣) is given as:⎛⎝𝑧1 +
𝑣2

𝑣1
+

√︃
1 +

(︂
𝑣2

𝑣1

)︂2

tanh(𝑝𝑣1,𝑣2(1)), 𝑧2

√︃
1 +

(︂
𝑣2

𝑣1

)︂2 1
cosh(𝑞𝑣1,𝑣2(1))

⎞⎠,
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where

𝑝𝑣1,𝑣2(𝑡) =

{︃
𝑡
√︀

𝑣2
1 + 𝑣2

2 − arcsinh 𝑣2
𝑣1

if 𝑣1 > 0,

−𝑡
√︀

𝑣2
1 + 𝑣2

2 − arcsinh 𝑣2
𝑣1

if 𝑣1 < 0,

𝑞𝑣1,𝑣2(𝑡) =

⎧⎨⎩𝑡

√
𝑣2
1+𝑣2

2
𝑧2

− arcsinh 𝑣2
𝑣1

if 𝑣1 > 0,

−𝑡

√
𝑣2
1+𝑣2

2
𝑧2

− arcsinh 𝑣2
𝑣1

if 𝑣1 < 0.

The inverse exponential map is

exp−1
𝑧 (𝑦) =

⎧⎨⎩
(︁

0, 𝑧2 ln 𝑦2
𝑧2

)︁
if 𝑧1 = 𝑦1,

𝑧2
𝑟

(︁
arctanh 𝑏−𝑧1

𝑟 − arctanh 𝑏−𝑦1
𝑟

)︁
(𝑧2, 𝑏− 𝑧1) if 𝑧1 ̸= 𝑦1,

where

𝑏 =
𝑧2
1 + 𝑧2

2 −
(︀
𝑦2
1 + 𝑦2

2

)︀
2(𝑧1 − 𝑦1)

, 𝑟 =
√︁

(𝑧1 − 𝑏)2 + 𝑧2
2 .

Let 𝒟 (⊂ H) be a nonempty open set, defined as follows:

𝒟 :=
{︂

(𝑧1, 𝑧2) ∈ H | 𝑧1 = 0, 𝑧2 >
1
4

}︂
.

Consider the function ℎ : 𝒟 → R, defined as follows:

ℎ(𝑧) := |𝑧2 − 3| − 2(𝑧1 + 𝑧2).

Now, we define the set Γ (⊂ 𝒟) as follows:

Γ :=
{︂

(𝑧1, 𝑧2) ∈ H | 𝑧1 = 0, 𝑧2 >
1
2

}︂
.

Then, the Clarke subdifferential of ℎ is given by

𝜕𝑐ℎ(𝑧) =

⎧⎪⎨⎪⎩
(0,−𝑧2

2), 𝑧2 > 3,

{(0, 𝑘) : 𝑘 ∈ [−27,−9]}, 𝑧2 = 3,

(0,−3𝑧2
2), 𝑧2 < 3.

First, we show that ℎ is a geodesic pseudolinear function on Γ. For 𝑧 = (𝑧1, 𝑧2) and 𝑦 = (𝑦1, 𝑦2) ∈ Γ, we have

⟨𝜉, 𝑒𝑥𝑝−1
𝑧 𝑦⟩ =

⎧⎪⎨⎪⎩
−𝑧3

2 ln 𝑦2
𝑧2

, 𝑧2 > 3,{︁
𝑘 ln 𝑦2

𝑧2
, 𝑘 ∈ [−27,−9]

}︁
𝑧2 = 3,

−𝑧3
2 ln 𝑦2

𝑧2
, 𝑧2 < 3.

We observe that
⟨𝜉, 𝑒𝑥𝑝−1

𝑧 𝑦⟩ ≥ 0 =⇒ ln
𝑦2

𝑧2
≤ 0 =⇒ 𝑦2 ≤ 𝑧2 =⇒ ℎ(𝑦) ≥ ℎ(𝑧).

Hence, ℎ is geodesic pseudoconvex on Γ. Similarly, we can verify that ℎ is a geodesic pseudoconcave function
on Γ. Moreover, if

⟨𝜉, 𝑒𝑥𝑝−1
𝑧 𝑦⟩ = 0,

it follows that 𝑦 = 𝑧 and ℎ(𝑦) = ℎ(𝑧). Conversely, when ℎ(𝑧) = ℎ(𝑦), we have 𝑧 = 𝑦. Therefore, we have

⟨𝜉, exp−1
𝑧 𝑦⟩ = 0 ⇐⇒ ℎ(𝑧) = ℎ(𝑦).
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Now, we define 𝑃 : Γ× Γ → R as follows:

𝑃 (𝑧, 𝑦) =

{︃
ℎ(𝑦)−ℎ(𝑧)

⟨𝜉,exp−1
𝑧 𝑦⟩ , when 𝑧 ̸= 𝑦,

1, otherwise.

If 𝑧 ̸= 𝑦, the numerator and denominator in the above expression have the same sign, hence 𝑃 (𝑧, 𝑦) > 0. On
the other hand, if 𝑦 = 𝑧, 𝑃 (𝑧, 𝑦) = 1 > 0. Therefore, 𝑃 (𝑧, 𝑦) > 0, ∀𝑧, 𝑦 ∈ Γ and this ensures the satisfaction of
the identity in equation (6).

If 𝑧 ̸= 3, 𝜕𝑐ℎ(𝑧) is a singleton set and for any 𝜉1, 𝜉2 ∈ 𝜕𝑐ℎ(𝑧), it follows that 𝜉1 = 𝜉2. For 𝑧 = 3, 𝜕𝑐ℎ(𝑧) =
{(0, 𝑘) : 𝑘 ∈ [−27,−9]} and for any 𝜉1, 𝜉2 ∈ 𝜕𝑐ℎ(𝑧), there exists some 𝜆 > 0, such that 𝜉1 = 𝜆𝜉2.

4. Solution sets of geodesic pseudolinear programming problem

In this section, we establish some properties of solution sets of geodesic pseudolinear programming problems
on the Hadamard manifold.

We consider the following optimization problem in the Hadamard manifold setting:

(P) min ℎ(𝑥)
subject to 𝑥 ∈ Γ,

where, Γ is a geodesic convex subset of an open set 𝒟(⊆ H), and ℎ : 𝒟 → R is a locally Lipschitz geodesic
pseudolinear function on Γ. The solution set of (𝑃 ), denoted by 𝑇 , is defined as

𝑇 := arg min
𝑥∈Γ

ℎ(𝑥).

Throughout this section, we assume that 𝑇 ̸= ∅.

Theorem 4.1. Let 𝑥 ∈ 𝑇 . We define the following sets as follows:

𝑇 𝑎 := {𝑥 ∈ Γ | ∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥) : ⟨𝜉, exp−1
𝑥 𝑥⟩ = 0},

𝑇 𝑏 := {𝑥 ∈ Γ | ∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥) : ⟨𝜉, exp−1
𝑥 𝑥⟩ = 0},

𝑇 𝑐 := {𝑥 ∈ Γ | ∀𝑡 ∈ [0, 1], ∃ 𝜉𝑡 ∈ 𝜕𝑐ℎ(𝛾(𝑡)) : ⟨𝑃 𝑥
𝛾(𝑡)𝜉𝑡, exp−1

𝑥 𝑥⟩ = 0},

where 𝛾(𝑡) = exp𝑥(𝑡 exp−1
𝑥 𝑥). Then, 𝑇 = 𝑇 𝑎 = 𝑇 𝑏 = 𝑇 𝑐.

Proof. Let 𝑥 ∈ 𝑇 , then ℎ(𝑥) = ℎ(𝑥). From Theorem 3.1, one has

𝑥 ∈ 𝑇 ⇐⇒ ∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥), such that ⟨𝜉, exp−1
𝑥 𝑥⟩ = 0,

which concludes that 𝑇 = 𝑇 𝑎.
To show 𝑇 𝑎 = 𝑇 𝑏, let 𝑥 ∈ 𝑇 𝑎. Evidently, from Theorem 3.1, we have:

∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥), such that ⟨𝜉, exp−1
𝑥 𝑥⟩ = 0 =⇒ ℎ(𝑥) = ℎ(𝑥),

and
ℎ(𝑥) = ℎ(𝑥) =⇒ ∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥), such that ⟨𝜉, exp−1

𝑥 𝑥⟩ = 0.

Then, it follows that
𝑥 ∈ 𝑇 𝑏 and 𝑇 𝑎 ⊆ 𝑇 𝑏.

In a similar manner, we can show that 𝑇 𝑏 ⊆ 𝑇 𝑎. Hence, we have

𝑇 𝑎 = 𝑇 𝑏.
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Next, we will show that 𝑇 = 𝑇 𝑐. Let 𝑥 ∈ 𝑇 , then

ℎ(𝑥) = ℎ(𝑥) =⇒ ∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥), such that ⟨𝜉, exp−1
𝑥 𝑥⟩ = 0.

By Theorem 3.4, we obtain
ℎ(𝛾(𝑡)) = ℎ(𝑥) for every 𝑡 ∈ [0, 1],

and from Theorem 3.1, there is 𝜉𝑡 ∈ 𝜕𝑐ℎ(𝛾(𝑡)), such that

⟨𝜉𝑡, exp−1
𝛾(𝑡) 𝑥⟩ = 0.

Then, it follows that
−⟨𝑃 𝑥

𝛾(𝑡)𝜉𝑡, exp−1
𝑥 𝛾(𝑡)⟩ = 0.

In view of the following fact,
exp−1

𝑥 (𝛾(𝑡)) = 𝑡 exp−1
𝑥 𝑥, ∀𝑡 ∈ [0, 1], (11)

it follows that for all 𝑡 ∈ [0, 1],
⟨𝑃 𝑥

𝛾(𝑡)𝜉𝑡, 𝑡 exp−1
𝑥 𝑥⟩ = 0,

or
⟨𝑃 𝑥

𝛾(𝑡)𝜉𝑡, exp−1
𝑥 𝑥⟩ = 0.

Hence, 𝑥 ∈ 𝑇 𝑐 and 𝑇 ⊆ 𝑇 𝑐. Now, let 𝑥 ∈ 𝑇 𝑐, then for all 𝑡 ∈ (0, 1], we get:

∃ 𝜉𝑡 ∈ 𝜕𝑐ℎ(𝛾(𝑡)), such that ⟨𝑃 𝑥
𝛾(𝑡)𝜉𝑡, exp−1

𝑥 𝑥⟩ = 0.

From (11), we have ⟨
𝑃 𝑥

𝛾(𝑡)𝜉𝑡, exp−1
𝑥 𝑥

⟩
=
⟨

𝑃 𝑥
𝛾(𝑡)𝜉𝑡,

1
𝑡

exp−1
𝑥 (𝛾(𝑡))

⟩
= 0,

or ⟨
−𝜉𝑡, exp−1

𝛾(𝑡) 𝑥
⟩

= 0.

Now, from Theorem 3.1, we have

⟨𝜉𝑡, exp−1
𝛾(𝑡) 𝑥⟩ = 0 ⇒ ℎ(𝑥) = ℎ(𝛾(𝑡)), ∀𝑡 ∈ (0, 1].

Then,
∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥), such that ⟨𝜉, exp−1

𝑥 (𝛾(𝑡))⟩ = 0, ∀𝑡 ∈ [0, 1],

and using (11), one can write
⟨𝜉, 𝑡 exp−1

𝑥 𝑥⟩ = 0,

or
⟨𝜉, exp−1

𝑥 𝑥⟩ = 0.

From Theorem 3.1, it follows that
ℎ(𝑥) = ℎ(𝑥).

That is, 𝑥 ∈ 𝑇 and 𝑇 𝑐 ⊆ 𝑇 . Hence, 𝑇 𝑐 = 𝑇 and

𝑇 𝑎 = 𝑇 𝑏 = 𝑇 𝑐 = 𝑇 .

This completes the proof. �
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Remark 4.2. (i) Theorem 4.1 extends the results of Theorem 3.1 from [13] from smooth optimization problems
to the nonsmooth optimization problems and also generalizes them from the context of Euclidean space to
the framework of Hadamard manifolds.

(ii) Theorem 4.1 extends Theorem 3.5 of [22] from smooth to nonsmooth geodesic pseudolinear programming
problems in the framework of Hadamard manifolds.

(iii) Theorem 4.1 extends Theorem 4.1 of [23] from the context of Banach space to the framework of Hadamard
manifolds.

Corollary 4.3. Let 𝑥 ∈ 𝑇 . Then 𝑇 = 𝑇 𝑑 = 𝑇 𝑒 = 𝑇 𝑓 , where

𝑇 𝑑 := {𝑥 ∈ Γ | ∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥) : ⟨𝜉, exp−1
𝑥 𝑥⟩ ≥ 0},

𝑇 𝑒 := {𝑥 ∈ Γ | ∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥) : ⟨𝜉, exp−1
𝑥 𝑥⟩ ≤ 0},

𝑇 𝑓 := {𝑥 ∈ Γ | ∀𝑡 ∈ [0, 1], ∃ 𝜉𝑡 ∈ 𝜕𝑐ℎ(𝛾(𝑡)) : ⟨𝑃 𝑥
𝛾(𝑡)𝜉𝑡, exp−1

𝑥 𝑥⟩ ≥ 0},

and 𝛾(𝑡) = exp𝑥(𝑡 exp−1
𝑥 𝑥).

Proof. It is evident from Theorem 4.1 that, 𝑇 ⊆ 𝑇 𝑑 (these two sets are equal when ⟨𝜉, exp−1
𝑥 𝑥⟩ = 0 in 𝑇 𝑑). Let

𝑥 ∈ 𝑇 𝑑, then ∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥), such that
⟨𝜉, exp−1

𝑥 𝑥⟩ ≥ 0.

Moreover, it follows from Theorem 3.3 that, there is a function 𝑃 (𝑥, 𝑥) > 0, such that

ℎ(𝑥) = ℎ(𝑥) + 𝑃 (𝑥, 𝑥)⟨𝜉, exp−1
𝑥 𝑥⟩

≥ ℎ(𝑥).

Since 𝑥 ∈ 𝑇 , therefore ℎ(𝑥) ≤ ℎ(𝑥). Hence, we get

ℎ(𝑥) = ℎ(𝑥).

Therefore, it implies that
𝑥 ∈ 𝑇 and 𝑇 𝑑 ⊆ 𝑇 .

Hence, one can conclude that 𝑇 𝑑 = 𝑇 .
From Lemma 2.14 and taking into account that ℎ exhibits geodesic pseudoconvexity on Γ, it follows that 𝜕𝑐ℎ

is pseudomonotone. Hence, 𝑇 𝑒 = 𝑇 𝑑. Now, we will show that 𝑇 𝑑 = 𝑇 𝑓 . Let 𝑥 ∈ 𝑇 𝑓 , then

∃ 𝜉𝑡 ∈ 𝜕𝑐ℎ(𝛾(𝑡)) such that ⟨𝑃 𝑥
𝛾(𝑡)𝜉𝑡, exp−1

𝑥 𝑥⟩ ≥ 0, ∀𝑡 ∈ [0, 1].

From (11), it follows that, for all 𝑡 ∈ (0, 1], we have⟨
𝑃 𝑥

𝛾(𝑡)𝜉𝑡,
1
𝑡

exp−1
𝑥 𝛾(𝑡)

⟩
or
⟨
−𝜉𝑡, exp−1

𝛾(𝑡) 𝑥
⟩
≥ 0.

Since, 𝜉𝑡 ∈ 𝜕𝑐(ℎ(𝛾(𝑡)) and ℎ is locally Lipschitz therefore, Remark 2.4 yields, −𝜉𝑡 ∈ 𝜕𝑐(−ℎ)(𝛾(𝑡)). Moreover,
as ℎ is geodesic pseudoconcave, hence −ℎ is geodesic pseudoconvex and this ensures that 𝜕𝑐(−ℎ)(𝑥) is pseu-
domonotone. Therefore, for all 𝜉 ∈ 𝜕𝑐ℎ(𝑥), we have

⟨−𝜉, exp−1
𝑥 𝛾(𝑡)⟩ ≤ 0 or ⟨𝜉, 𝑡 exp−1

𝑥 𝑥⟩ ≥ 0,

hence, we get
⟨𝜉, exp−1

𝑥 𝑥⟩ ≥ 0.

Therefore, it follows that 𝑥 ∈ 𝑇 𝑑 and 𝑇 𝑓 ⊆ 𝑇 𝑑. From Theorem 4.1, we have 𝑇 𝑑 = 𝑇 = 𝑇 𝑐 ⊆ 𝑇 𝑓 . Hence, 𝑇 𝑑 ⊆ 𝑇 𝑓

and
𝑇 = 𝑇 𝑑 = 𝑇 𝑒 = 𝑇 𝑓 .

This completes the proof. �
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Remark 4.4. (i) Corollary 4.3 generalizes Corollary 3.6 of [22] from smooth to nonsmooth case on Hadamard
manifold.

(ii) Corollary 4.3 extends Corollary 4.2 of [23] from the context of Banach space to Hadamard manifold setting.

Theorem 4.5. Let 𝑥 ∈ 𝑇 and define

𝑇 * :=
{︀
𝑥 ∈ Γ | ∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥), ∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥), ⟨𝜉, exp−1

𝑥 𝑥⟩ = ⟨𝜉, exp−1
𝑥 𝑥⟩

}︀
,

𝑇 ** :=
{︀
𝑥 ∈ Γ | ∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥), ∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥), ⟨𝜉, exp−1

𝑥 𝑥⟩ ≤ ⟨𝜉, exp−1
𝑥 𝑥⟩

}︀
.

Then, 𝑇 = 𝑇 * = 𝑇 **.

Proof. Let 𝑥 ∈ 𝑇 , then from Theorem 4.1, it follows that

∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥) such that ⟨𝜉, exp−1
𝑥 𝑥⟩ = 0,

and
∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑥) such that ⟨𝜉, exp−1

𝑥 𝑥⟩ = 0.

Thus
⟨𝜉, exp−1

𝑥 𝑥⟩ = ⟨𝜉, exp−1
𝑥 𝑥⟩,

gives, 𝑥 ∈ 𝑇 * and 𝑇 ⊆ 𝑇 *.
From the definition, we have 𝑇 * ⊆ 𝑇 **. Now, let 𝑥 ∈ 𝑇 **, then

⟨𝜉, exp−1
𝑥 𝑥⟩ ≥ ⟨𝜉, exp−1

𝑥 𝑥⟩. (12)

Let 𝑥 /∈ 𝑇 , thus ℎ(𝑥) > ℎ(𝑥). Then the pseudoconcavity of ℎ on Γ, yields

⟨𝜉, exp−1
𝑥 𝑥⟩ > 0.

Hence, from (12) we get
⟨𝜉, exp−1

𝑥 𝑥⟩ > 0.

From Theorem 3.3, we have

ℎ(𝑥) = ℎ(𝑥) + 𝑃 (𝑥, 𝑥)⟨𝜉, exp−1
𝑥 𝑥⟩ =⇒ ℎ(𝑥) > ℎ(𝑥),

which is a contradiction, and this implies that 𝑥 ∈ 𝑇 and 𝑇 ** ⊆ 𝑇 . Therefore, we have

𝑇 ⊆ 𝑇 * ⊆ 𝑇 ** ⊆ 𝑇 ,

and
𝑇 = 𝑇 * = 𝑇 **.

This completes the proof. �

Remark 4.6. (i) Theorem 4.5 extends Theorem 3.7 of [22] from a smooth optimization problem to a nonsmooth
optimization problem in the framework of Hadamard manifolds.

(ii) The result of Theorem 4.5 extends Theorem 4.3 of [23] from the context of Banach space to the framework
of Hadamard manifolds.

The following example illustrates the significance of the above results.
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Example 4.7. Let us denote the set of all symmetric matrices of order 2× 2 as 𝒮2. We define the set 𝒫+
2 ⊂ 𝒮2

as the collection of all symmetric positive definite matrices of order 2×2. Let 𝒜 ∈ 𝒫2
+. The set 𝒫2

+ is a Hadamard
manifold endowed with the following metric known as affine invariant metric (see, for instance, [3, 46]):

⟨𝑋1, 𝑋2⟩𝒜 := trace
(︀
𝑋2𝒜−1𝑋1𝒜−1

)︀
,

where 𝑋1, 𝑋2 ∈ 𝑇𝒜𝒫2
+ = 𝒮2. Now, consider any arbitrary pair of elements 𝑋, 𝑌 ∈ 𝒫2

+ and 𝑍 ∈ 𝑇𝑋𝒫2
+.

The corresponding exponential function exp𝑋(𝑍) : 𝑇𝑋𝒫2
+ → 𝒫2

+ is given by:

exp𝑋(𝑍) = 𝑋
1
2 Exp

(︁
𝑋− 1

2 𝑍𝑋− 1
2

)︁
𝑋

1
2 ,

where the symbol Exp represents the matrix exponential (see, [3]). Moreover, the inverse exponential function
exp−1

𝑋 : 𝒫2
+ → 𝑇𝑋𝒫2

+ is given by:

exp−1
𝑋 (𝑌 ) = 𝑋

1
2 Log

(︁
𝑋− 1

2 𝑌 𝑋− 1
2

)︁
𝑋

1
2 ,

where the symbol Log represents the usual logarithm on 𝒫2
+ (see, [3]). For any real-valued function 𝐺 : 𝒫2

+ → R,
the Riemannian gradient is given by:

grad(𝐺(𝑋)) = 𝑋𝐺′(𝑋)𝑋,

for any 𝑋 ∈ 𝒫+
2 , where 𝐺′(𝑋) denotes the Euclidean gradient of the function 𝐹 at 𝑋.

Let 𝒟 (⊂ 𝒫+
2 ) be a nonempty open set, defined as follows:

𝒟 :=
{︂

𝑋 =
[︂

𝑥1 0
0 𝑥2

]︂
: 𝑥1, 𝑥2 ∈ (0, 2)

}︂
.

Consider the function ℎ : 𝒟 → R defined as follows:

ℎ(𝑋) := − log(𝑥1𝑥2),

Now, we define the set Γ (⊂ 𝒟) as follows:

Γ :=
{︂

𝑋 =
[︂

𝑥1 0
0 𝑥2

]︂
: 𝑥1, 𝑥2 ∈ (0, 1]

}︂
.

Then, the Clarke subdifferential of ℎ is given by:

𝜕𝑐ℎ(𝑋) =
{︂[︂

𝑥1 0
0 𝑥2

]︂[︂
− 1

𝑥1
0

0 − 1
𝑥2

]︂[︂
𝑥1 0
0 𝑥2

]︂}︂
=
{︂[︂

−𝑥1 0
0 −𝑥2

]︂}︂
.

Now, the inverse exponential map is determined as follows:

exp−1
𝑋 (𝑌 ) = 𝑋

1
2 log

(︁
𝑋− 1

2 𝑌 𝑋− 1
2

)︁
𝑋

1
2

=
[︂√

𝑥1 0
0

√
𝑥2

]︂[︂
log 𝑦1

𝑥1
0

0 log 𝑦2
𝑥2

]︂[︂√
𝑥1 0
0

√
𝑥2

]︂
=
[︂

𝑥1 log 𝑦1
𝑥1

0
0 𝑥2 log 𝑦2

𝑥2

]︂
.
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If 𝑌 =
[︂

𝑦1 0
0 𝑦2

]︂
, then the inner product is given by:

⟨[︂
−𝑥1 0

0 −𝑥2

]︂
, exp−1

𝑋 (𝑌 )
⟩

𝑋

=
⟨[︂

−𝑥1 0
0 −𝑥2

]︂
,

[︂
𝑥1 log 𝑦1

𝑥1
0

0 𝑥2 log 𝑦2
𝑥2

]︂⟩
𝑋

= trace
(︂[︂
− log 𝑦1

𝑥1
0

0 − log 𝑦2
𝑥2

]︂)︂
= − log

𝑦1

𝑥1
− log

𝑦2

𝑥2
·

First, we show that ℎ is a geodesic pseudolinear function on Γ. If

0 ≤ − log
𝑦1

𝑥1
− log

𝑦2

𝑥2
,

we have

− log
(︂

𝑦1𝑦2

𝑥1𝑥2

)︂
≥ 0 =⇒ 𝑦1𝑦2 ≤ 𝑥1𝑥2,

and
ℎ(𝑌 ) ≥ ℎ(𝑋).

Hence ℎ is a geodesic pseudoconvex function on Γ. In a similar manner, we can show that ℎ is a geodesic
pseudoconcave function on the set Γ.

Let us consider the following problem

(P1) min ℎ(𝑧)
subject to 𝑥 ∈ Γ.

The solution set of the problem (P1) is
𝑇 = {(1, 1)}.

Let 𝑧 ∈ 𝑇 , then the set 𝑇 𝑎 is given by

𝑇 𝑎 = {𝑧 ∈ Γ | ∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑧) : ⟨𝜉, exp−1
𝑧 𝑧⟩ = 0}

= {𝑧 ∈ Γ | ℎ(𝑧) = ℎ(𝑧)}
= {(1, 1)}
= 𝑇 .

In the above the second equality follows from Theorem 3.1. Similarly, we can show that 𝑇 𝑏 = 𝑇 𝑐 = 𝑇 . The set
𝑇 𝑑 for the problem (P1) is given by

𝑇 𝑑 = {𝑧 ∈ Γ | ∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑧) : ⟨𝜉, exp−1
𝑧 𝑧⟩ ≥ 0}

=
{︂

𝑧 ∈ Γ | ∃ 𝜉 ∈ 𝜕𝑐ℎ(𝑧) : −𝑧2
1 log

𝑧1

𝑧1
− 𝑧2

2 log
𝑧2

𝑧2
≥ 0
}︂

= {𝑧 ∈ Γ | 𝑧1𝑧2 ≤ 𝑧1𝑧2}
= 𝑇 .

In a similar manner, we can show that 𝑇 𝑒 = 𝑇 𝑓 = 𝑇 * = 𝑇 ** = 𝑇 .
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5. Application

In this section, we consider the Karcher mean problem and elucidate its practical implications. Moreover,
we establish that under certain assumptions, the objective function associated with this problem becomes a
geodesic pseudolinear. Furthermore, to demonstrate the practical significance of the derived results in this
paper, we verify their applicability to this specific form of the Karcher mean problem.

Let 𝒫𝑛
+ denote the manifold of 𝑛 × 𝑛 symmetric positive definite matrices. The tangent space of 𝒫𝑛

+ at the
point 𝑋 ∈ 𝒫𝑛

+ is defined as the set of all 𝑛× 𝑛 symmetric matrices 𝒮𝑛. The manifold 𝒫𝑛
+ becomes a Hadamard

manifold when endowed with the affine-invariant metric, which is defined as follows:

⟨𝐴, 𝐵⟩𝑋 = trace
(︀
𝐴𝑋−1𝐵𝑋−1

)︀
, 𝐴, 𝐵 ∈ 𝒮𝑛, 𝑋 ∈ 𝒫𝑛

+. (13)

If 𝑋 is an identity matrix of order 𝑛× 𝑛, then from (13), it follows that,

⟨𝐴, 𝐵⟩ = trace(𝐴𝐵). (14)

The Karcher mean (in other terms, the Riemannian center of mass) of a set of symmetric positive definite matri-
ces, namely, {𝐴1, . . . , 𝐴𝐾}, is defined as the point that minimizes the sum of squared distances. Equivalently,

𝜇 = arg min
𝑋∈𝒫𝑛

+

(︁
1

2𝐾

∑︀𝐾
𝑖=1 𝛿2(𝑋, 𝐴𝑖)

)︁
,

where 𝛿(𝑋, 𝐴𝑖) =
⃦⃦

Log
(︀
𝑋−1/2𝐴𝑖𝑋

−1/2
)︀⃦⃦

2
is the geodesic distance associated with the affine-invariant metric

and the symbol Log represents the usual logarithm on 𝒫2
+ (see, [3]). Here, ‖𝐴‖2 = (trace(𝐴𝑇 𝐴))

1
2 , for any

𝐴 ∈ 𝒮𝑛 and 𝐴𝑇 represents the transpose of the matrix 𝐴.
The Karcher mean serves as a powerful tool for averaging and studying positive definite matrices, extending

the concept of matrix mean to a larger number of variables. For more details about the Karcher mean problem,
we refer to [7, 20,33] and the references cited therein.

The primary motivations for studying the Karcher mean are threefold: Firstly, in statistical analysis, it
relates to models on the manifold of restricted positive semi-definite matrices, which commonly appear in
applications such as statistics (for example, covariance matrices) and machine learning (for example, kernel
matrices). Understanding the Karcher mean enables a meaningful geometric interpretation of data points within
the manifold of positive semi-definite matrices, crucial for various algorithms and statistical methods (see,
[7]). Secondly, the Karcher mean plays a pivotal role in longitudinal redundancy check-distributed principal
component analysis (abbreviated as, LRC-dPCA). By analyzing the Karcher mean, researchers have shown
that LRC-dPCA achieves the same performance as the full-sample principal component analysis algorithm (see,
[7, 33]). Essentially, understanding the Karcher mean helps design efficient algorithms for analyzing large-scale
data with covariance structures. Thirdly, the Karcher mean has applications in several fields, including statistics,
computer vision, medical imaging, and shape analysis, where it is used to compute representative or central
points for data sets on curved spaces, see, for instance, [39,50] and the references cited therein.

Let 𝒟 (⊂ 𝒫+
2 ) be a nonempty open set, defined as follows:

𝒟 :=
{︂

𝑋 =
[︂

𝑥 0
0 1

]︂
: 𝑥 >

1
2

}︂
.

Now, we consider two subsets of 𝒫+
2 , namely, ℬ and Γ, defined as follows:

ℬ :=
{︂[︂

𝑎 0
0 𝑏

]︂
: 0 < 𝑎 ≤ 1, 0 < 𝑏 ≤ 1

}︂
, Γ :=

{︂[︂
𝑥 0
0 1

]︂
: 𝑥 > 1

}︂
.

Let us consider matrices 𝐵1, 𝐵2, . . . , 𝐵𝐾 , such that 𝐵1, 𝐵2, . . . , 𝐵𝐾 ∈ ℬ. Then, the Karcher mean of
{𝐵1, 𝐵2, . . . , 𝐵𝐾} on the set Γ is defined as the minimizer of the following optimization problem:

(KMP): min 𝐻(𝑋)
subject to 𝑋 ∈ Γ,
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where 𝐻 : 𝒟 → R is defined as follows:

𝐻(𝑋) :=
1

2𝐾

𝐾∑︁
𝑖=1

𝛿2(𝑋, 𝐵𝑖). (15)

In our forthcoming discussions, we verify Theorems 3.1 and 4.1 for the considered optimization problem (KMP).
It is apparent that the function 𝐻 exhibits local Lipschitz continuity on the set Γ. In order to verify Theo-

rem 4.1, it is necessary to show that the set Γ is a geodesic convex subset of 𝒫+
2 and 𝐻 is a geodesic pseudolinear

function on Γ.
To show, Γ is a geodesic convex set, we choose two arbitrary points 𝑋, 𝑌 ∈ Γ. Then, for some 𝑥, 𝑦 > 1, one

has

𝑋 =
[︂
𝑥 0
0 1

]︂
, 𝑌 =

[︂
𝑦 0
0 1

]︂
. (16)

From [3], it follows that the geodesic 𝛾(𝑡) joining 𝑋 and 𝑌 is given by:

𝛾(𝑡) := 𝑋(𝑋− 1
2 𝑌 𝑋− 1

2 )𝑡𝑋, ∀𝑡 ∈ [0, 1].

Employing (16), one has

𝛾(𝑡) =
[︂
𝑥2−𝑡𝑦𝑡 0

0 1

]︂
.

Evidently, 𝑥2−𝑡𝑦𝑡 > 1 and hence it follows that 𝛾(𝑡) ∈ Γ, for all 𝑡 ∈ [0, 1]. This shows that Γ is a geodesic convex

set in 𝒫+
2 . For any 1 ≤ 𝑖 ≤ 𝐾, let us set 𝐵𝑖 =

[︂
𝑏1
𝑖 0
0 𝑏4

𝑖

]︂
∈ ℬ.

To show 𝐻 is geodesic pseudolinear on Γ, we consider any two elements 𝑋, 𝑌 ∈ Γ. Then, from Definition 2.8,
𝐻 is geodesic pseudoconvex function on Γ, provided the following implication holds:

⟨grad 𝐻(𝑋), exp−1
𝑋 (𝑌 )⟩𝑋 ≥ 0 =⇒ 𝐻(𝑌 ) ≥ 𝐻(𝑋), ∀𝑋, 𝑌 ∈ Γ.

Moreover, it follows from [50] that grad 𝐻(𝑋) = − 1
𝐾

𝐾∑︀
𝑖=1

exp−1
𝑋 (𝐵𝑖). From [3], the inverse of exponential map

on 𝒫+
2 is given by:

exp−1
𝑋 (𝑌 ) = 𝑋

1
2 Log

(︁
𝑋− 1

2 𝑌 𝑋− 1
2

)︁
𝑋

1
2 .

Furthermore, by (14), it can be inferred that

⟨grad 𝐻(𝑋), exp−1
𝑋 (𝑌 )⟩𝑋 =

1
𝐾

log
(︁𝑦

𝑥

)︁
log

(︃
𝑥𝑘∏︀𝐾
𝑖=1 𝑏1

𝑖

)︃
.

Since ⟨grad 𝐻(𝑋), exp−1
𝑋 (𝑌 )⟩𝑋 ≥ 0, therefore log

(︀
𝑦
𝑥

)︀
≥ 0. Hence, 𝑦 ≥ 𝑥. Now, for any 𝑋, 𝑌 ∈ Γ, it can be

shown that

𝐻(𝑌 )−𝐻(𝑋) =
1

2𝐾

𝐾∑︁
𝑖=1

{︃(︂
log
(︂

𝑏1
𝑖

𝑦

)︂)︂2

−
(︂

log
(︂

𝑏1
𝑖

𝑥

)︂)︂2
}︃

=
1

2𝐾
log
(︂

𝑥

𝑦

)︂ 𝐾∑︁
𝑖=1

log
(︂

(𝑏1
𝑖 )2

𝑥𝑦

)︂
.

From the fact that log
(︁

𝑥
𝑦

)︁
≤ 0 and log

(︁
(𝑏1𝑖 )2

𝑥𝑦

)︁
< 0, ∀𝑖 ∈ {1, 2, . . . ,𝐾}, it follows that 𝐻(𝑌 ) ≥ 𝐻(𝑋), ∀𝑋,𝑌 ∈ Γ.

Hence, 𝐻 is a geodesic pseudoconvex on Γ. In a similar manner, one can verify that 𝐻 is a geodesic pseudoconcave
on Γ. This exhibits the fact that 𝐻 is a geodesic pseudolinear function on Γ.
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To verify Theorem 3.1, let us consider 𝑋, 𝑌 ∈ Γ such that 𝐻(𝑋) = 𝐻(𝑌 ). Then, we get log
(︁

𝑥
𝑦

)︁
= 0. This

implies that ⟨grad 𝐻(𝑋), exp−1
𝑋 (𝑌 )⟩𝑋 = 0. Conversely, for

⟨grad 𝐻(𝑋), exp−1
𝑋 (𝑌 )⟩𝑋 = 0,

one has log
(︁

𝑥
𝑦

)︁
= 0 as log

(︁
𝑥𝑘

∏︀𝐾
𝑖=1 𝑏1𝑖

)︁
> 0. Therefore, 𝐻(𝑋) = 𝐻(𝑌 ) for all 𝑋, 𝑌 ∈ Γ.

Let 𝑌 =
[︂
𝑦 0
0 1

]︂
∈ 𝑇 := arg min

𝑋∈Γ
𝐻(𝑋) and 𝑋 ∈ 𝑇 𝑎. Then, from Theorem 4.1, it follows that

⟨grad 𝐻(𝑋), exp−1
𝑋 (𝑌 )⟩𝑋 = 0. (17)

Invoking (17), one has 𝑥 = 𝑦. This implies that 𝑋 = 𝑌 . Hence, 𝑇 𝑎 ⊆ {𝑌 } and since {𝑌 } ⊆ 𝑇 𝑎. Therefore
𝑇 = 𝑇 𝑎. Similarly, one can verify that 𝑇 𝑐 = 𝑇 = 𝑇 𝑏. Therefore, 𝑇 = 𝑇 𝑎 = 𝑇 𝑏 = 𝑇 𝑐.

In view of the fact that the Karcher mean problem has several applications in machine learning and engineering
(see [7, 33,39, 50]), the results derived in this paper may be applicable to a wide range of practical problems in
science and engineering.

Remark 5.1. It is worth noting that the function 𝐻, defined in (15), may fail to be geodesic pseudolinear on
Γ if the matrices 𝐵𝑖 /∈ ℬ (𝑖 = 1, 2, . . . ,𝐾). To demonstrate this fact, we consider the sets 𝑆1 and 𝑆2, such that
𝑆1 ⊂ 𝒫+

2 ∖ ℬ and 𝑆2 ⊂ 𝒫+
2 ∖ Γ. Let there exists some 𝑖 ∈ {1, 2, . . . ,𝐾}, such that 𝑀𝑖 ∈ 𝑆1. Then, the function

𝐻 : 𝒫+
2 → R, defined by:

𝐻(𝑋) :=
1

2𝐾

𝐾∑︁
𝑖=1

𝛿2(𝑋, 𝑀𝑖),

may not be geodesic pseudolinear on 𝑆2.
For instance, let us consider 𝐾 = 2, and matrices 𝑀1 ∈ 𝑆1, 𝑀2 ∈ ℬ, and 𝑋 ∈ 𝑆2, defined as follows:

𝑀1 :=
[︂
2 1
1 2

]︂
, 𝑀2 :=

[︃
1√
3

0
0 1√

3

]︃
, 𝑋 :=

[︂
1 0
0 1

]︂
.

To show that 𝐻 is not geodesic pseudolinear on 𝑆2, it is sufficient to show that 𝐻 is not geodesic pseudolinear
at 𝑋. Let 𝑉 ∈ 𝑇𝑋𝒫

+
2 and 𝑌 ∈ 𝑆2, be defined as follows:

𝑉 :=
[︂
1 0
0 1

]︂
, 𝑌 := exp𝑋 𝑉 =

[︂
𝑒 0
0 𝑒

]︂
.

Now, we have:

grad 𝐻(𝑋) = −1
2

2∑︁
𝑖=1

exp−1

𝑋
𝑀𝑖

= −1
2

(Log(𝑀1) + Log(𝑀2))

= −1
2

[︂
0 log

√
3

log
√

3 0

]︂
.

Then, it can be verified that: ⟨
grad 𝐻(𝑋), exp−1

𝑋
(𝑌 )
⟩

𝑋
= 0.

If 𝐻 is geodesic pseudolinear at 𝑋, then we have:

𝐻(𝑋) = 𝐻(𝑌 ).
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However, we have:

𝐻(𝑋) ≈ 1.3578, 𝐻(𝑌 ) ≈ 1.8085,

which yields that 𝐻(𝑌 ) > 𝐻(𝑋). Hence, 𝐻 is not geodesic pseudolinear at 𝑋.

6. Conclusions and future directions

In this paper, we have established some characterizations of locally Lipschitz geodesic pseudolinear functions
on the Hadamard manifold. We have shown the geodesic convexity of the level set and established that any
two vectors of the Clarke subdifferential of a geodesic pseudolinear function, differ by a positive scalar product.
Further, we have obtained some properties of solution sets of geodesic pseudolinear programming problems on
the Hadamard manifold. The results of this paper have been demonstrated with suitable examples. To validate
the applicability of the results established in this paper, we have solved a particular type of Karcher mean
problem by utilizing certain characterizations of geodesic pseudolinear functions established in this paper.

The results derived in this paper open up several avenues for future exploration. For instance, in view of the
work of Farrokhiniya and Barani [10], the results of this paper could be explored by employing the powerful tools
of Mordukhovich limiting subdifferentials in the framework of Riemannian manifolds. Moreover, it would be of
significant interest to study the viability of the approach to a non-diagonal case in more details, in particular,
developing the necessary and sufficient conditions for the function 𝐻 to be geodesic pseudolinear on a more
general subset of symmetric positive definite matrices, more specifically, not necessarily diagonal than those
considered in this paper, This will allow the study of the Karcher mean problem for a broader subset of the set
of symmetric positive definite matrices.
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[16] S. Komlósi, First and second order characterizations of pseudolinear functions. Eur. J. Oper. Res. 67 (1993) 278–286.

[17] K.O. Kortanek and J.P. Evans, Pseudoconcave programming and Lagrange regularity. Oper. Res. 15 (1967) 882–892.

[18] C.S. Lalitha and M. Mehta, Characterization of the solution sets of pseudolinear programs and pseudoaffine varia-
tional inequality problems. J. Nonlinear Convex Anal. 8 (2007) 87–98.

[19] Y.S. Ledyaev and Q.J. Zhu, Nonsmooth analysis on smooth manifolds. Trans. Amer. Math. Soc. 359 (2007) 3687–
3732.

[20] J. Lawson and Y. Lim, Karcher means and Karcher equations of positive definite operators. Trans. Amer. Math.
Soc. 1 (2014) 1–22.
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[44] B.B. Upadhyay, A. Ghosh and S. Treanţă, Optimality conditions and duality for nonsmooth multiobjective semi-
infinite programming problems with vanishing constraints on Hadamard manifolds. J. Math. Anal. Appl. 531 (2023)
127785.

[45] B.B. Upadhyay, A. Ghosh, On constraint qualifications for mathematical programming problems with vanishing
constraints on Hadamard manifolds. J. Optim. Theory Appl. 199 (2023) 1–35.
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