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MINIMIZING BICRITERIA SCHEDULING OF TWO-COMPONENT JOBS ON A
BOUNDED SERIES-BATCHING MACHINE

CHENG HE*, HAO LIN, YUAN ZHANG, XIN CHAI AND CUNCHANG GU

Abstract. Minimizing maximum cost and makespan simultaneously on a bounded series-batching
machine is considered in the paper, in which each job contains a specific component and a standard
component. Specific components are scheduled separately, while standard components are scheduled
in batches. Completing a job means that its two components have been completed. Additionally, the
two components of a job can be scheduled in any order. We present an O(n?*)-time algorithm for the
simultaneous optimization scheduling problem. When the maximum cost is the maximum lateness,
time complexity of the algorithm is O(n®logn) time.
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1. INTRODUCTION

Assume that starting from time zero, there are a bounded series-batching machine available and n jobs
1,2,...,n. Each job j contains a specific component and a standard component, and p; and g; are their
processing times, respectively. Specific components are scheduled separately, while standard components are
scheduled in batches, a batch can process at most b standard components and b < n (the unbounded batch
capacity is denoted by b > n). In addition, the processing time of a batch is the sum of processing times of
all standard components from the batch, and the standard components from the same batch have the same
starting and completion times, and there is a setup time s before processing each batch. At any time, at most
one component, can be processed on the machine and preemption is prohibited. A job is available if and only if
its two components have been completed. The two components of a job can be scheduled in any order. A series-
batching machine (denoted by “s-batch”) is usually considered a bottleneck due to its high energy consumption
and equipment cost. Therefore, makespan Cl .« is often concerned. Moreover, assume that each job has a cost
related to its completion time, but the final decision cost is determined by the maximum cost fi.x of all jobs.
For example, each job has a storage cost that depends on its storage specification. Yet, the final storage cost
depends on the highest storage scale. The paper studies the bicriteria scheduling to minimize the maximum cost
fmax and makespan Cpay simultaneously on a bounded series-batching machine. Consulting [1], our problem
can be denoted by 1|(p;, gj),s-batch, b < n|(fmax; Cmax). Seeking out all the Pareto optimal schedules and their
corresponding Pareto optimal points in polynomial time is our goal.
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Baker [2] described that two-component job problems was inspired by the production of components on
common equipment, for subsequent assembly into end items. For example, a production process has fabrication
stage and assembly stage. Final products are made from the assembly of several components. Gerodimos et al. [6]
presented a specific background of a two-component job problem, which originates from a particular industrial
application in food manufacturing where the final products are made by blending base ingredients according to
given recipes. Further, the vast majority of recipes contain only two ingredients. Since the blending operation
does not form a bottleneck in the production process, under relatively mild assumptions, the manufacturing
of food products can be modelled as a two-component job problem. To summarize, our model originates from
manufacturing systems with two stages. In the previous stage, raw materials were processed into sub products,
and in the latter stage, these sub products will be assembled into a complete product. For example, substrate
production and subsequent filling in computer assembly, the manufacturing of automotive engines, etc. It can
be seen that the application scope of our model is very wide.

Multicriteria scheduling has been widely discussed (see e.g. [3,4,14,19]) since the 1990s. Furthermore, series-
batching scheduling problems are also an important branch in scheduling field (see e.g. [4]). For the simulta-
neous optimization of bicriteria scheduling, Hoogeveen [15] showed that the problem of minimizing two max-
imum cost criteria has an O(n*)-time algorithm. He et al. [7] proved that the series-batching scheduling to
minimize makespan and maximum lateness 1|s-batch,b > n|(Lmax; Cmax) has an O(n?)-time algorithm. For
the corresponding bounded case of the above problem, He et al. [9] presented an O(n%)-time algorithm. An
O(n?)-time algorithm for problem 1|s-batch,b > n|(fmax, Cmax) is proposed by He et al. [8]. Problem 1|s-
batch,b > n (or b < n)|(fmax; Cmax) is solved in O(n?) time (referring to [5]). He et al. [10,11] solved series-
batching hierarchical optimization of two maximum costs, i.e., 1|s-batch,b > n (or b < n)|Lex( fmax, Jmax), it
O(n*) time.

The scheduling problem with two-component jobs is proposed in [2]. An O(n?)-time dynamic program-
ming algorithm for problem 1|(p;,q;), s-batch,b > n|Lmax is given by Gerodimos et al. [6]. They also
proved that 1|(pj,q;), s-batch,b > n|EU; is NP-hard, and provided a pseudo-polynomial time algorithm. For
parallel-batching scheduling 1|(p;, g;), p-batch,b > n|(fmax, Cmax), He et al. [12] offered an O(n*)-time algo-
rithm. For 1|(p;, g;), s-batch,b > n|(Lmax, Cimax), Li [17] gave an O(n?logn)-time algorithm. For 1|(p;,q;), s-
batch,b > n|(fmax, Cmax), He et al. [13] gave an O(n*)-time algorithm. For the bounded case, Li [18] sup-
plied an O(n?logn)-time algorithm for 1|(p; = p,q;),s-batch,b < n|(Lmax,Cmax), Where p; = p repre-
sents that the standard components of all jobs have equal processing time p. For our problem 1|(pj,q;), s
batch,b < n|(fmax, Cmax), an O(n*)-time algorithm is presented. Moreover, this algorithm can solve problem
1(pj, q;), s-batch, b < n|(Lmax, Cmax) in O(n?logn) time.

The paper’s structure is as follows. Section 2 states some preliminaries. Section 3 presents a polynomial-time
algorithm for our problem.

2. PRELIMINARIES

Assume that job set J := {1,2,...,n}, where 1,2,...,n is n independent jobs. Each job j contains two
components: specific component j’ and standard component j”, and p; and g; are their processing times respec-
tively. Set ' C 7. Then we call p1(T') = {5’ : j € T} and uo(T) = {j” : j € T'} the sets of specific and standard
components of ', respectively. Specific components from p1(J) are scheduled separately, while standard com-
ponents from ps(J) are scheduled in batches on a bounded series-batching machine. Let batch capacity be b.
Then ‘bounded’ means that the machine can schedule no more than b standard components at the same time
(with b < n); ‘series-batching’ means that the standard components from a batch have the same starting and
completion times, the processing time of a batch is the sum of processing time of all standard components from
the batch, and there is a setup time s before processing each batch. So, completing standard component ;"
means that the batch that contains 7" is completed, completing a job means that its two components have
been completed. Besides, job j has a due date d; and a nondecreasing cost function f;(¢), where ¢ denotes the
completion time of job j (j = 1,2,...,n) in a schedule. For a given schedule o, let Cj/(c) and Cj» (o) and
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Cj (o) be the completion times of specific component j” and standard component ;5 and job j in o, respectively.
Then the cost of job j in o is f;j(0) = f;(Cj(0)), and name fiax(0) = max}_; f;(o) the maximum cost of o. In
addition, L;(0) = L;(Cj(0)) — d;j and Liax(0) = max}_; L;(o) are called lateness of job j and the maximum
lateness of o, respectively. For the sake of argument, all job parameters and cost functions are assumed to be
integers.

If all jobs arrive at time 0, then the problems to minimize a nondecreasing objective function must
have an optimal schedule without idle time. Therefore, only schedules with this attribute are considered.
Consequently, a schedule o is actually a sequence composed of batches and specific components. That is,
o = (Ao, B1, A1, B2, As, ..., B, A,), where (By, Ba, ..., B;) is a batch sequence of uy(J) and (Ao, A1, ..., Ar)
is a schedule of p1(J), and B; # 0 for 1 < i < r, and each A; is a subschedule of u1(7) and there may exist
0 < ¢ <rsuch that A; = 0. Let [y :== [%] Note that n jobs are separated into at least [y batches and at most
n batches in any feasible schedule, i.e., l[p < r < n. The processing times of subschedule A; and batch B; are
p(A;) = Ejica,p; and ¢(B;) = X,rcB,q;, respectively. Let T := X;c5(p; + g;). Then the makespan of schedule
018 Crax(0) = rs+27_1q¢(B;) + XI_op(4;) = rs+T. In addition, let C(A;) and C(B;) be the completion times
of A; and B; for all i’s values, respectively. Then C(B;) = C(A4;-1) + s+ ¢(B;) and C(A;) = C(B;) + p(A;) for
all ¢’s values.

Definition 1. Let o be a feasible schedule of problem «|f8|(fmax; Cmax)- If fmax(T) > fmax(0) or Cpax(m) >
Cax(0) for any feasible schedule 7 (# o), then o is a Pareto optimal schedule of a|8|(fmax, Cmax) and
(fmax(0), Cinax(0)) is called Pareto optimal point corresponding to Pareto optimal schedule o.

Suppose that a|f < z|g is solvable. Then all Pareto optimal schedules of «||(f, g) can be found by unilateral
e-constraint approach in the following.

Unilateral s-constraint approach ([14]): Suppose that 7! is an optimal schedule for a|f < z|g and (z',y!) :=
(f(m1), g(w!)), where z is an upper bound of f. Let (2, %) be a previous obtained point. Then generate a schedule
7 by solving a| f < z|g (or a|f < x'—1|g if g is integral) and the next point (™!, y*1) = (f(7'T1), g(x*)).
Repeat the above process until a|f < z¢|g is infeasible.

Theorem 1 ([14]). All Pareto optimal schedules of a||(f, g) can be derived by Unilateral e-constraint approach.

3. A POLYNOMIAL-TIME ALGORITHM

Theorem 1 indicates that solving problem 1|(p;,q;),s-batch,b < n|(fmax, Cmax) is equivalent to solving a
series of constraint problems 1|(p;, q;), s-batch, b < n, fmax < f|Cmax (Abbreviation Py) for f < f < f, where
f and f are upper bound and lower bound of fiay, respectively. Without loss of generality, for any feasible
schedule o of Py, let 0 := (Ao, By, A1, By, As, ..., By, A,), where (Ag, Ay,..., A;) is a schedule of p;(J) and
(By, B, ..., B,) is a batch sequence of yio(J) and lop < r < n.Let A7 ' :={j:j € A;}and B; ' := {j : j € B;}
for 1<i<r. Let ' CJ and p(I') := Ejerp; and ¢(I") := Ejerg;.

Lemma 1. If Py is feasible, then there is an optimal schedule o = (Ao, B1,A1,..., By, Ay) so that specific
component j' is scheduled after the standard component j”, i.e., C;j(0) = Cj/(c) > Cjn (o), for any 1 < j <n.

Proof. If job j satisfies Cj(c) = Cji (o) > Cj/(0), then let j/ € A; and j” € By. Thus we have ¢ < k. Let
o’ come from o by shifting specific component j’ to the beginning of Aj. Then Cj(¢’) = Cji(¢') = Cjn (o)
and Cj(0’") < Cy(o) for I # j. Therefore, Chpax(0’) = Cnax(0) and fi(c’) < fi(o) < f for 1 <1 < n by the
nondecreasing property of all costs, i.e., o’ is also optimal for P; by the optimality of o. Set o := ¢’. Finally, a
required schedule o can be derived by repeating the above process, completes the proof. O

From Lemma 1, we have Ay = 0. So we assume that o := (B, Ay,..., B, A;) for any feasible schedule.
For convenience of explanation, suppose that all jobs are indexed in LPT-rule of standard components, i.e.,
q1> g2 > -+ > qp (a tie is arbitrarily broken), and let |I'| and |B;| and |A;| be the numbers of jobs in " and
standard components in B; and the specific components in A; for 1 < i < r, respectively.
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Lemma 2. If Py is feasible, then there exists an optimal schedule 0 = (B1, A1, ..., By, A;) that satisfies:

(1) Let 1 <i <k <r. Then f;(C(By)) > f for any j' € A;, i.e., while keeping the feasibility, every specific
component is scheduled as far back as possible. B

(2) For1<i<r, letT; =U;cpey Ar ' \Uii1<per By ' and T; consist of the min{b, |T;|} jobs with the smallest
index from T; (i.e., if s,t €T; and s < t, then if t € fi, then s € T';. So I'; contains min{b, |T;|} smallest-
numbered jobs among those that are completed after B;, excluding those for which both components take
place after B;). Then B; = pa(T).

Proof. (1) Assume that o satisfies Lemma 1. If there is a specific component j° € A; and a k > i satisfying
f;(C(Bg)) < f (where we choose k as large as possible), then let ¢’ come from o by moving j’ to the beginning
of Ay. Then Cj/(0') = C(Bg) > C(A;) > Cji (o) > Cjn (o) = Cjrn(0’) by Lemma 1 and Cj(o’) < Cy(o) for I # j.
ThUS, Cj(a/) = Cj’(gl) = C(Bk) Therefore, fj(gl) = fJ(C(Bk)) < f and fl(a/) < fl(a) < fmax(a) < f for
l# j, i.e., o’ is also a feasible schedule for P;. Hence, o’ is also optimal for Py by Cmax(0’) = Cmax(0) and the
optimality of o. Set o := ¢’. By repeating the above process, we can finally obtain the required schedule o.

(2) If (2) is false, then let B; be the last batch that does not satisfy the definition of batch in (2), i.e., B; =
1o (fz) for[+1 <i<rand B] # /ig(fl). Without loss of generality, assume that o be the optimal schedule with
the smallest { subscript among all optimal schedules of Py, i.e., for any optimal schedule ¢’ = (B, A}, ..., B., A])
of Py, assume that B] = p2(Ly) for ' +1 < i < r and By, # pi2(Ty). Then { < I'. From Lemmas 1 and 2(1),
we have By C uo(Ty) and |B;| < min{b,|Ty|}. If |B;| < min{b,|Ty|}, then let j := min{k|k € T;\ B; '} and
j"” € By. Then h <l and Cj(0) = Cj/(0) > C(B;) by the definition of j and Lemma 1. Let ¢’ come from o by
shifting 7 from By, to B;. Then |B;|J{j"}| = |Bi| + 1 < min{b, |I';|} +1 < b and Ck(0’) < Ci(0) for k # j and
C;(d") = Cj(0). Therefore, o’ is also optimal for Py from the optimality of 0. Set o := ¢’. Repeating the above
process until [B;| = min{b, |I';|}. Hence, |Bi| = Tl

If b > |, then [By| = ITy| = Ty by the definition of I, and we have B; = ps(T}) = ,ug(fl) by B; C p2(T)
and the definition of T';. So if B; # ua(I;), then b < |Iy| and |B;| = |Iy| = b. Thus, 1B \ Tyl = Iy \ B >o0.
According to the selection rule of the jobs in I‘l, we have ¢, > ¢, (if ¢, = ¢y, then u and v are considered
equivalent) for any u € fl \ Bl_1 and v € Bl_1 \fl Let v’ € By. Then h < [ by the definition of f‘l. Let

= (By,4],..., B}, Al) be the schedule obtained by exchanging the positions of ” and v" in o, i.e., A}, = A
for 1 <k <rand B), = By, for k # h,l and Bj, = (B, \{v"}) J{v"} and B} = (Bl\{v”}) U{u”} Then Ck( )
Ci(o) for 1 <k <n by ¢, > q». Hence, ¢’ is also optimal for Py and |(B])~ \Fl| = |B; ! \I’l\ —1<|B7I\Ty|.
Set o := o’. Repeating the above process until |(B])~* \I‘l| =0, i.e, B = ul(l"l) Then o’ is also optimal for
P; and B] = 1 (T;) for I < i < r, which contradicts to the definition of o (with the smallest 1). Therefore, (2)
is true, i.e., B; = Mg(fi) for1 <i<r. O

By adjusting Lawler’s algorithm in [16], we obtain A for 1 < k <.

Lemma 3. Let 0 = (By,A1,...,Br, A;) be an optimal schedule of Py. Then for 1 < k < r, any specific
component j' from Ay can be processed at the end of Ay if f;(ty) < f, where ty = C(Ag) and t, =rs+1T.

Proof. By Lemma 1, we have C; (o) = Cj/(o) for any job 1 < j < nin 0. Assume that Ay = (kq,k3,... &, ) (1 <
k < r). Then Cy, (o) =ty and fi, (tx) < f. Let kj € Ay with fi, (tx) < f and « # hy. Then updating
Ay = (k1 k1 K, - kg k). After updating Ay, we still have fiax(0) < f and Cpax(0) =75+ T, as

required. O

Lemma 3 gives a rule for constructing subschedule A (1 < k < r): from back to front, at current time
t, arbitrarily select a job j from the current available jobs and schedule j’ in the interval [t — p;,t]. In the
following, when a feasible schedule ¢ := (By, A1, ..., By, A,) of Py is mentioned, it implies that Ay (1 <k <)
are determined according to the rule. Clearly, n standard components can form up to n batches and at least
[#] batches in any feasible schedule. To simplify the discussion, we insert n — r empty batches and n —r
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empty subschedules before the beginning of ¢ so that o contains exactly n subschedules and n batches, write
the new schedule as o', i.e., o/ = (B, A},..., B, Al) with Al =---=A,__ =0and Bj=---=B,_, =10
and A/ _ ek = Ak and B! _ var = Br for 1 <k <randr > [%W And in the following, we agree that setup
time s = 0 if B), = () for any 1 < k < n. Obviously, Crhax(0’) = Cmax(0) and fmax(0’) = fmax(c). Hence,
our problem has not been affected after the introduction of empty subschedules and empty batches. So in the
following, suppose that a feasible schedule of Py is 0 := (B1, A1,..., By, Ay), where A; =--- = A,,_, = and

By =---=DB,_, =0 and By # () (there may be Ay =0) forn —r+ 1<k <nandr>[%].

Definition 2. A feasible schedule o = (B1, A1, ..., By, A,) of Py is called adjoint-schedule if o satisfies Lem-
mas 1-3 and ¢ has no idle time. An optimal schedule of problem Py is called the optimal adjoint-schedule if it
is an adjoint-schedule.

From Lemmas 1-3, we have Corollary 1.
Corollary 1. For any given f, Py has an optimal adjoint-schedule if Py is feasible.

Next, only adjoint-schedules with [3] < 7 < n is considered. Let [|o|| be the number of the nonempty batches
contained in o.

Lemma 4. Let 0 = (B1,A41,...,Bn, Ay) and o' = (B}, A},..., B, Al) be optimal adjoint-schedules corre-
sponding to problems Py and Py with f' < f respectively, and let ||o|| = r and ||o’|| =r'. Then for 1 <i<n,
we have

) Crax(0") > Cax(0), ie., v’ > 1.
)t > t;, where t; = C'(4;) and t; = C(A).
) Uz<l<n( ) ! C Uz<l<n A_

4) Yici<n |Bl| < Yici<n ‘Bl|

5) Yicien U(B)) <X ici<p 4(By).

Proof. From f" < f, ¢’ is a feasible schedule for P;. So Cryax(0”') > Crax(0), t.e., 7's+T > rs+T. So (1) holds.
And we have U, 1<j<, At = p1(J) and U,,_, .1 <1<, Bt = p2(J). Hence, (2)-(5) hold for 1 <i <n —r+ 1.
Next, We prove that (2)—(5) hold for n — r + 2 < ¢ < n by inductive hypothesis about 4. From the known
conditions and (1), we have t], = Cpax(0’') > Cpax(0) = t,. It is feasible to schedule A/ in the interval
[t — p(AL),t)] with respect to fmax < f’, it is also feasible to schedule A/ in the interval [t,, — p(A}), t,] with
respect to fuax < f by f/ < f and t/, > t, and the definition of ¢’. Therefore, we have (A4])~! C A ! by
Lemma 2(1). And |B},| < |B,| and ¢(B},) < q(B,) by Lemma 2(2). Hence, (2)—(5) hold for i = n. Assume that
(2)—(5) hold for ¢ = k + 1 > n — r + 3. Next, we prove that (2)—(5) hold for i = k.

From (1) and the above assumption, we have t; — p((A4}) "' NUpi1<i<n ATY) = Cpax(d’) — (n —

k)s — Zk+1§l§n(p(A2) +1q(Bl/)) - p((4;)! mUk+1§l§n Az_l) = Cmax(0) = (n — k)s — (p(Uk+1§l§n A +
p((AZ)_l ﬂUnglgn A - q(Uk+1§l§n B)) > Cuax(0) — (n — k)s — p(Unglgn Ar) - q(Ungzgn B) =
Cmax(0) — (0 —k)s = > 1<1<n(P(A1) + q(B1)) = tg. So (2) holds for i = k. Since scheduling Aj in the inter-
val [t} — p(A}), ;] is feasible with respect to fmax(0’) < f’, scheduling subschedule A |A,) NUpsrcicn A7
in the interval [tx — p((A})~* \ Uks1<i<n A1), 1] is also feasible with respect to fumax(o) < f by t, —
p((A) ' NUks1<1<n A;Y) >ty and f > f/, where notation A|p represents the schedule obtained by confining
A to set B. Thus, (A%) 7"\ Upsr<i<n A1 € Ay ' by the definition of Ag. Hence, Uj</<, (A7) 7 € Upcicn A7
by assumption Uy 41 <<, (A1) 7" € Uppi<i<n A7t e, (3) holds for i = k.

(i) If [Bi| < b, then U<, Bt = Uk<i<n A7! by Lemma 2(2). So nglgn(Bz/)_l < nglgn(Af)_l <
Uk<i<n Al = Uk<i<n B[ ! by the definition of o’ and (3), i.e., Uk<i<n Bi € Up<i<n, Bi- Thus, (4)~(5) hold for

1=k

(1
(2
(3
(
(
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(ii) If |Bk| = b, then |Bllg‘ < b = |Bgl| So Zk<l<n|Bl‘ < Zk<l<n |Bi| by assumption Zk+1<l<n|Bl| <
Y kt1<i<n |Bil; i-e., (4) holds for i = k. Next, we prove that (5) holds for i = k.

Let Qy := UkAglgn B, lUk‘SZSAn B and Q} = Up<i<,, B \ nglén B;. Then |Qy| > |Q).| by (4), and (5) is
equivalent to ¢(Qr) > ¢(Q}). If Q). = 0, then (5) holds for i = k. If Q). # (), we can define an injective mapping
¢ : Q) — Qp such that if p(j”) =", then ¢, > ¢;. The method is as follows.

Step 0 Lett:=1landv:=1andw:=1andl; :=k and Q,, := @k and Q. == @2

Step 1 Let ¢;, = maxjreqr, q; and j, € By (if there exists j” € @, with ¢; = ¢;, and j” € B}, then
hy > k', i.e., a tie is broken by choosing the standard component with the largest completion time) Then
hy > 1y and j, € Uhtglgn(A;)’1 C Un,<i<n A;! by Lemma 2(2) and (3), and j ¢ Uk<i<n B1 by jy € Q-
S0 jiy € Uyeien A7t \Uuti<icn B! =T, for k <u < hy. Thus, j, is candidate job when deciding batch
By (k<I1<hy) by Lemma 2(2). On the other hand, by j; ¢ Uy<;<p,, Bi and Lemma 2(2) and the definition
of j,, we have |B;| = b for k <[ < h; and

Qu 2 5, = 45 ()

for any u" € Uk<l<h By and j” € Q. Let 71 := [Q), mUk<z<h Byl and x5 == |Qu mUk<z<h, By|.
Step 2 If 21 < z9, then let the jobs in @/, N Uk<l<h Bj and x; jobs selected randomly from Qw N Uk<l<ht B

form a one-to-one mapping. Then the one-to-one mapping satisfies ¢, > ¢; when ¢(j”) = u” by ().
Let w := w —|— 1 and Qw come from Q,,_1 by deleting the x; jobs that have formed the above mapping
and @, = 1\ (Qo 1ﬂUk<l<hf 1) = 1mUht+1<l<n B = Uht+1<l<n B\ Uk<l<n 1. Clearly,

|Quw| = |Qw 1| —x > Q4| —x1 = |Q’ | is stlll true by |Qu_1| > |Q),_1|. If Q), = 0, then (5) holds for
1 = k, stop. Otherwise, let v:=v+1and ¢t :=¢t+ 1 and l; := h;_1 + 1 and return to Step 1.

Step 3 If #; > =z, then let H = (U, B)N(U/- o1 B)). From maBl = () and B’ﬂB’ =0
for any 1 < h < [ < n, we have z1 = \QkﬂU Bl| = |( )\(Ul kBl)| = \U |f
Uiy B N, Bl = I( ?;anm(UhmBlnand @y = |Qmul:sz|—|<Ul:sz>\<ukggnBl>\—

(U Bil = U B DU BOL = (UL Bo) Ny 41 B, we have
he n
(G=)n( v =)
I=h;+1

U0, 210
(H@ﬂ&%ﬂ%(g@ (05

(by |Bi| = b and |B]| < b for k <1< hy).

Tl — T2 =

Hence,

|H| =
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()0 #) (0 #)n(ye)

>xy —xy  (by hy > k).

>

It indicates that there exist at least x1 — z2 jobs in (U, <;<),, Bi that belong to Uy, 1 1<;<,, B;- Let Cyr (o) =
max{Cj(0') : j” € H} and 2" € B,,(\By,, and let t :=t+ 1 and hy :=h. Then k <m < hy_y < hy_1 +1 <
ht < n by the definitions of H and z. Similar to the previous proof, we infer that x is candidate job when
deciding batch B; (m < < hy) by Lemma 2(2). On the other hand, by " ¢ U,,,,1<,<;,, B and Lemma 2(2)
and the definition of x, we have |B;| = b for m+1 <1 < h; and ¢, > ¢, for any u” € Um+1<l<ht B; by the
definition of = and (3) and Lemma 2(2). In addition, we have ¢, > ¢;, by " € B,, and k <m < hy_; and (x).
So

Qu = 45, (**)

for any u" € U, 11<j<p, Bi- From (x) and (+*) and the definition of j,, we have

Qu 2 g, 2 4 (***)
for any u” € Uy<;<p, Bi and j" € @), NUy<;<p, Bi- Therefore,

Qu = G5, = 45 (F*F)

for any v’ € Qu\Uk<i<p, Bi and j” € Q, NUi<i<n, Bi- Updating z1 = [Q;, NUp<;<p, Bil and z2 =
|Quw MUk<i<n, Bil and go back to Step 2.

Whether it’s 1 < x9 or x1 > x9, we have hy < hyy; (if exists, because when ¢ = 1, the process might
stop). From Qx| > |Qy| and hy < hyyq and |Q| > |Q} 4], we can infer that Q) = 0 in Step 2 can be
achieved after Steps 1-3 are repeated at most n — k + 1 times. When @}, = 0 occurs, for each j” € Q;w we
have found u” € Qj, with g, > g;j so that ¢(j”) = «’. And for any j”,h" € @;c, if j # h, then ¢(5”) # p(h").
Therefore, the required injective mapping ¢ : @2 — @k is derived. Further, we have q(@k) > q(@jg) So
S kcicn 1B — Ypcicn a(B)) = a(Qr) — q(Q},) > 0 by the definitions of @}, and Qy, i.c., (5) holds for i = k.

Above all, (2)—(5) hold for ¢ = k. By inductive hypothesis about i, we have (2)—(5) hold. It completes the
proof. O

Let 7(J) denote the Pareto optimal set of 1|(pj,q;),s-batch,b < n|(fmax, Cmax). From Lemmas 2-4 and
Corollary 1, we obtain the following Pareto optimal algorithm for 1|(p;, g;), s-batch, b < n|( fmax, Cmax)-

Algorithm PO

Step 1 Initially, let f© := +oc and k := 0 and o* := (BY, A}, ..., BE, A%) with |[o*]] = lp = [%#], where A%
is any schedule of 3 (J) and A¥ := ) for 1 <i < n — 1, and BF is decided according to Lemma 2(2) for
1<i<n.Let h:=1and 7, := 0" and t := Crax(cF) = lps + T and k := k + 1 and f" := frax(m) — 1.

Step 2 Let A¥ := () and BF := () for 1 <i < n, and let I'’* be a list with n empty positions and [ := n.

Step 3 If (Af*l)_1 = (), then go to Step 4. Otherwise go to Step 5.

Step 4 If there is j € (AF™1)~1 such that f;(t) < f", then set (AF~')~1 := (AF~1)~"\{j} and AF = (5', A})
and t :=t — p;, and updating I'* by inserting job j into T'* according to LPT-rule of standard components
and go back to Step 3. Otherwise, f;(t) > f" for all j € (AF~1)~1. If | = 1, then there is no feasible schedule
with I, _1(= n) nonempty batches for problem P, go to Step 7. If I > 1, then let Af__ll = (Af__ll7 Af_l).

Step 5 If I'* = (), then there is no feasible schedule with at least I;,_; nonempty batches for Py, go to Step
7; if T% % (), then let T; be the job set consisting of the first min{b, |T"*|} jobs in T'* and B} := us(T;), and
let t :=t — q(BF) —s and T% := T\ Ty and [ := [ — 1.
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Step 6 Ifl>mn —1I;_1+ 1, then go back to Step 3. Otherwise l =n — [_1.
(6.1) If t = 0, then we get a feasible schedule o := (B¥, A% ... BE AF) (with ||o*|| = lx_1) for problem
Ppn. Let h := h+ 1 and 7, = oF and Iy := lx_1 and t := Chpax(0*) = lps + T and k := k + 1 and
f" := fmax(7) — 1 and go back to Step 2.
(6.2) If t > 0 (which implies [ > 1 due to the continuity of nonempty batch), then there is no feasible
schedule with /;_; nonempty batches for problem Pyn. Let Af := AF~t and o® == (Bf, AY, ..., B, AF)
(this serves as the foundation for the next iteration, though it may not be feasible for problem Pjn ), where
B, ..., BF is determined by (AF)~'JT* from Lemma 2(2). Let l == l—1 + f%] (so |lo*| = Ix)
and t :=Is+ T and k := k + 1 and go back to Step 2.
Step 7 Obtain all Pareto optimal candidate schedules 1,73, ..., 7, (namely, the set {71, 7o, ..., 7} contains
all Pareto optimal schedules). Let 7(J) := 0 and v := 1.
Step 8 If v = h, then set 7(J) := 7(J) U{mo}, stop. Otherwise v < h — 1, if Cryax(my) < Crax(Tp+1), then
set m(J) = 7(J) U{mv} and v := v + 1, go back to Step 8.

The running process of Algorithm PO is illustrated by the following example.

Example Suppose that the setup time s =1 and b = 2 and fiax = Lmax. There are 6 jobs with due dates and
processing times as follows:

i1 12 [3[4]5]6
¢ 15 ] 43321
pil 3122155
d; |38 [14 [ 762724

Let fO:= 400 and k := 0 and
O_O = (@,. . .,@, {5//76//}70, {3//’4//},0,{1//72//}7 (4/7 3/7 2/76/,5/,1/)),

where AY = () for 1 <i <5 and A3 = (4',3,2,6/,5,1). So [|0°]| = lo = 3 and (fmax(0), Cmax(c?)) = (17, 39)
by T = 36. Let h:=1 and 7 := 0¥ and t := Cpax(0°) = 39 and k := 1 and f! := fax(c®) — 1 = 16.

Let Al :=0 and B} := 0 for 1 <i <6 and [ := 6 and I'! be an empty list. Since AY # (), go to Step 4. From
filt) =t—di =1 < fllet A = (4',3,2/,6',5') and A} := (1) and t = 39 — p; = 36 and I'! := (1). Since
fs(t) =t—ds =9 < f1, let AY = (4',3,2',6') and A} := (5',1') and t = 36 — p5 = 31 and I'* := (1,5). Since
Folt) =7 < 1, let AQ = (4/,3,2') and AL := (6',5',1") and ¢ = 26 and I'* := (1,5,6). Since fo(t) = 12 < f1,
let A3 = (4',3") and A} := (2/,6",5',1’) and t = 24 and T'! := (1,2,5,6). From f3(t) > f! and f4(t) > f! and
[>1,let A2 = (4',3) and go to Step 5.

Let B :={1",2"}andt=24—q —qa—s=14 and ' := (5,6) and [ :=1—1=5. Since [ > 6 —3+ 1 = 4,
go back to Step 3. Similar to the aforementioned process, Al = (4/,3’) and I'! := (3,4,5,6). So B := {3",4"}
and B} := {5”,6"} and ¢t = 0 and obtain a feasible schedule

01 = (®7 trt ®7 {5//7 6”}’ 05 {3”7 4//}7 (4/7 3/)7 {1/,7 2”}? (2/? 6,7 5/7 1/))

with (fimax(01), Cmax(ct)) = (12,39). Let h:=h+1 =2 and m := 0! and [ := 3 and t := Cpax(c!) = 39 and
k:=2 and f? := 11 and go back to Step 2.

Continue to run the aforementioned process, we obtain AZ := (6',5',1’) and B2 := {1”,5"} and t = 18
and I'? := (6) and A} = (4,3,2'). Hence, A2 := (4,3/,2') and I'? := (2,3,4,6) and B? := {2”,3"} and
B2 :={4",6"} and t = 0. Therefore, obtain a feasible schedule

0_2 = (@7 A @7 {4//7 6,/}, @, {21/,3/1}7 (4/7 3/, 2/), {]_//7 5//}7 (617 5/7 1/))

with (fmax(02), Cinax(02)) = (9,39). Let h := 3 and 73 := 02 and Iy := 3 and t := Cpax(0?) = 39 and k := 3
and f3 := 8 and go back to Step 2.
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Repeat the above process, obtain A3 := (1’) and Bf := {1”} and t = 30 and I'? is an empty list and
A% = (4,3,2',6",5)). So A3 = (2/,6",5',) and BE := {2”,5"} and t = 11 and I'* = (6) and A% = (4',3’). Thus,
A} = (4,3) and B} := {3",4"} and | =3 =n — Iy and t = 2 > 0. So there is no feasible schedule with 3
nonempty batches for problem Pjs. Let o® := (0,---,0,{6"},0,{3",4"},(4,3),{2",5"},(2,6',5"), {1"},(1")).
Let I3 :=4 and t := 40 and k := 4 and f* := f3 = 8 and go back to Step 2.

Repeat the above process, we obtain Ag := (1') and B := {1”} and t = 31 and I'? is an empty list and
A3 = (2/,6',5,). So A2 = (2/,6',5,) and Bi := {2",5"} and t = 12 and I'* = (6) and A3 = (4',3’). Thus,
A} = (4,3') and B} := {3",4"} and B3 := {6"}. So obtain a feasible schedule

ot = (0.0,0,0,{6"},0,{3", 4"}, (4,3, {2",5"}, (2,¢",5"), {1"}, (1))

with (fmax(0?), Cmax(c?)) = (7,40). Let h := 4 and 7y := 0* and I := 4 and t := Cyax(0*) = 40 and k := 5
and f% := 6 and go back to Step 2.
Similarly, we obtain a feasible schedule

od = (07 (Z), @,@7 {3//74//}’ (4/’ 3/)’ {2//}’ (2/’ )7 {5”,6”}, (6/, 5/)’ {1//}7 (1/))

with (fmax(0?), Cmax(0?)) = (4,40). Let h := 5 and 75 := 0® and Iy := 4 and t := Cyax(0®) = 40 and k := 6
and f% := 3 and go back to Step 2.

Continue to run the aforementioned process, we receive that there is no feasible schedule with at least 4
nonempty batches for problem Pys, go to Step 7.

Since Crnax (1) = Chax(m2) = Cax(m3) = 39 < 40 = Chnax(74) = Chax(75), we have 7(J) ={m3, 75 }. Hence,
m3 and 75 are all Pareto optimal schedules, the corresponding Pareto optimal points are (9,39) and (4,40),
respectively.

Lemma 5. Let m; (1 <i < h) come from Algorithm PO. Then m; is the optimal adjoint-schedule of Pyi-1.

Proof. m; is a feasible adjoint-schedule of Pi—1 for 1 < i < h, derived from the running process of Algorithm
PO. Next, we prove the result by inductive hypothesis about 1.

Clearly, 71 (which contains [y = [%] nonempty batches) is the optimal adjoint-schedule of problem Pyo.
Assume that 7, == ol = (B, A},..., B, Al) is the optimal adjoint-schedule of problem Psr-1. We are going
to prove that 41 is the optimal adjoint-schedule of problem Pyx. If the result is false, let w41 = ol =
(BY, AV, ... BI, Al) (with [ < I'), and assume that o := (B, Ai,..., By, Ay,) is the optimal adjoint-schedule
of Psr. By inductive hypothesis and Lemma 4 and fF < fF1 for 1 <i < n, we have

(1) C(Al) < C(4y).

From the running process of Algorithm PO, we obtain schedules o'*1, 6'+2, ... ¢! (= mp41) based on o (=
7)) with fuax < f* kept unchanged. From (1)-(2) and the running rule of Algorithm PO and the definition
of o, we have C(A™!) < C(4;) and Uicg<n 49 € Uicy<n ALt for 1 < i < n. Similarly, we can prove that
C(AT) < C(A;) and Uigggn A, C Uigggn Ay for 1 <o < n, where [ +2 < r < . Thereby, Chax(mr+1) =
C(Ai;) < C(Ayn) = Crax(0). Since w41 is a feasible adjoint-schedule of Pyr, we have Chax(mri1) = Crmax(0)
by the optimality of o. Therefore, 741 is the optimal adjoint-schedule of Pj». O

Theorem 2. Algorithm PO can solve problem 1|(p;, q;), s-batch,b < n|(fmax, Cmax) in O(n*) time.

Proof. The correctness of Algorithm PO comes from Theorem 1 and Lemma 5 and Corollary 1. Moreover, from
the picking rule of the schedules in Steps 7-8, w(J) that is obtained by Algorithm PO is the Pareto optimal
set of 1|(p;, q;),s-batch, b < n|(fmax, Cmax)-

Next, we analyze the complexity of Algorithm PO. O(nlogn) time is needed to run Step 1. Steps 26 are
one round that needs O(n? + nlogn) = O(n?) time, i.e., it takes O(n?) time to yield o* from o*~!. In each
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round, each specific component can only move forward (assume that a specific component moves from Ay to
A; (k # 1). Then “move forward” means k > i), and at least one specific component is moved forward (except
the round that appears after the number of the nonempty batches increases, i.e., if (6.2) occurs, then it is
possible that o* = o**1. For example, 0 = ¢* in Example. This case involves at most O(n) rounds). Each
specific component can traverse up to n — 1 sets. Thus, there is at most O(n? 4+ n) = O(n?) rounds. So O(n*)

time is needed to run all rounds. And the set {m,m2,..., 7} contains at most O(n?) schedules and satisfies
Fmax(T1) > fmax(m2) > +++ > fuax(7h). Hence, it takes O(n?®) time to compute and pick all Pareto optimal
points. So the total running time of Algorithm PO is O(n*) time. O

We can derive the following corollaries by Theorem 2.
Corollary 2. Problem 1|(pj,q;), s-batch,b < n|(fmax, Cmax) has at most O(n) Pareto optimal points.

Proof. Let n(J) = {m,, Tiy,-..,mi,, }(C {m1,m2,...,7}) be the Pareto optimal set (obtained by Algorithm
PO) of 1|(pj,q;),s-batch, b < n|(fmax; Cmax), and fumax (i) > fmax(Tiy) > -+ > fmax(mi,, ). Then Chpax(m,) <
Cmax(mi,) < -++ < Cnax(mi,, ). From Cpax(m;,) = |7, ||s + T and r and T are constants, we have [|m;, || <
|7, || < -+ < ||m,, || < n. Hence, the result holds. O

Corollary 3. 1|(pj,q;), s-batch,b < n|fmax can be solved in O(n*) time.

Lemma 6. If 1{(p;, q;), s-batch,b < n, Lymax < f|Cmax 15 feasible, then there exists an optimal adjoint-schedule
o0 = (B1,A1,...,By, Ay) in which the specific components are scheduled in EDD-rule, i.e., if Ci(o) < C;(o),
then di S dJ

Proof. Tt can be proved by Lemma 2 and the definition of Ly ax. O
Corollary 4. Problem 1|(p;,q;), s-batch,b < n|(Lmax, Cmax) can be solved in O(n?logn) time.

Proof. From Lemma 6, O(n + nlogn) = O(nlogn) time is needed to execute each round in Algorithm PO.
Similar to the proof of Theorem 2, problem 1|(p;, g;),s-batch, b < n|(Lmax, Cmax) can be solved in O(n?logn)
time, as required. (I
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