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ON THE OUTER-INDEPENDENT TOTAL (ROMAN) DOMINATION NUMBER
OF SOME GRAPH OPERATORS

ISMAEL R10S-VILLAMAR!®, ABEL CABRERA-MARTINEZ?>*® AND JOSE M. SIGARRETA!

Abstract. The goal of this article is to obtain closed formulas for the outer-independent total domina-
tion number and the outer-independent total Roman domination number of the following well-known
graph operators defined from a connected graph G: the central graph C(G), the middle graph M(G),
the graph R(G) and the total graph T(G). We show that these formulas can be obtained for the last
three graph operators and for the outer-independent total domination number of C(G). The picture is
quite different when it concerns the outer-independent total Roman domination number of C(G). In
this case, we obtain tight bounds and, imposing some restrictions on G, we obtain closed formulas.
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1. INTRODUCTION

The concept of outer-independent total domination in graphs was first introduced in 2012 by Soner, Dhanan-
jaya Murthy and Deepak [29], and subsequently, has been studied in several research works, including [5,8,10,21—
23]. An outer-independent total dominating set (OITDS) of a nontrivial connected graph G is a set D C V(G)
which satisfies that every vertex of G is adjacent to at least one vertex in D and that V(G)\ D is an independent
set of G. The set of OITDSs of G will be denoted as D¢ (G). The outer-independent total domination number
of G is defined as 7*(G) = min{|D| : D € D¢ (G)}. A v*(G)-set is an OITDS of G of cardinality 7¢*(G).

In the last decade, new parameters related to domination and independence in graphs have been introduced.
Several of them come from a Roman domination structure whose “complement” has independent properties.
In this article, the outer-independent total Roman domination will be of interest. An outer-independent total
Roman dominating function (OITRDF) on a nontrivial connected graph G is a function f : V(G) — {0,1,2}
satisfying the following three conditions.

— Every vertex v € V(G) for which f(v) = 0 is adjacent to at least one vertex u € V(@) such that f(u) = 2.
— Every vertex v € V(G) for which f(v) > 1 is adjacent to at least one vertex u € V(@) such that f(u) > 1.
— The set {v € V(G) : f(v) =0} is an independent set of G.
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Let V; = {v € V(G) : f(v) = i}, where i € {0,1,2}. We will identify f with the subsets Vo, Vi, V2, and
so we will use the unified notation f(Vp, Vi, V2) for the function f and these associated subsets. The weight
of f equals w(f) = > cv (g f(v) = 2[V2| + [Vi]. The set of OITRDFs on G will be denoted as 25(G). The

outer-independent total Roman domination number of G is defined as 7/5(G) = min{w(f) : f € FPE(G)} A
77k (G)-function is an OITRDF on G such that w(f) = v7,(G). This parameter was introduced in 2019 by
Cabrera-Martinez, Kuziak and Yero [6] and recent results can be found in [9,22,26,27].

It is well known that the general problems of computing the values v?*(G) and 775 (G) are NP-hard. This
suggests finding closed formulas or giving tight bounds for these domination invariants in specific families of
graphs. Such studies are particularly appealing for graph products and graph operators, since their structured
nature often makes it possible to obtain closed-form results. The goal of this work is to determine closed formulas
for these domination invariants for several well-known graph operators constructed from a connected graph G:
the central graph C(G), the middle graph M(G), the graph R(G) and the total graph T(G).

The article is organized as follows. In Section 1.1 we give some basic definitions and terminology that will
be used throughout the article. Section 2 is devoted to the study of these two parameters in central graphs. In
particular, we obtain closed formulas for the outer-independent total domination number. The picture is quite
different when it concerns the outer-independent total Roman domination number. In this case, we obtain tight
bounds and, imposing some restrictions on G, we obtain closed formulas. Finally, in the last three sections we
obtain closed formulas for the outer-independent total (Roman) domination number of M(G), R(G) and T(G),
respectively.

1.1. Some definitions and terminology

For notation and graph theory terminology, we in general follow [15]. Let G be a nontrivial connected
graph of order n = |V(G)| and size m = |E(G)|. Let V(G) = {v1,...,v,} be the vertex set of G and let
Ve(G) = {v" : viv; € E(G)} (observe that v/ = v%). For any subscript i € [n] = {1,...,n}, Ng(v;)
and Ng[v;] represent the open neighborhood and the closed neighborhood of vertex v; in G, respectively. The
minimum and maximum degrees among all vertices of G are denoted by §(G) and A(G), respectively. A leaf
is a vertex of degree one. We denote the set of leaves of a graph G by L£(G), and the set of support vertices
(vertices adjacent to leaves) by S(G). We will use the notation K,, and K ,_1 for complete graphs and star
graphs of order n, respectively.

Given a connected graph G, a set I C V(G) is an independent dominating set of G if the subgraph induced by
I is an edgeless graph and if every vertex in V(G)\ I is adjacent to at least one vertex in I. Let ZD(G) be the set of
independent dominating sets of G. The independence number of G is defined as a(G) = max{|I| : I € ID(G)}.
An a(G)-set is a set I € ID(G) such that |I| = a(G).

In 2012, Soner et al. [29] established the following well-known relationship between the outer-independent
total domination number and the independence number of a graph G with no isolated vertex.

Theorem 1.1 ([29)). If G is a graph with no isolated vertez of order n, then vY*(G) > n — a(G).

The previous relationship will be an important tool for deducing the results obtained in the following sections.
Now, let us define the following four well-known graph parameters, which will be necessary for the study we are
conducting.

— A vertex cover of a graph G without isolated vertices is a set D C V(G) such that every edge of G is incident
to at least one vertex in D. The vertex covering number of G, denoted by 5(G), is the minimum cardinality
among all vertex covers of G.

— An edge cover of a graph G is a set F' C E(G) such that every vertex of G is incident to at least one edge
in F. The edge covering number of G, denoted by 5'(G), is the minimum cardinality among all edge covers
of G.

— A dominating set of a graph G is a set D C V(G) such that every vertex not in D is adjacent to at least
one vertex in D. The domination number of G, denoted by v(G), is the minimum cardinality among all
dominating sets of G.
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FIGURE 1. A graph G, and the corresponding central graph C(G).

— An edge dominating set of a graph G is a set F' C E(G) such that every edge not in F is adjacent to at least
one edge in F. The edge domination number of G, denoted by +/(G), is the minimum cardinality among all
edge dominating sets of G.

For the rest of the article, definitions will be introduced whenever a concept is needed.

2. CENTRAL GRAPHS

The central graph of a connected graph G, denoted by C(G), is the graph with vertex set V(C(G)) = V(G)U
Vi(G) and edge set E(C(G)) = {v;v™, 00" 1 08I € VE(G)} U {vv; : viv; ¢ E(G)}. This graph operator was
first introduced by Vernold in 2007 [32]. Some domination parameters have been studied on central graphs, see,
for example, [13,16,25]. In Figure 1 we show a graph G and its corresponding central graph C(G). The set of black
vertices describes a 7?!(C(G))-set, while the labels correspond to the positive weights of a v (C(G))-function.

The following theorem provides a closed formula for the outer-independent total domination number of the
central graph C(G), where G is a connected graph of order n > 4. Before, we need to define two families of
graph. For any i € [n — 1], let V;(G) = {v € V(G) : |[Ng(v)| = i}. For any integer k > 4, let F}, and Gy, be the
families of connected graphs G of order k defined as follows.

- G € Fy whenever Vi,_1(G) = 0.
- G € Gy whenever |[V;_1(G)| =1, V1(G) # 0 and Vi _o(G) = 0.

Theorem 2.1. For any connected graph G of order n > 4,

‘ n if GeF,Ug,,
70 (C(G)) =

n—+ [%-‘ otherwise.

Proof. We first assume that G € F,, U G,,. We proceed to prove that *(C(G)) = n. By Theorem 1.1 and
the fact that a(C(G)) = |E(GQ)| (see [16], Lem. 1.11) we have that v¢*(C(G)) > |[V(C(Q))| — a(C(G)) = n. We
only need to prove that 7*(C(G)) < n. If G € F,, then it is easy to check that V(G) € D (C(G)). Hence,
¥ (C(G)) < |V(G)| = n, as desired. Moreover, let us suppose that G € G,,. Let V,,_1(G) = {v;} and v; € V4(G).
Since V,,—2(G) = 0, it is easy to check that (V(G) \ {v;}) U {v"/} € D¢ (C(G)). Hence, 7' (C(G)) < n, as
desired. From now on, assume that G ¢ F, U G,. This implies that |V,,—1(G)| = r > 1. Without loss of
generality, let us consider that V,,_1(G) = {v1,...,v.}. Let W C Vg(G) be a set of minimum cardinality such
that Ng(q)(vi) N W # 0 for every i € [r]. Due to the fact that the subgraph induced by V,,_1(G) is isomorphic
to the complete graph K, and the minimality of |W|, it follows that |[W| < [|V,—1(G)|/2]. Now, observe that
V(G)UW € D¢ (C(G)). Hence,

SOHC(@)) < VIG)UW]| <+ {IVn;(GMW .
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To complete the proof, we only need to prove that v (C(G)) > n + [|V,—1(G)|/2]. Let D be a 7{*(C(G))-set
and we consider the following three complementary cases.

Case 1: V(G) C D. Observe that () # DN Ne(e(vi) € DNVE(G) for every subscript i € [r]. Since every vertex
in D N Vg(G) has exactly two neighbors in V(G), we deduce that

2DNVE(G) > Y. DN Ney(i)l =7 = [Vaoa(G)].

Therefore, |D N Ve(G)| > [|V,—1(G)|/2], and as a consequence, we obtain that v¢*(C(G)) = |D| = |D N
V(G)|+|DNVE(G)| >n+ {M—‘, as desired.

Case 2: There exists a subscript ¢ € [r] such that v; ¢ D. In this case we have that v;,v" € D for every
j € [n]\ {i}. This implies that [D| > 3" i\ iy [{vj,v*}| = 2(n —1). Since n > 4 and |V,,—1(G)| < n, we
deduce that n — 2 > [|V,,_1(G)|/2]. Therefore, we obtain that v¢*(C(G)) = |D| >2n—2 >n+ {W-‘,
as desired.

Case 3: V,,_1(G) C D and there exists a subscript ¢ € {r +1,...,n} such that v; ¢ D. In this case, we have
that V(GQ) \ Ng[v;] C D and that vj,v" € D for every j € [n] such that v; € Ng(v;). Since V,,—1(G) C
N¢g(v;), we obtain that

|D| > |V(G) \ Ngvil| +2|Ng(vi)| =n — 1+ [Ng(vi)] > n =1+ [Va_1(G)|. (1)

If [V,,—1(G)| > 2, then it is easy to check that |V,,—1(G)| > [|Va-1(G)|/2] + 1, and combining it with the

inequality given in equation (1) we obtain that v¢*(C(Q)) = |D| > n — 1+ |V,,_1(G)| > n + [M-‘

desired.

Now, if |V,_1(G)| = 1 and |Ng(v;)| > 2, then by equation (1) we have that 7?(C(G)) = |D| > n— 1+
INg(v))| >n+1=n+ [ML as desired.

Finally, assume that |V,,_1(G)| = |Ng(v;)| = 1. Since G ¢ G, there exists a subscript j € {2,...,n}\{i} such
that v; € V,,_2(G). Observe that Neg)(v;) \{vi} € Ve(G). As v; ¢ D, it follows that (V(G)\ {v;})U{v"} € D
and that N (v;) "D NVE(G) # 0. From this previous fact, we obtain that vf*(C(G)) = |D| > [(V(G) \{v:})U

{vPH + (DN VE(G)\ {vh >n+1=n+ [M—‘, which completes the proof. O

, as

Now, we proceed to study the outer-independent total Roman domination number of C(G). For this purpose,
we need to give the following useful lemma.

Lemma 2.2. Let F be the set of the v5(C(G))-functions g such that |{z € V(G) : g(z) > 0}| is mazimum. If
F(Vo, Vi, Vo) is a v2h(C(G))-function belonging to F, then the following statements hold.

(i) VonV(G)[ <1 and V2 CV(G).
(ii) If 6(G) > 2 and A(G) <n—2, then V(G) C V1 U V.

Proof. If there exist 4,7 € [n] such that v;,v; € Vp, then v;v; ¢ E(C(G)), which implies that v* € V; UV, and
Nea (v9) C Vg, a contradiction. Therefore, |VoNV (G)| < 1. On the other hand, if there exist 7, j € [n] such that
vv; € E(GQ) and v™? € Vs, then f(v;) f(v;) = 0. Without loss of generality, assume that f(v;) = 0. Observe that
the function f’(V{,V{,Vs); defined by f'(v;) = f'(v*/) =1 and f’(z) = f(z) whenever z € V(C(G)) \ {vi, v };
is a 775 (C(G))-function such that |(V{ UVZ)NV(G)| > |(V1UV2)NV(G)], a contradiction. Therefore, Vo C V(G),
which completes the proof of (i). From now on, assume that 6(G) > 2 and A(G) < n — 2. Suppose that there
exists ¢ € [n] such that v; € V. So, Statement (i) leads to V2 C V(G) \ {v;} € V4 U V,. So, there exists a
k € [n] \ {i} such that v;ur ¢ E(G) (which implies that v;v, € E(C(G))) and vy, € V. Since §(G) > 2, there
exist 4,0 € [n] \ {i,k} such that v;vj,v;v; € E(G) and vj,v; € V3 U Va. Now note that v*7, 0% € V4. Due
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to the fact that A(G) < n —2 and V(G) \ {v;} € V1 UV, we have that Ngg)(v;) N V(G) N (ViU V) # 0
and Ne)(v) N V(G) N (Vi U Vz) # 0. This implies that the function f”(Vy', V", Vy'); defined by f”(v;) = 2,
() = () = 0 and f”(z) = f(z) whenever x € V(C(G)) \ {v;, v, v¥!}; is a 724 (C(G))-function such
that [(V/ UV NV(G)| > |(V1 UVL) NV (G)], a contradiction. Therefore, V(G) C V; U Vi, which completes the
proof of (ii). O

The following result provides lower and upper bounds on v?;(C(G)) in terms of the order and the vertex
covering number of G.

Proposition 2.3. The following statements hold for any connected graph G of order n > 4.

(i) v (C(Ky 1)) =n+2. | |
(ii) If G # Kino1, then n+ B(G) = 1 <{R(C(G)) < 7" (C(G)) + B(G)-

Proof. 1t is easy to check that 725 (C(K1 1)) = n+ 2. We now assume that G # K; ,,_1. Let S be a 3(G)-set.
Hence, 5(G) = |S| > 2. From the proof of Theorem 2.1, we immediately deduce the following useful statements.

~ If G € F,, then V(G) is a 77*(C(G))-set.

~ If G € Gy, then (V(G) \ {v;}) U{v™} is a 70*(C(G))-set, where V,,_1(G) = {v;} and v; € V;1(G).

~ If G ¢ F,, UGy, then V(G) UW is a 70 (C(Q))-set, where W C Vg(G) is a set of cardinality [|V,_1(G)|/2]
such that Negy(vi) N W # 0 for every v; € V,,_1(G).

The inequality 77%(C(G)) < v24(C(G)) + B(G) follows as a consequence of the following two complementary
cases.

Case 1: G € G,,. In this case, we have that D = (V(G)\ {v;}) U{v"7} is a 7¢*(C(G))-set, where V;,_1(G) = {v;}
and v; € V1(G). In addition, it is straightforward that v; € S and v; ¢ S, which implies that S C D'\ {vhI}.
Since V;,_o = (0 and |S| > 2, it follows that the function f(Vp, Vi, V2); defined by Vo = S, V4 = D\ S and
Vo =V(C(G))\ (V1 UVz); is an OITRDF on C(G). Hence, v74(C(G)) <w(f) =|D\ S| +2|S|=|D|+|5| =
YHC(@Q)) + B(G), as desired.

Case 2: G ¢ G,,. Depending on whether or not G belongs to F,,, let us consider D’ as the v¢*(C(G))-set defined
in the first or third previous statement. In any case, we have that V(G) C D’. As a consequence, the function
f'(Vo,V{,Vy); defined by Vi = S, V{ = D'\ S and Vj = V(C(G)) \ (V{ UVZ); is an OITRDF on C(G). Hence,
VWR(C(G)) S w(f) =D\ 8] +2|8| = [D'| + |S| = 1{*(C(G)) + B(G), as desired.

Now, we proceed to prove that v25(C(Q)) > n + B(G) — 1. Let f(Vp, V1, Va) be a 775 (C(G))-function that
satisfies the conditions given in Lemma 2.2. Let £ = {z € Vg(G) : Ngoy[z] € Vi} and let R C V(G) be a set
of minimum cardinality such that Ng(g)(z) N R # () for every vertex x € E’. Observe that R C V1 N V(G). We
claim that V2 U RU (Vo N V(G)) is a vertex cover of G. Let 4, j € [n] such that v,v; € E(G). If v;,v; € V; then
v € Vj. Hence, v*J € E’, which implies that {v;,v;} N R # 0. Moreover, if {v;,v;} N (Vo U V2) # 0, then we
are done. Therefore, Vo U RU (Vo NV (G)) is a vertex cover of G, as desired. So, 3(G) < [Vo|+|Vo NV (G)|+|R).
In addition, it can also be deduced that |Va| + |[Vi NV (G)| > n—1 and |(V1 NVE(G)) \ E'| > |[Vo NV(G)|, and
by the minimality of |R| it follows that |R| < |E’|. As a consequence, we obtain that

YR(C(G)) =2Va| + Vi N V(G)| + [V N VE(G)) \ E'| + |E'|
>n—1+4|Va|+|VonV(G)|+ |R|

which completes the proof. O

The following result shows that if G is a connected graph such that A(G) < n—2, then the outer-independent
total Roman domination number of C(G) can only take two possible values.

Theorem 2.4. The following statements hold for any connected graph G of order n > 4 and A(G) < n — 2.
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G

FIGURE 2. A graph G, and the corresponding middle graph M(G).

(i) ¥h(C(G)) € {n+ B(G) — 1,n + BG)}.
(i) IF6(G) > 2, then v4(C(G)) = n + B(G).

Proof. Let G be a connected graph of order n > 4 and A(G) < n—2. By Theorem 2.1 we have that 77¢(C(G)) = n.
Therefore, Proposition 2.3 leads to 7%4(C(Q)) € {n + B(G) — 1,n + B(G)}, which completes the proof of (i).
Let f(Vo, Vi, Va) be a v7h(C(G))-function that satisfies the conditions given in Lemma 2.2. Also assume that
V2NV (G)| is maximum. Now, we assume that §(G) > 2. By Lemma 2.2 (ii) we have that V5 C V(G) C V3 U V4.
Suppose that V3 is not a vertex cover of G. So, there exists 4, j € [n] such that v;v; € F(G) and v;,v;,v% € V;.
Since A(G) < n — 2, there exist k,1 € [n]\ {4, } such that v;v;, € E(C(G)) and vjvu; € E(C(G)). Due to the
fact that vy, v; € V4 U Vs, it follows that the function f/(Vy,V{,Vy); defined by f'(v;) = 2, f/(v*) = 0 and
f'(z) = f(z) whenever z € V(C(G)) \ {vi,v"7}, is a 775 (C(G))-function such that [V3| > [Vz|, a contradiction.
Hence, Vs is a vertex cover of G, which implies that 8(G) < |Va|. Therefore, 725 (C(GQ)) = |V4 U Va| + |Va| >
[V(G)] + B(G) = n+ B(G), and by Statement (i) it follows that v75(C(G)) = n + B(G), which completes the
proof of (ii). O

3. MIDDLE GRAPHS

The middle graph of a nontrivial connected graph G, denoted by M(G), is the graph with vertex set V(M(G)) =
V(G) U Vg(G) and edge set EM(G)) = {v;v™, v;0M7 1 0¥ € V(G)} U {vbdohl cobd okl € Vg(G) A [{i,5} N
{k,l}| = 1}. This graph operator was initially proposed by Hamada and Yoshimura in 1976 [14]. Various
domination parameters have also been investigated on middle graphs; for instance, see [1,17-19]. In Figure 2 we
show a graph G and its corresponding middle graph M(G). The set of black vertices describes a ¢ (M(G))-set,
while the labels correspond to the positive weights of a v?%(M(G))-function.

The following theorem provides a closed formula for the outer-independent total domination number of the
middle graph M(G).

Theorem 3.1. For any connected graph G of size m > 2,

WMG)) =

Proof. By Theorem 1.1 and the fact that a(M(G)) = |V (G)| (see [12], Thm. 6.1 (ii)) we have that v?!(M(G)) >
[V(M(G))| — a(M(G)) = m. Now, observe that Vg (G) € DY (M(G)). Hence, 77! (M(G)) < |VE(G)| = m. Therefore,
Y (M(G)) = m, as desired. O

Now, we proceed to study the outer-independent total Roman domination number of M(G). For this purpose,
we need to give the following useful lemma.

Lemma 3.2. For any connected graph G of size m > 2, there exists a v5(M(G))-function f(Vo, Vi, V2) such
that V(G) C V.
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Proof. Let G be a connected graph of order n > 3. Let f(Vp, V1, V2) be a 775 (M(G))-function such that [VonV (G)|
is maximum. We now proceed with the following claims.

Claim I: V(G) NV, = 0.

Proof of Claim I. If there exists a subscript ¢ € [n] such that v; € Vo, then there exists a subscript j € [n] \ {i}
such that v/ € Vp, which implies that  # Ny (vi) \ {v*7} C V4 U V. So, it is easy to check that the
function f'(V{,V{,Vs); defined by f'(v;) =0, f'(v*) =2 and f'(z) = f(x) whenever z € V(M(G)) \ {v;,v"7};
is a 2% (M(GQ))-function such that [Vj N V(G)| > |Vo N V(G)|, a contradiction. Therefore, V(G) NV = 0, as
desired. O

Claim IL: V(G)NV; = 0.

Proof of Claim II. From Claim I we have that V' (G) C V,UV;. Suppose that there exists a subscript i € [n] such
that v; € V4. Let j € [n]\ {4} such that f(v"7) is maximum among all vertices in Ny(g)(v;). It is straightforward
that f(v") > 0. Now, we consider the following two possible cases.

Case 1: |Nyg)(vi)| = 1. Observe that (Nylv;] \ {v*7}) N (Vi U Vz) # 0. So, the function f”(Vy', VY, V3');
defined by f”(v;) = 0, f”(v") = 2 and f”(z) = f(z) whenever x € V(M(G)) \ {v;,v"}; is a 775(M(Q))-
function such that |V’ N V(G)| > |Vo N V(G)], a contradiction. Therefore, V(G) N'V; = 0, as desired.

Case 2: |Ny)(vi)| > 2. Let | € [n] \ {i,j} such that f(v"!) is minimum among all vertices in Ny (v;). If
f() =2 or f(v®!) > 0, then the function g(Wy, Wy, Ws), defined by g(v;) = 0, g(v*) = 2, g(v*!) = 1
and g(x) = f(z) whenever x € V(M(G)) \ {v;,v"7,v"!}; is a 72, (M(G))-function such that |[Wo N V(G)| >
[Vo N V(G)|, a contradiction. Hence, f(v*’) = 1 and f(v*!') = 0. As a consequence, f(v;) > 0 and there
exists k € [n] \ {4,1} such that f(v'*) = 2. Observe that the function ¢’ (W}, W{, W3), defined by ¢'(v;) =
0, ¢'(v"!) = 1 and ¢'(z) = f(x) whenever z € V(M(G)) \ {v;,v"'}; is a 4?5 (M(G))-function such that
[WiNV(G)| > |Vo N V(G)|, a contradiction too. Therefore, V(G) N V; = 0, as desired.

U
By Claims I and II, it follows that V(G) C Vg, which completes the proof. |

We conclude this section with the following theorem, which provides a closed formula for the outer-
independent total Roman domination number of the middle graph M(G).

Theorem 3.3. For any connected graph G of size m > 2,
WrM(G)) =m+ B'(G).

Proof. Let G be a connected graph of order n and size m > 2. In Theorem 2.8 of [9] and Theorem 6.1 (i) of [12],
the authors showed that 725 (M(G)) < 7' (M(G)) +~v(M(G)) and y(M(G)) = B'(G), respectively. As a consequence,
it follows that 75 (M(G)) < v2'(M(G)) + B'(G). We next proceed to prove that 725 (M(G)) > v (M(G)) + B'(G).
By Lemma 3.2, there exists a 775 (M(G))-function f(Vp, Vi, V2) such that V(G) C Vy. Let By = {v;v; € E(G) :
v™ € Vu}. Notice that |Ea| = |Va|. Now, observe that in M(G) every vertex v; € V(G) C Vo has a neighbor
v € Va. This implies that v; is incident to v;v; € Fs in G. So, Fs is an edge cover of G, and as a consequence,
B'(G) < |Ez| = |Va|. Moreover, and due to the fact that f € FZ%M(G)), it follows that V3 U Vo € DYH(M(G)),
which implies that 72! (M(G)) < |Vi|+]|Va|. Therefore, 725 (M(G)) = 2|Va|+|Vi| > 7' (M(G))+8'(G), as desired. As
a consequence, we have that 77, (M(G)) = 77 (M(G))+ ' (G). Thus, Theorem 3.1 leads to 775 (M(G)) = m+5'(G),
which completes the proof. O
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G R(G)

FIGURE 3. A graph G, and the corresponding graph R(G).

4. THE GRAPH R(G)

The graph R(G) is the graph obtained from a connected graph G with vertex set V(R(G)) = V(G) U Ve(G)
and edge set E(R(G)) = E(G) U {v;v™,v;0"7 : vJ € Vg(G)}. Some domination parameters have also been
investigated on this graph; for instance, see [2,4,28]. In Figure 3 we show a graph G and its corresponding graph
R(G). The set of black vertices describes a v¢*(R(G))-set, while the labels correspond to the positive weights of
a 7L (R(G))-function.

We begin this section by obtaining the exact values for the outer-independent total domination number and
the independence number of the graph R(G).

Theorem 4.1. For any nontrivial connected graph G of order n and size m,
(i) a(R(G)) =m.
(ii) 7" (R(G)) = n.

Proof. By definition, it is straightforward that Vg(G) € ZD(R(G)). This implies that a(R(G)) > |Ve(G)| = m.
On the other hand, let I be an a(R(G))-set such that |I N Vg(G)| is maximum among all «(R(G))-sets. If there
exists a subscript ¢ € [n] such that v; € V(G) N I, then for every j € [n] \ {¢} such that v,v; € E(G) it follows
that I’ = (I\{v;}) U{v*} is an a(R(G))-set with |[I'NVE(G)| > |[INVE(G)|, a contradiction. Thus, I C Vg(G),
which implies that a(R(G)) = |I| < |Ve(G)| = m. Therefore, a(R(G)) = m, which completes the proof of (i).
Now, it is easy to check that V(G) € D¢ (R(G)). Hence, 7¢*(R(G)) < n. Moreover, Theorem 1.1 and the fact
that a(R(G)) = m lead to 7' (R(G)) > |[V(R(GQ))| — a(R(G)) = n. Therefore, 77*(R(G)) = n, which completes
the proof. O

The next theorem provides a closed formula for the outer-independent total Roman domination number of
the graph R(G). Before, we need to give the following useful lemma.

Lemma 4.2. For any nontrivial connected graph G, there exists a v 5(R(G))-function f(Vo, Vi, Va) such that
V(G) CViUVs.

Proof. Let f(Vy, Vi, Va) be a v2,(R(G))-function such that [(V; UV,) NV (G)] is maximum among all 775 (R(G))-
functions. Now, we suppose that there exists ¢ € [n] such that v; € V(G) N V;. So, there exists j € [n] \ {i}
such that v;v; € E(G) and f(vj) + f(v*/) > 3. Observe that the function f'(V{,V{,Vy); defined by f'(v;) =
min{f(v;), f(v*)}, f'(v"7) = 0, f'(v;) = 2 and f'(z) = f(z) whenever z € V(R(G)) \ {vi,vj,v"7}; is a
2% (R(G))-function such that |(V/UVZ)NV(G)| > |(V1UVa)NV(G)|, a contradiction. Therefore V(G) C V3 U Vs,
which completes the proof. (I

Theorem 4.3. For any nontrivial connected graph G of order n,

1R(R(G)) = n+ B(G).
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G T(G)

FIGURE 4. A graph G, and the corresponding total graph T(G).

Proof. Observe that from any 3(G)-set D, the function g(Wy, Wy, Ws); defined by Wy, = D, W, = V(G)\ D and
Wy = Vg(G); is an OITRDF on R(G). Hence, 774 (R(G)) < w(g) = |[W1UWa|+|Ws| = n+3(G). Now, we proceed
to prove that 775 (R(G)) > n + B(G). By Lemma 4.2, there exists a v?%(R(G))-function f(Vo, Vi, V2) such that
V(G) C V4 UVa. Without loss of generality, assume that [Vo NV (G)| is maximum among all 75 (R(G))-functions
that satisfy the condition given in Lemma 4.2. If there exist subscripts ¢, j € [n]| such that v;v; € E(G) and
f(v™7) > 0, then f(v;) = f(v;) = 1. Notice that the function f/(V{,V{,Vs); defined by f'(v®) =0, f'(v;) =2
and f'(z) = f(x) whenever z € V(R(G))\ {vi, v*}; is a 774 (R(G))-function such that |Vo NV (G)| > [VaNV(G),
a contradiction. As a consequence, it follows that Vg(G) C Vp, which implies that V5 is a vertex cover of G.
Therefore, 774 (R(G)) = w(f) = [V1 U Va| + V2| > n + B(G), which completes the proof. O

5. TOTAL GRAPHS

The total graph of a nontrivial connected graph G, denoted by T(G), is the graph with vertex set V(T(G)) =
V(G) U Vg(G) and edge set E(T(G)) = E(G) U EM(G)). This graph operator was introduced by Behzad [3]
in 1967. Subsequently, several domination parameters were studied for this graph operator in different works,
including [4,11,24,30,31]. In Figure 4 we show a graph G and its corresponding total graph T(G). The set of black
vertices describes a 7{*(T(G))-set, while the labels correspond to the positive weights of a 72 (T(G))-function.

The following theorem provides a closed formula for the independence number of T(G). This result is necessary
in order to deduce the value of v¢*(T(G)).

Theorem 5.1. For any nontrivial connected graph G of order n,
a(T(G)) =n—+'(G).

Proof. Let X be a maximal independent edge set of G of minimum cardinality. As pointed out in [15], page 342,
|X| =+(G). Let Vx C V(G) be the set formed by the end-vertices of edges belonging to X and X’ = {v%J €
Ve(G) : vv; € X}. Note that |[Vx| = 2|X| and |X'| = |X|. Now, let us consider the set I = (V(G)\ Vx)U X".
If there exist two adjacent vertices v;,v; € V(G) \ Vx in T(G), then v;v; € E(G) \ X is not adjacent to some
edge in X, a contradiction. Hence, V(G) \ Vx is an independent set of T(G). In addition, from the previous
definitions it can be easily verified that every vertex x € X' satisfies that Ny () N1 = (. As a consequence,
I is also an independent set of T(G), which implies that

a(T(G)) 2 [I| = [V(G) \ Vx| +[X'| = n = 2[X| + | X[ =n —(G). (2)

We only need to prove that «(T(G)) < n —~/(G). Let Y be an a(T(G))-set such that |Y N Vg (G)| is maximum
among all o(T(G))-sets. Let Ey = {v;v; € E(G) : v € Y NVg(G)}. Note that |Ey| = |Y N Vg(G)|. We now
proceed with the following claims.

Claim I: Fy is an edge dominating set of G.
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Proof of Claim I. Suppose that there exists an edge v;v; € E(G) \ Ey that is not adjacent to some edge in Fy-.
This implies that Ny (v/) NY N VE(G) = 0. So, Y N {v;,vj,v"7} # 0 and by the maximality of [Y N Vg(G)|
it follows that v*7 € Y, which contradicts the fact that v;v; € E(G) \ Ey. Therefore, every edge in E(G) \ By
is adjacent to some edge in Ey, which implies that Fy is an edge dominating set of G, as desired. (I

Claim II: V(G) = Vy U (Y NV(G)), where Vy = Nyg)(Y NVE(G)) NV(G).

Proof of Claim II. Tt is straightforward that V3 U (Y N V(G)) C V(G). Suppose that there exists a vertex
v; € V(G)\ (Vy UY). Since Y is an a(T(G))-set, there exists a vertex v; € Y N V(G) such that v,v; € E(G).
Observe that the set Y/ = (Y \ {v;}) U{v"7} is an a(T(G))-set with |Y'NVE(G)| > |Y NVE(G)], a contradiction.
Therefore, V(G) = Vy U (Y NV (G)), as desired. O

By Claim I we deduce that v/(G) < |Ey| = |[YNVg(G)|. Moreover, it is easy to check that VyN(Y NV (G)) = 0.
So, Claim II leads to [Vy |+ [Y N V(G)| = n. In addition, observe that [Nyg)(v;) N (Y NVE(G))| =1 for every
v; € Vy. This implies that [Vy| = 2|Y N Vg(G)|. Therefore,

7(G) <Y NVe(G)
=2V NVe(G)|+ Y nV(G) - (Y NVe(G)|+ Y nV(G)])
=W+ Y nV(G) -]
=n—a(T(Q)).

Thus, a(T(G)) < n —~'(G), which completes the proof. O

Now, we are able to provide the exact value of the outer-independent total domination number of the total
graph T(G).

Theorem 5.2. For any nontrivial connected graph G of size m,
WHI(G)) = m+7(G).
Proof. By Theorems 1.1 and 5.1 we have that
WHI(G) = V(T(G))] - a(T(G)) = [V(G)| +m = (V(G)] =7 (G)) = m +7(G).

We only need to prove that v7(T(G)) < m + +/(G). Let I be an a(T(G))-set and let D = V(T(G)) \ I. By
Theorem 5.1 we have that |I| = |V(G)| — v/(G). We proceed to prove that D € D (T(G)). Since I is an
independent set of T(G), we only need to show that the subgraph induced by D has no isolated vertex. If
there exists a vertex v € D such that Nyg)(v) C I, then the subgraph induced by Ny (v) is isomorphic to
an edgeless graph, which contradicts the fact that every vertex in T(G) is contained in a triangle. Hence, the
subgraph induced by D has no isolated vertex, as desired. As a consequence, D € Dy (T(G)), which implies that

WH(T(G)) < D = V(T(G)| = 1| = [V(G)| +m — ([V(G)| = +/(G)) = m ++/(G).
Therefore, the proof is complete. O

Finally, we proceed to study the outer-independent total Roman domination number of T(G). For this purpose,
we need to give the following useful lemma.

Lemma 5.3. Let G be a nontrivial connected graph. The following statements hold.

(i) If D € ID(T(Q)), then V(T(G))\ D € DY (T(G)).
(ii) If f(Vo, Vi, Va) is a v2%(T(G))-function such that |Vo| is mazimum, then Vo € ID(T(G)) and as a consequence,
Vi UV, € DY(T(Q)).
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Proof. Let D € TD(T(G)). This implies that V(T(G)) \ D is a vertex cover of T(G). Since every vertex in T(G)
is contained in a triangle, it follows that V(T(G)) \ D € D¢(T(G)), which completes the proof of (i). Now, let
f(Vo, Vi, Va) be a 4% (T(G))-function such that |Vp| is maximum. By definition we have that Vj is an independent
set of T(G). Now, it is straightforward that Nyg)(v) N'Vy # 0 for every vertex v € Va. If there exists a vertex
v € V1 such that Ny(g)(v) € V1 U Vs, then for any vertex u € Nyg)(v) we have that the function f'(Vy, VY, V5);
defined by f’(v) =0, f'(u) = 2 and f'(x) = f(z) whenever x € V(T(Q)) \ {v,u}; is a 7%(T(G))-function such
that [Vj| > [Vp|, which is a contradiction. Hence, Ny(g)(v) N Vo # 0 for every vertex v € V1. So, Vo € ID(T(G))
and as a consequence, Statement (i) leads to V3 U Va € DY*(T(G)), which completes the proof of (ii). O

We now consider a kind of partial total domination version in a graph H introduced in [7]. Let A C V(H) be
any given set of a nontrivial connected graph H. We say that D4 C V(H) is a total dominating set with respect
to A in H (A-total dominating set in H for short) if every vertex in A is adjacent to at least one vertex in Dy.
The total domination number with respect to A in H, denoted by ~:(A, H), is the minimum cardinality among
all A-total dominating sets in H. A (A, H)-set is an A-total dominating set in H of cardinality ~v:(A, H).
Observe that if A =V (H), then (A, H) becomes the standard total domination number of H.

As shown in the next theorem, the above concept is fundamental to obtain a closed formula for the outer-
independent total Roman domination number of T(G).

Theorem 5.4. For any nontrivial connected graph G of order n and size m,
YR(T(G)) = n+m —max{|I| = %(I,T(G)) : I € ID(T(G))}.

Proof. Let f(Vo, V1, Va) be a 4% (T(G))-function such that |V is maximum. By Lemma 5.3 (ii) we have that Vj €
ID(T(G)) and V1 UV, € DY(T(G)). Observe that V3 is a Vp-total dominating set in T(G). Hence, v:(Vp, T(G)) <
[Va|. If 4 (Vo, T(Q)) < |Va|, then from any ~;(Vp, T(G))-set I, the function f’; defined by f'(z) = 2 if z € I,
fllx) =1ifx e (ViUVW)\T and f'(x) = 0 whenever = € Vp; is an OITRDF on T(G) such that w(f’) =
211+ |(Vi UV \ I| = |I| + |Va] + [Vi| < 2|Va| + V1| = v2L(T(G)), a contradiction. Hence, v:(Vo, T(G)) = |V,
which implies that Va is a v:(Vy, T(G))-set. Due to the fact that 725 (T(GQ)) = 2|Va|+|V1| and |Vo| + [Vi| + V2| =
[V(T(@))| = n + m, it follows that

WR(T(G)) = n+m — (Vo| = [Va]) = n+m — max{|I| - %(I,T(G)) : I € ID(T(G))}.

On the other hand, let I' € ZD(T(G)) such that |I'| — v(I’, T(G)) is maximum. Let D’ be a v (I’, T(G))-set.
Observe that the function g; defined by g(z) =2 if x € D/, g(x) =1 if x € V(T(G)) \ (I’ UD’) and g(z) =0
whenever x € I'; is an OITRDF on T(G). Thus,

YR(T(G)) <w(g) = 2|D'| +|V(T(G) \ (I' U D)
=n+m— (|I'| - |D'])
= n+m —max{|I| — (I,T(G)) : I € TD(T(G))}.

As a consequence, it follows that 724 (T(G)) = n+m—max{|I|—v(I,T(G)) : I € ID(T(G))}, which completes
the proof. |

6. CONCLUDING REMARKS

In this article, we address the problem of obtaining closed formulas for the outer-independent total domination
number and the outer-independent total Roman domination number of the central graph C(G), the middle graph
M(G), the graph operator R(G) and the total graph T(G). As a consequence of this study, several open questions
arise, which we outline below:

— Extend the study of the two parameters considered in this paper to other well-known graph operators.
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1]

Study other domination parameters on these graph operators and analyze how the results relate to the ones
obtained here. For instance, it is straightforward to verify that v(R(G)) = B(G), which consequently implies
by Theorem 4.3 that 775 (R(G)) = n + v(R(Q)).

From Theorem 5.4, it follows that 77 (T(G)) + 1 < 724(T(G)) < 297(T(G)). We propose the problem of
characterizing all graphs for which these equalities hold.
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