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MINIMIZING BICRITERIA SCHEDULING OF TWO-COMPONENT JOBS ON A
BOUNDED SERIES-BATCHING MACHINE

Cheng He*, Hao Lin, Yuan Zhang, Xin Chai and Cunchang Gu

Abstract. Minimizing maximum cost and makespan simultaneously on a bounded series-batching
machine is considered in the paper, in which each job contains a specific component and a standard
component. Specific components are scheduled separately, while standard components are scheduled
in batches. Completing a job means that its two components have been completed. Additionally, the
two components of a job can be scheduled in any order. We present an 𝑂(𝑛4)-time algorithm for the
simultaneous optimization scheduling problem. When the maximum cost is the maximum lateness,
time complexity of the algorithm is 𝑂(𝑛3 log 𝑛) time.
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1. Introduction

Assume that starting from time zero, there are a bounded series-batching machine available and 𝑛 jobs
1, 2, . . . , 𝑛. Each job 𝑗 contains a specific component and a standard component, and 𝑝𝑗 and 𝑞𝑗 are their
processing times, respectively. Specific components are scheduled separately, while standard components are
scheduled in batches, a batch can process at most 𝑏 standard components and 𝑏 < 𝑛 (the unbounded batch
capacity is denoted by 𝑏 ≥ 𝑛). In addition, the processing time of a batch is the sum of processing times of
all standard components from the batch, and the standard components from the same batch have the same
starting and completion times, and there is a setup time 𝑠 before processing each batch. At any time, at most
one component can be processed on the machine and preemption is prohibited. A job is available if and only if
its two components have been completed. The two components of a job can be scheduled in any order. A series-
batching machine (denoted by “s-batch”) is usually considered a bottleneck due to its high energy consumption
and equipment cost. Therefore, makespan 𝐶max is often concerned. Moreover, assume that each job has a cost
related to its completion time, but the final decision cost is determined by the maximum cost 𝑓max of all jobs.
For example, each job has a storage cost that depends on its storage specification. Yet, the final storage cost
depends on the highest storage scale. The paper studies the bicriteria scheduling to minimize the maximum cost
𝑓max and makespan 𝐶max simultaneously on a bounded series-batching machine. Consulting [1], our problem
can be denoted by 1|(𝑝𝑗 , 𝑞𝑗), s-batch, 𝑏 < 𝑛|(𝑓max, 𝐶max). Seeking out all the Pareto optimal schedules and their
corresponding Pareto optimal points in polynomial time is our goal.
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Baker [2] described that two-component job problems was inspired by the production of components on
common equipment, for subsequent assembly into end items. For example, a production process has fabrication
stage and assembly stage. Final products are made from the assembly of several components. Gerodimos et al. [6]
presented a specific background of a two-component job problem, which originates from a particular industrial
application in food manufacturing where the final products are made by blending base ingredients according to
given recipes. Further, the vast majority of recipes contain only two ingredients. Since the blending operation
does not form a bottleneck in the production process, under relatively mild assumptions, the manufacturing
of food products can be modelled as a two-component job problem. To summarize, our model originates from
manufacturing systems with two stages. In the previous stage, raw materials were processed into sub products,
and in the latter stage, these sub products will be assembled into a complete product. For example, substrate
production and subsequent filling in computer assembly, the manufacturing of automotive engines, etc. It can
be seen that the application scope of our model is very wide.

Multicriteria scheduling has been widely discussed (see e.g. [3,4,14,19]) since the 1990s. Furthermore, series-
batching scheduling problems are also an important branch in scheduling field (see e.g. [4]). For the simulta-
neous optimization of bicriteria scheduling, Hoogeveen [15] showed that the problem of minimizing two max-
imum cost criteria has an 𝑂(𝑛4)-time algorithm. He et al. [7] proved that the series-batching scheduling to
minimize makespan and maximum lateness 1|𝑠-𝑏𝑎𝑡𝑐ℎ, 𝑏 ≥ 𝑛|(𝐿max, 𝐶max) has an 𝑂(𝑛2)-time algorithm. For
the corresponding bounded case of the above problem, He et al. [9] presented an 𝑂(𝑛6)-time algorithm. An
𝑂(𝑛3)-time algorithm for problem 1|𝑠-𝑏𝑎𝑡𝑐ℎ, 𝑏 ≥ 𝑛|(𝑓max, 𝐶max) is proposed by He et al. [8]. Problem 1|𝑠-
𝑏𝑎𝑡𝑐ℎ, 𝑏 ≥ 𝑛 (or 𝑏 < 𝑛)|(𝑓max, 𝐶max) is solved in 𝑂(𝑛4) time (referring to [5]). He et al. [10, 11] solved series-
batching hierarchical optimization of two maximum costs, i.e., 1|𝑠-𝑏𝑎𝑡𝑐ℎ, 𝑏 ≥ 𝑛 (or 𝑏 < 𝑛)|𝐿𝑒𝑥(𝑓max, 𝑔max), in
𝑂(𝑛4) time.

The scheduling problem with two-component jobs is proposed in [2]. An 𝑂(𝑛2)-time dynamic program-
ming algorithm for problem 1|(𝑝𝑗 , 𝑞𝑗), 𝑠-𝑏𝑎𝑡𝑐ℎ, 𝑏 ≥ 𝑛|𝐿max is given by Gerodimos et al. [6]. They also
proved that 1|(𝑝𝑗 , 𝑞𝑗), 𝑠-𝑏𝑎𝑡𝑐ℎ, 𝑏 ≥ 𝑛|Σ𝑈𝑗 is NP-hard, and provided a pseudo-polynomial time algorithm. For
parallel-batching scheduling 1|(𝑝𝑗 , 𝑞𝑗), 𝑝-𝑏𝑎𝑡𝑐ℎ, 𝑏 ≥ 𝑛|(𝑓max, 𝐶max), He et al. [12] offered an 𝑂(𝑛4)-time algo-
rithm. For 1|(𝑝𝑗 , 𝑞𝑗), 𝑠-𝑏𝑎𝑡𝑐ℎ, 𝑏 ≥ 𝑛|(𝐿max, 𝐶max), Li [17] gave an 𝑂(𝑛2 log 𝑛)-time algorithm. For 1|(𝑝𝑗 , 𝑞𝑗), 𝑠-
𝑏𝑎𝑡𝑐ℎ, 𝑏 ≥ 𝑛|(𝑓max, 𝐶max), He et al. [13] gave an 𝑂(𝑛4)-time algorithm. For the bounded case, Li [18] sup-
plied an 𝑂(𝑛2 log 𝑛)-time algorithm for 1|(𝑝𝑗 = 𝑝, 𝑞𝑗), 𝑠-𝑏𝑎𝑡𝑐ℎ, 𝑏 < 𝑛|(𝐿max, 𝐶max), where 𝑝𝑗 = 𝑝 repre-
sents that the standard components of all jobs have equal processing time 𝑝. For our problem 1|(𝑝𝑗 , 𝑞𝑗), 𝑠-
𝑏𝑎𝑡𝑐ℎ, 𝑏 < 𝑛|(𝑓max, 𝐶max), an 𝑂(𝑛4)-time algorithm is presented. Moreover, this algorithm can solve problem
1|(𝑝𝑗 , 𝑞𝑗), 𝑠-𝑏𝑎𝑡𝑐ℎ, 𝑏 < 𝑛|(𝐿max, 𝐶max) in 𝑂(𝑛3 log 𝑛) time.

The paper’s structure is as follows. Section 2 states some preliminaries. Section 3 presents a polynomial-time
algorithm for our problem.

2. Preliminaries

Assume that job set 𝒥 := {1, 2, . . . , 𝑛}, where 1, 2, . . . , 𝑛 is 𝑛 independent jobs. Each job 𝑗 contains two
components: specific component 𝑗′ and standard component 𝑗′′, and 𝑝𝑗 and 𝑞𝑗 are their processing times respec-
tively. Set Γ ⊆ 𝒥 . Then we call 𝜇1(Γ) = {𝑗′ : 𝑗 ∈ Γ} and 𝜇2(Γ) = {𝑗′′ : 𝑗 ∈ Γ} the sets of specific and standard
components of Γ, respectively. Specific components from 𝜇1(𝒥 ) are scheduled separately, while standard com-
ponents from 𝜇2(𝒥 ) are scheduled in batches on a bounded series-batching machine. Let batch capacity be 𝑏.
Then ‘bounded’ means that the machine can schedule no more than 𝑏 standard components at the same time
(with 𝑏 < 𝑛); ‘series-batching’ means that the standard components from a batch have the same starting and
completion times, the processing time of a batch is the sum of processing time of all standard components from
the batch, and there is a setup time 𝑠 before processing each batch. So, completing standard component 𝑗′′

means that the batch that contains 𝑗′′ is completed, completing a job means that its two components have
been completed. Besides, job 𝑗 has a due date 𝑑𝑗 and a nondecreasing cost function 𝑓𝑗(𝑡), where 𝑡 denotes the
completion time of job 𝑗 (𝑗 = 1, 2, . . . , 𝑛) in a schedule. For a given schedule 𝜎, let 𝐶𝑗′(𝜎) and 𝐶𝑗′′(𝜎) and
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𝐶𝑗(𝜎) be the completion times of specific component 𝑗′ and standard component 𝑗′′ and job 𝑗 in 𝜎, respectively.
Then the cost of job 𝑗 in 𝜎 is 𝑓𝑗(𝜎) = 𝑓𝑗(𝐶𝑗(𝜎)), and name 𝑓max(𝜎) = max𝑛

𝑗=1 𝑓𝑗(𝜎) the maximum cost of 𝜎. In
addition, 𝐿𝑗(𝜎) = 𝐿𝑗(𝐶𝑗(𝜎)) − 𝑑𝑗 and 𝐿max(𝜎) = max𝑛

𝑗=1 𝐿𝑗(𝜎) are called lateness of job 𝑗 and the maximum
lateness of 𝜎, respectively. For the sake of argument, all job parameters and cost functions are assumed to be
integers.

If all jobs arrive at time 0, then the problems to minimize a nondecreasing objective function must
have an optimal schedule without idle time. Therefore, only schedules with this attribute are considered.
Consequently, a schedule 𝜎 is actually a sequence composed of batches and specific components. That is,
𝜎 = (𝐴0, 𝐵1, 𝐴1, 𝐵2, 𝐴2, . . . , 𝐵𝑟, 𝐴𝑟), where (𝐵1, 𝐵2, . . . , 𝐵𝑟) is a batch sequence of 𝜇2(𝒥 ) and (𝐴0, 𝐴1, . . . , 𝐴𝑟)
is a schedule of 𝜇1(𝒥 ), and 𝐵𝑖 ̸= ∅ for 1 ≤ 𝑖 ≤ 𝑟, and each 𝐴𝑖 is a subschedule of 𝜇1(𝒥 ) and there may exist
0 ≤ 𝑖 ≤ 𝑟 such that 𝐴𝑖 = ∅. Let 𝑙0 := ⌈𝑛

𝑏 ⌉. Note that 𝑛 jobs are separated into at least 𝑙0 batches and at most
𝑛 batches in any feasible schedule, i.e., 𝑙0 ≤ 𝑟 ≤ 𝑛. The processing times of subschedule 𝐴𝑖 and batch 𝐵𝑖 are
𝑝(𝐴𝑖) = Σ𝑗′∈𝐴𝑖

𝑝𝑗 and 𝑞(𝐵𝑖) = Σ𝑗′′∈𝐵𝑖
𝑞𝑗 , respectively. Let 𝑇 := Σ𝑗∈𝐽(𝑝𝑗 + 𝑞𝑗). Then the makespan of schedule

𝜎 is 𝐶max(𝜎) = 𝑟𝑠+ Σ𝑟
𝑖=1𝑞(𝐵𝑖) + Σ𝑟

𝑖=0𝑝(𝐴𝑖) = 𝑟𝑠+𝑇 . In addition, let 𝐶(𝐴𝑖) and 𝐶(𝐵𝑖) be the completion times
of 𝐴𝑖 and 𝐵𝑖 for all 𝑖’s values, respectively. Then 𝐶(𝐵𝑖) = 𝐶(𝐴𝑖−1) + 𝑠 + 𝑞(𝐵𝑖) and 𝐶(𝐴𝑖) = 𝐶(𝐵𝑖) + 𝑝(𝐴𝑖) for
all 𝑖’s values.

Definition 1. Let 𝜎 be a feasible schedule of problem 𝛼|𝛽|(𝑓max, 𝐶max). If 𝑓max(𝜋) > 𝑓max(𝜎) or 𝐶max(𝜋) >
𝐶max(𝜎) for any feasible schedule 𝜋 ( ̸= 𝜎), then 𝜎 is a Pareto optimal schedule of 𝛼|𝛽|(𝑓max, 𝐶max) and
(𝑓max(𝜎), 𝐶max(𝜎)) is called Pareto optimal point corresponding to Pareto optimal schedule 𝜎.

Suppose that 𝛼|𝑓 ≤ 𝑥|𝑔 is solvable. Then all Pareto optimal schedules of 𝛼||(𝑓, 𝑔) can be found by unilateral
𝜀-constraint approach in the following.

Unilateral 𝜀-constraint approach ([14]): Suppose that 𝜋1 is an optimal schedule for 𝛼|𝑓 ≤ 𝑥|𝑔 and (𝑥1, 𝑦1) :=
(𝑓(𝜋1), 𝑔(𝜋1)), where 𝑥 is an upper bound of 𝑓 . Let (𝑥𝑖, 𝑦𝑖) be a previous obtained point. Then generate a schedule
𝜋𝑖+1 by solving 𝛼|𝑓 < 𝑥𝑖|𝑔 (or 𝛼|𝑓 ≤ 𝑥𝑖−1|𝑔 if 𝑔 is integral) and the next point (𝑥𝑖+1, 𝑦𝑖+1) = (𝑓(𝜋𝑖+1), 𝑔(𝜋𝑖+1)).
Repeat the above process until 𝛼|𝑓 < 𝑥𝑖|𝑔 is infeasible.

Theorem 1 ([14]). All Pareto optimal schedules of 𝛼||(𝑓, 𝑔) can be derived by Unilateral 𝜀-constraint approach.

3. A polynomial-time algorithm

Theorem 1 indicates that solving problem 1|(𝑝𝑗 , 𝑞𝑗), s-batch, 𝑏 < 𝑛|(𝑓max, 𝐶max) is equivalent to solving a
series of constraint problems 1|(𝑝𝑗 , 𝑞𝑗), s-batch, 𝑏 < 𝑛, 𝑓max ≤ 𝑓 |𝐶max (Abbreviation 𝑃𝑓 ) for 𝑓 ≤ 𝑓 ≤ 𝑓 , where
𝑓 and 𝑓 are upper bound and lower bound of 𝑓max, respectively. Without loss of generality, for any feasible
schedule 𝜎 of 𝑃𝑓 , let 𝜎 := (𝐴0, 𝐵1, 𝐴1, 𝐵2, 𝐴2, . . . , 𝐵𝑟, 𝐴𝑟), where (𝐴0, 𝐴1, . . . , 𝐴𝑟) is a schedule of 𝜇1(𝒥 ) and
(𝐵1, 𝐵2, . . . , 𝐵𝑟) is a batch sequence of 𝜇2(𝒥 ) and 𝑙0 ≤ 𝑟 ≤ 𝑛. Let 𝐴−1

𝑖 := {𝑗 : 𝑗′ ∈ 𝐴𝑖} and 𝐵−1
𝑖 := {𝑗 : 𝑗′′ ∈ 𝐵𝑖}

for 1 ≤ 𝑖 ≤ 𝑟. Let Γ ⊆ 𝒥 and 𝑝(Γ) := Σ𝑗∈Γ𝑝𝑗 and 𝑞(Γ) := Σ𝑗∈Γ𝑞𝑗 .

Lemma 1. If 𝑃𝑓 is feasible, then there is an optimal schedule 𝜎 = (𝐴0, 𝐵1, 𝐴1, . . . , 𝐵𝑟, 𝐴𝑟) so that specific
component 𝑗′ is scheduled after the standard component 𝑗′′, i.e., 𝐶𝑗(𝜎) = 𝐶𝑗′(𝜎) > 𝐶𝑗′′(𝜎), for any 1 ≤ 𝑗 ≤ 𝑛.

Proof. If job 𝑗 satisfies 𝐶𝑗(𝜎) = 𝐶𝑗′′(𝜎) > 𝐶𝑗′(𝜎), then let 𝑗′ ∈ 𝐴𝑖 and 𝑗′′ ∈ 𝐵𝑘. Thus we have 𝑖 < 𝑘. Let
𝜎′ come from 𝜎 by shifting specific component 𝑗′ to the beginning of 𝐴𝑘. Then 𝐶𝑗(𝜎′) = 𝐶𝑗′(𝜎′) = 𝐶𝑗′′(𝜎)
and 𝐶𝑙(𝜎′) ≤ 𝐶𝑙(𝜎) for 𝑙 ̸= 𝑗. Therefore, 𝐶max(𝜎′) = 𝐶max(𝜎) and 𝑓𝑙(𝜎′) ≤ 𝑓𝑙(𝜎) ≤ 𝑓 for 1 ≤ 𝑙 ≤ 𝑛 by the
nondecreasing property of all costs, i.e., 𝜎′ is also optimal for 𝑃𝑓 by the optimality of 𝜎. Set 𝜎 := 𝜎′. Finally, a
required schedule 𝜎 can be derived by repeating the above process, completes the proof. �

From Lemma 1, we have 𝐴0 = ∅. So we assume that 𝜎 := (𝐵1, 𝐴1, . . . , 𝐵𝑟, 𝐴𝑟) for any feasible schedule.
For convenience of explanation, suppose that all jobs are indexed in LPT-rule of standard components, i.e.,
𝑞1 ≥ 𝑞2 ≥ · · · ≥ 𝑞𝑛 (a tie is arbitrarily broken), and let |Γ| and |𝐵𝑖| and |𝐴𝑖| be the numbers of jobs in Γ and
standard components in 𝐵𝑖 and the specific components in 𝐴𝑖 for 1 ≤ 𝑖 ≤ 𝑟, respectively.
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Lemma 2. If 𝑃𝑓 is feasible, then there exists an optimal schedule 𝜎 = (𝐵1, 𝐴1, . . . , 𝐵𝑟, 𝐴𝑟) that satisfies:

(1) Let 1 ≤ 𝑖 < 𝑘 ≤ 𝑟. Then 𝑓𝑗(𝐶(𝐵𝑘)) > 𝑓 for any 𝑗′ ∈ 𝐴𝑖, i.e., while keeping the feasibility, every specific
component is scheduled as far back as possible.

(2) For 1 ≤ 𝑖 ≤ 𝑟, let Γ𝑖 =
⋃︀

𝑖≤𝑘≤𝑟 𝐴−1
𝑘 ∖

⋃︀
𝑖+1≤𝑘≤𝑟 𝐵−1

𝑘 and ̃︀Γ𝑖 consist of the min{𝑏, |Γ𝑖|} jobs with the smallest
index from Γ𝑖 (i.e., if 𝑠, 𝑡 ∈ Γ𝑖 and 𝑠 < 𝑡, then if 𝑡 ∈ ̃︀Γ𝑖, then 𝑠 ∈ ̃︀Γ𝑖. So ̃︀Γ𝑖 contains min{𝑏, |Γ𝑖|} smallest-
numbered jobs among those that are completed after 𝐵𝑖, excluding those for which both components take
place after 𝐵𝑖). Then 𝐵𝑖 = 𝜇2(̃︀Γ𝑖).

Proof. (1) Assume that 𝜎 satisfies Lemma 1. If there is a specific component 𝑗′ ∈ 𝐴𝑖 and a 𝑘 > 𝑖 satisfying
𝑓𝑗(𝐶(𝐵𝑘)) ≤ 𝑓 (where we choose 𝑘 as large as possible), then let 𝜎′ come from 𝜎 by moving 𝑗′ to the beginning
of 𝐴𝑘. Then 𝐶𝑗′(𝜎′) = 𝐶(𝐵𝑘) > 𝐶(𝐴𝑖) ≥ 𝐶𝑗′(𝜎) > 𝐶𝑗′′(𝜎) = 𝐶𝑗′′(𝜎′) by Lemma 1 and 𝐶𝑙(𝜎′) ≤ 𝐶𝑙(𝜎) for 𝑙 ̸= 𝑗.
Thus, 𝐶𝑗(𝜎′) = 𝐶𝑗′(𝜎′) = 𝐶(𝐵𝑘). Therefore, 𝑓𝑗(𝜎′) = 𝑓𝑗(𝐶(𝐵𝑘)) ≤ 𝑓 and 𝑓𝑙(𝜎′) ≤ 𝑓𝑙(𝜎) ≤ 𝑓max(𝜎) ≤ 𝑓 for
𝑙 ̸= 𝑗, i.e., 𝜎′ is also a feasible schedule for 𝑃𝑓 . Hence, 𝜎′ is also optimal for 𝑃𝑓 by 𝐶max(𝜎′) = 𝐶max(𝜎) and the
optimality of 𝜎. Set 𝜎 := 𝜎′. By repeating the above process, we can finally obtain the required schedule 𝜎.

(2) If (2) is false, then let 𝐵𝑙 be the last batch that does not satisfy the definition of batch in (2), i.e., 𝐵𝑖 =
𝜇2(̃︀Γ𝑖) for 𝑙+1 ≤ 𝑖 ≤ 𝑟 and 𝐵𝑙 ̸= 𝜇2(̃︀Γ𝑙). Without loss of generality, assume that 𝜎 be the optimal schedule with
the smallest 𝑙 subscript among all optimal schedules of 𝑃𝑓 , i.e., for any optimal schedule 𝜎′ = (𝐵′

1, 𝐴
′
1, . . . , 𝐵

′
𝑟, 𝐴

′
𝑟)

of 𝑃𝑓 , assume that 𝐵′
𝑖 = 𝜇2(̃︀Γ𝑖) for 𝑙′ + 1 ≤ 𝑖 ≤ 𝑟 and 𝐵′

𝑙′ ̸= 𝜇2(̃︀Γ𝑙′). Then 𝑙 ≤ 𝑙′. From Lemmas 1 and 2(1),
we have 𝐵𝑙 ⊆ 𝜇2(Γ𝑙) and |𝐵𝑙| ≤ min{𝑏, |Γ𝑙|}. If |𝐵𝑙| < min{𝑏, |Γ𝑙|}, then let 𝑗 := min{𝑘|𝑘 ∈ Γ𝑙 ∖ 𝐵−1

𝑙 } and
𝑗′′ ∈ 𝐵ℎ. Then ℎ < 𝑙 and 𝐶𝑗(𝜎) = 𝐶𝑗′(𝜎) > 𝐶(𝐵𝑙) by the definition of 𝑗 and Lemma 1. Let 𝜎′ come from 𝜎 by
shifting 𝑗′′ from 𝐵ℎ to 𝐵𝑙. Then |𝐵𝑙

⋃︀
{𝑗′′}| = |𝐵𝑙|+ 1 < min{𝑏, |Γ𝑙|}+ 1 ≤ 𝑏 and 𝐶𝑘(𝜎′) ≤ 𝐶𝑘(𝜎) for 𝑘 ̸= 𝑗 and

𝐶𝑗(𝜎′) = 𝐶𝑗(𝜎). Therefore, 𝜎′ is also optimal for 𝑃𝑓 from the optimality of 𝜎. Set 𝜎 := 𝜎′. Repeating the above
process until |𝐵𝑙| = min{𝑏, |Γ𝑙|}. Hence, |𝐵𝑙| = |̃︀Γ𝑙|.

If 𝑏 ≥ |Γ𝑙|, then |𝐵𝑙| = |̃︀Γ𝑙| = |Γ𝑙| by the definition of ̃︀Γ𝑙, and we have 𝐵𝑙 = 𝜇2(Γ𝑙) = 𝜇2(̃︀Γ𝑙) by 𝐵𝑙 ⊆ 𝜇2(Γ𝑙)
and the definition of ̃︀Γ𝑙. So if 𝐵𝑙 ̸= 𝜇2(̃︀Γ𝑙), then 𝑏 < |Γ𝑙| and |𝐵𝑙| = |̃︀Γ𝑙| = 𝑏. Thus, |𝐵−1

𝑙 ∖ ̃︀Γ𝑙| = |̃︀Γ𝑙 ∖𝐵−1
𝑙 | > 0.

According to the selection rule of the jobs in ̃︀Γ𝑙, we have 𝑞𝑢 > 𝑞𝑣 (if 𝑞𝑢 = 𝑞𝑣, then 𝑢 and 𝑣 are considered
equivalent) for any 𝑢 ∈ ̃︀Γ𝑙 ∖ 𝐵−1

𝑙 and 𝑣 ∈ 𝐵−1
𝑙 ∖ ̃︀Γ𝑙. Let 𝑢′′ ∈ 𝐵ℎ. Then ℎ < 𝑙 by the definition of ̃︀Γ𝑙. Let

𝜎′ = (𝐵′
1, 𝐴

′
1, . . . , 𝐵

′
𝑟, 𝐴

′
𝑟) be the schedule obtained by exchanging the positions of 𝑢′′ and 𝑣′′ in 𝜎, i.e., 𝐴′𝑘 = 𝐴𝑘

for 1 ≤ 𝑘 ≤ 𝑟 and 𝐵′
𝑘 = 𝐵𝑘 for 𝑘 ̸= ℎ, 𝑙 and 𝐵′

ℎ = (𝐵ℎ∖{𝑢′′})
⋃︀
{𝑣′′} and 𝐵′

𝑙 = (𝐵𝑙∖{𝑣′′})
⋃︀
{𝑢′′}. Then 𝐶𝑘(𝜎′) ≤

𝐶𝑘(𝜎) for 1 ≤ 𝑘 ≤ 𝑛 by 𝑞𝑢 > 𝑞𝑣. Hence, 𝜎′ is also optimal for 𝑃𝑓 and |(𝐵′
𝑙)
−1 ∖ ̃︀Γ𝑙| = |𝐵−1

𝑙 ∖ ̃︀Γ𝑙| − 1 < |𝐵−1
𝑙 ∖ ̃︀Γ𝑙|.

Set 𝜎 := 𝜎′. Repeating the above process until |(𝐵′
𝑙)
−1 ∖ ̃︀Γ𝑙| = 0, i.e., 𝐵′

𝑙 = 𝜇1(̃︀Γ𝑙). Then 𝜎′ is also optimal for
𝑃𝑓 and 𝐵′

𝑖 = 𝜇1(̃︀Γ𝑖) for 𝑙 ≤ 𝑖 ≤ 𝑟, which contradicts to the definition of 𝜎 (with the smallest 𝑙). Therefore, (2)
is true, i.e., 𝐵𝑖 = 𝜇2(̃︀Γ𝑖) for 1 ≤ 𝑖 ≤ 𝑟. �

By adjusting Lawler’s algorithm in [16], we obtain 𝐴𝑘 for 1 ≤ 𝑘 ≤ 𝑟.

Lemma 3. Let 𝜎 = (𝐵1, 𝐴1, . . . , 𝐵𝑟, 𝐴𝑟) be an optimal schedule of 𝑃𝑓 . Then for 1 ≤ 𝑘 ≤ 𝑟, any specific
component 𝑗′ from 𝐴𝑘 can be processed at the end of 𝐴𝑘 if 𝑓𝑗(𝑡𝑘) ≤ 𝑓 , where 𝑡𝑘 = 𝐶(𝐴𝑘) and 𝑡𝑟 = 𝑟𝑠 + 𝑇 .

Proof. By Lemma 1, we have 𝐶𝑗(𝜎) = 𝐶𝑗′(𝜎) for any job 1 ≤ 𝑗 ≤ 𝑛 in 𝜎. Assume that 𝐴𝑘 = (𝑘′1, 𝑘
′
2, . . . , 𝑘

′
ℎ𝑘

) (1 ≤
𝑘 ≤ 𝑟). Then 𝐶𝑘ℎ𝑘

(𝜎) = 𝑡𝑘 and 𝑓𝑘ℎ𝑘
(𝑡𝑘) ≤ 𝑓 . Let 𝑘′𝑥 ∈ 𝐴𝑘 with 𝑓𝑘𝑥(𝑡𝑘) ≤ 𝑓 and 𝑥 ̸= ℎ𝑘. Then updating

𝐴𝑘 := (𝑘′1, . . . , 𝑘
′
𝑥−1, 𝑘

′
𝑥+1, . . . , 𝑘

′
ℎ𝑘

, 𝑘′𝑥). After updating 𝐴𝑘, we still have 𝑓max(𝜎) ≤ 𝑓 and 𝐶max(𝜎) = 𝑟𝑠 + 𝑇 , as
required. �

Lemma 3 gives a rule for constructing subschedule 𝐴𝑘 (1 ≤ 𝑘 ≤ 𝑟): from back to front, at current time
𝑡, arbitrarily select a job 𝑗 from the current available jobs and schedule 𝑗′ in the interval [𝑡 − 𝑝𝑗 , 𝑡]. In the
following, when a feasible schedule 𝜎 := (𝐵1, 𝐴1, . . . , 𝐵𝑟, 𝐴𝑟) of 𝑃𝑓 is mentioned, it implies that 𝐴𝑘 (1 ≤ 𝑘 ≤ 𝑟)
are determined according to the rule. Clearly, 𝑛 standard components can form up to 𝑛 batches and at least
⌈𝑛

𝑏 ⌉ batches in any feasible schedule. To simplify the discussion, we insert 𝑛 − 𝑟 empty batches and 𝑛 − 𝑟
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empty subschedules before the beginning of 𝜎 so that 𝜎 contains exactly 𝑛 subschedules and 𝑛 batches, write
the new schedule as 𝜎′, i.e., 𝜎′ = (𝐵′

1, 𝐴
′
1, . . . , 𝐵

′
𝑛, 𝐴′𝑛) with 𝐴′1 = · · · = 𝐴′𝑛−𝑟 = ∅ and 𝐵′

1 = · · · = 𝐵′
𝑛−𝑟 = ∅

and 𝐴′𝑛−𝑟+𝑘 = 𝐴𝑘 and 𝐵′
𝑛−𝑟+𝑘 = 𝐵𝑘 for 1 ≤ 𝑘 ≤ 𝑟 and 𝑟 ≥ ⌈𝑛

𝑏 ⌉. And in the following, we agree that setup
time 𝑠 = 0 if 𝐵′

𝑘 = ∅ for any 1 ≤ 𝑘 < 𝑛. Obviously, 𝐶max(𝜎′) = 𝐶max(𝜎) and 𝑓max(𝜎′) = 𝑓max(𝜎). Hence,
our problem has not been affected after the introduction of empty subschedules and empty batches. So in the
following, suppose that a feasible schedule of 𝑃𝑓 is 𝜎 := (𝐵1, 𝐴1, . . . , 𝐵𝑛, 𝐴𝑛), where 𝐴1 = · · · = 𝐴𝑛−𝑟 = ∅ and
𝐵1 = · · · = 𝐵𝑛−𝑟 = ∅ and 𝐵𝑘 ̸= ∅ (there may be 𝐴𝑘 = ∅) for 𝑛− 𝑟 + 1 ≤ 𝑘 ≤ 𝑛 and 𝑟 ≥ ⌈𝑛

𝑏 ⌉.

Definition 2. A feasible schedule 𝜎 = (𝐵1, 𝐴1, . . . , 𝐵𝑛, 𝐴𝑛) of 𝑃𝑓 is called adjoint-schedule if 𝜎 satisfies Lem-
mas 1–3 and 𝜎 has no idle time. An optimal schedule of problem 𝑃𝑓 is called the optimal adjoint-schedule if it
is an adjoint-schedule.

From Lemmas 1–3, we have Corollary 1.

Corollary 1. For any given 𝑓 , 𝑃𝑓 has an optimal adjoint-schedule if 𝑃𝑓 is feasible.

Next, only adjoint-schedules with ⌈𝑛
𝑏 ⌉ ≤ 𝑟 ≤ 𝑛 is considered. Let ||𝜎|| be the number of the nonempty batches

contained in 𝜎.

Lemma 4. Let 𝜎 = (𝐵1, 𝐴1, . . . , 𝐵𝑛, 𝐴𝑛) and 𝜎′ = (𝐵′
1, 𝐴

′
1, . . . , 𝐵

′
𝑛, 𝐴′𝑛) be optimal adjoint-schedules corre-

sponding to problems 𝑃𝑓 and 𝑃𝑓 ′ with 𝑓 ′ < 𝑓 respectively, and let ||𝜎|| = 𝑟 and ||𝜎′|| = 𝑟′. Then for 1 ≤ 𝑖 ≤ 𝑛,
we have

(1) 𝐶max(𝜎′) ≥ 𝐶max(𝜎), i.e., 𝑟′ ≥ 𝑟.
(2) 𝑡′𝑖 ≥ 𝑡𝑖, where 𝑡𝑖 = 𝐶(𝐴𝑖) and 𝑡′𝑖 = 𝐶(𝐴′𝑖).
(3)

⋃︀
𝑖≤𝑙≤𝑛(𝐴′𝑙)

−1 ⊆
⋃︀

𝑖≤𝑙≤𝑛 𝐴−1
𝑙 .

(4)
∑︀

𝑖≤𝑙≤𝑛 |𝐵′
𝑙| ≤

∑︀
𝑖≤𝑙≤𝑛 |𝐵𝑙|.

(5)
∑︀

𝑖≤𝑙≤𝑛 𝑞(𝐵′
𝑙) ≤

∑︀
𝑖≤𝑙≤𝑛 𝑞(𝐵𝑙).

Proof. From 𝑓 ′ < 𝑓 , 𝜎′ is a feasible schedule for 𝑃𝑓 . So 𝐶max(𝜎′) ≥ 𝐶max(𝜎), i.e., 𝑟′𝑠+𝑇 ≥ 𝑟𝑠+𝑇 . So (1) holds.
And we have

⋃︀
𝑛−𝑟+1≤𝑙≤𝑛 𝐴𝑙 = 𝜇1(𝒥 ) and

⋃︀
𝑛−𝑟+1≤𝑙≤𝑛 𝐵𝑙 = 𝜇2(𝒥 ). Hence, (2)–(5) hold for 1 ≤ 𝑖 ≤ 𝑛− 𝑟 + 1.

Next, We prove that (2)–(5) hold for 𝑛 − 𝑟 + 2 ≤ 𝑖 ≤ 𝑛 by inductive hypothesis about 𝑖. From the known
conditions and (1), we have 𝑡′𝑛 = 𝐶max(𝜎′) ≥ 𝐶max(𝜎) = 𝑡𝑛. It is feasible to schedule 𝐴′𝑛 in the interval
[𝑡′𝑛 − 𝑝(𝐴′𝑛), 𝑡′𝑛] with respect to 𝑓max ≤ 𝑓 ′, it is also feasible to schedule 𝐴′𝑛 in the interval [𝑡𝑛 − 𝑝(𝐴′𝑛), 𝑡𝑛] with
respect to 𝑓max ≤ 𝑓 by 𝑓 ′ < 𝑓 and 𝑡′𝑛 ≥ 𝑡𝑛 and the definition of 𝜎′. Therefore, we have (𝐴′𝑛)−1 ⊆ 𝐴−1

𝑛 by
Lemma 2(1). And |𝐵′

𝑛| ≤ |𝐵𝑛| and 𝑞(𝐵′
𝑛) ≤ 𝑞(𝐵𝑛) by Lemma 2(2). Hence, (2)–(5) hold for 𝑖 = 𝑛. Assume that

(2)–(5) hold for 𝑖 = 𝑘 + 1 ≥ 𝑛− 𝑟 + 3. Next, we prove that (2)–(5) hold for 𝑖 = 𝑘.
From (1) and the above assumption, we have 𝑡′𝑘 − 𝑝((𝐴′𝑘)−1

⋂︀⋃︀
𝑘+1≤𝑙≤𝑛 𝐴−1

𝑙 ) = 𝐶max(𝜎′) − (𝑛 −
𝑘)𝑠 −

∑︀
𝑘+1≤𝑙≤𝑛(𝑝(𝐴′𝑙) + 𝑞(𝐵′

𝑙)) − 𝑝((𝐴′𝑘)−1
⋂︀⋃︀

𝑘+1≤𝑙≤𝑛 𝐴−1
𝑙 ) = 𝐶max(𝜎′) − (𝑛 − 𝑘)𝑠 − (𝑝(

⋃︀
𝑘+1≤𝑙≤𝑛 𝐴′𝑙) +

𝑝((𝐴′𝑘)−1
⋂︀⋃︀

𝑘+1≤𝑙≤𝑛 𝐴−1
𝑙 ) − 𝑞(

⋃︀
𝑘+1≤𝑙≤𝑛 𝐵′

𝑙) ≥ 𝐶max(𝜎) − (𝑛 − 𝑘)𝑠 − 𝑝(
⋃︀

𝑘+1≤𝑙≤𝑛 𝐴𝑙) − 𝑞(
⋃︀

𝑘+1≤𝑙≤𝑛 𝐵𝑙) =
𝐶max(𝜎)− (𝑛− 𝑘)𝑠−

∑︀
𝑘+1≤𝑙≤𝑛(𝑝(𝐴𝑙) + 𝑞(𝐵𝑙)) = 𝑡𝑘. So (2) holds for 𝑖 = 𝑘. Since scheduling 𝐴′𝑘 in the inter-

val [𝑡′𝑘 − 𝑝(𝐴′𝑘), 𝑡′𝑘] is feasible with respect to 𝑓max(𝜎′) ≤ 𝑓 ′, scheduling subschedule 𝐴′𝑘|(𝐴′𝑘)−1∖
⋃︀

𝑘+1≤𝑙≤𝑛 𝐴−1
𝑙

in the interval [𝑡𝑘 − 𝑝((𝐴′𝑘)−1 ∖
⋃︀

𝑘+1≤𝑙≤𝑛 𝐴−1
𝑙 ), 𝑡𝑘] is also feasible with respect to 𝑓max(𝜎) ≤ 𝑓 by 𝑡′𝑘 −

𝑝((𝐴′𝑘)−1
⋂︀⋃︀

𝑘+1≤𝑙≤𝑛 𝐴−1
𝑙 ) ≥ 𝑡𝑘 and 𝑓 > 𝑓 ′, where notation 𝐴|𝐵 represents the schedule obtained by confining

𝐴 to set 𝐵. Thus, (𝐴′𝑘)−1 ∖
⋃︀

𝑘+1≤𝑙≤𝑛 𝐴−1
𝑙 ⊆ 𝐴−1

𝑘 by the definition of 𝐴𝑘. Hence,
⋃︀

𝑘≤𝑙≤𝑛(𝐴′𝑙)
−1 ⊆

⋃︀
𝑘≤𝑙≤𝑛 𝐴−1

𝑙

by assumption
⋃︀

𝑘+1≤𝑙≤𝑛(𝐴′𝑙)
−1 ⊆

⋃︀
𝑘+1≤𝑙≤𝑛 𝐴−1

𝑙 , i.e., (3) holds for 𝑖 = 𝑘.
(i) If |𝐵𝑘| < 𝑏, then

⋃︀
𝑘≤𝑙≤𝑛 𝐵−1

𝑙 =
⋃︀

𝑘≤𝑙≤𝑛 𝐴−1
𝑙 by Lemma 2(2). So

⋃︀
𝑘≤𝑙≤𝑛(𝐵′

𝑙)
−1 ⊆

⋃︀
𝑘≤𝑙≤𝑛(𝐴′𝑙)

−1 ⊆⋃︀
𝑘≤𝑙≤𝑛 𝐴−1

𝑙 =
⋃︀

𝑘≤𝑙≤𝑛 𝐵−1
𝑙 by the definition of 𝜎′ and (3), i.e.,

⋃︀
𝑘≤𝑙≤𝑛 𝐵′

𝑙 ⊆
⋃︀

𝑘≤𝑙≤𝑛 𝐵𝑙. Thus, (4)–(5) hold for
𝑖 = 𝑘.
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(ii) If |𝐵𝑘| = 𝑏, then |𝐵′
𝑘| ≤ 𝑏 = |𝐵𝑘|. So

∑︀
𝑘≤𝑙≤𝑛 |𝐵′

𝑙| ≤
∑︀

𝑘≤𝑙≤𝑛 |𝐵𝑙| by assumption
∑︀

𝑘+1≤𝑙≤𝑛 |𝐵′
𝑙| ≤∑︀

𝑘+1≤𝑙≤𝑛 |𝐵𝑙|, i.e., (4) holds for 𝑖 = 𝑘. Next, we prove that (5) holds for 𝑖 = 𝑘.

Let ̂︀𝑄𝑘 :=
⋃︀

𝑘≤𝑙≤𝑛 𝐵𝑙 ∖
⋃︀

𝑘≤𝑙≤𝑛 𝐵′
𝑙 and ̂︀𝑄′𝑘 :=

⋃︀
𝑘≤𝑙≤𝑛 𝐵′

𝑙 ∖
⋃︀

𝑘≤𝑙≤𝑛 𝐵𝑙. Then | ̂︀𝑄𝑘| ≥ | ̂︀𝑄′𝑘| by (4), and (5) is
equivalent to 𝑞( ̂︀𝑄𝑘) ≥ 𝑞( ̂︀𝑄′𝑘). If ̂︀𝑄′𝑘 = ∅, then (5) holds for 𝑖 = 𝑘. If ̂︀𝑄′𝑘 ̸= ∅, we can define an injective mapping
𝜙 : ̂︀𝑄′𝑘 → ̂︀𝑄𝑘 such that if 𝜙(𝑗′′) = 𝑢′′, then 𝑞𝑢 ≥ 𝑞𝑗 . The method is as follows.

Step 0 Let 𝑡 := 1 and 𝑣 := 1 and 𝑤 := 1 and 𝑙𝑡 := 𝑘 and 𝑄𝑤 := ̂︀𝑄𝑘 and 𝑄′𝑤 := ̂︀𝑄′𝑘.
Step 1 Let 𝑞𝑗𝑣

= max𝑗′′∈𝑄′𝑤
𝑞𝑗 and 𝑗′′𝑣 ∈ 𝐵′

ℎ𝑡
(if there exists 𝑗′′ ∈ 𝑄′𝑤 with 𝑞𝑗 = 𝑞𝑗𝑣

and 𝑗′′ ∈ 𝐵′
ℎ′ , then

ℎ𝑡 ≥ ℎ′, i.e., a tie is broken by choosing the standard component with the largest completion time). Then
ℎ𝑡 ≥ 𝑙𝑡 and 𝑗𝑣 ∈

⋃︀
ℎ𝑡≤𝑙≤𝑛(𝐴′𝑙)

−1 ⊆
⋃︀

ℎ𝑡≤𝑙≤𝑛 𝐴−1
𝑙 by Lemma 2(2) and (3), and 𝑗′′𝑣 /∈

⋃︀
𝑘≤𝑙≤𝑛 𝐵𝑙 by 𝑗′′𝑣 ∈ 𝑄′𝑤.

So 𝑗𝑣 ∈
⋃︀

𝑢≤𝑙≤𝑛 𝐴−1
𝑙 ∖

⋃︀
𝑢+1≤𝑙≤𝑛 𝐵−1

𝑙 = Γ𝑢 for 𝑘 ≤ 𝑢 ≤ ℎ𝑡. Thus, 𝑗𝑣 is candidate job when deciding batch
𝐵𝑙 (𝑘 ≤ 𝑙 ≤ ℎ𝑡) by Lemma 2(2). On the other hand, by 𝑗′′𝑣 /∈

⋃︀
𝑘≤𝑙≤ℎ𝑡

𝐵𝑙 and Lemma 2(2) and the definition
of 𝑗𝑣, we have |𝐵𝑙| = 𝑏 for 𝑘 ≤ 𝑙 ≤ ℎ𝑡 and

𝑞𝑢 ≥ 𝑞𝑗𝑣
≥ 𝑞𝑗 (*)

for any 𝑢′′ ∈
⋃︀

𝑘≤𝑙≤ℎ𝑡
𝐵𝑙 and 𝑗′′ ∈ 𝑄′𝑤. Let 𝑥1 := |𝑄′𝑤

⋂︀⋃︀
𝑘≤𝑙≤ℎ𝑡

𝐵′
𝑙| and 𝑥2 := |𝑄𝑤

⋂︀⋃︀
𝑘≤𝑙≤ℎ𝑡

𝐵𝑙|.
Step 2 If 𝑥1 ≤ 𝑥2, then let the jobs in 𝑄′𝑤

⋂︀⋃︀
𝑘≤𝑙≤ℎ𝑡

𝐵′
𝑙 and 𝑥1 jobs selected randomly from 𝑄𝑤

⋂︀⋃︀
𝑘≤𝑙≤ℎ𝑡

𝐵𝑙

form a one-to-one mapping. Then the one-to-one mapping satisfies 𝑞𝑢 ≥ 𝑞𝑗 when 𝜙(𝑗′′) = 𝑢′′ by (*).
Let 𝑤 := 𝑤 + 1 and 𝑄𝑤 come from 𝑄𝑤−1 by deleting the 𝑥1 jobs that have formed the above mapping
and 𝑄′𝑤 := 𝑄′𝑤−1 ∖ (𝑄′𝑤−1

⋂︀⋃︀
𝑘≤𝑙≤ℎ𝑡

𝐵′
𝑙) = 𝑄′𝑤−1

⋂︀⋃︀
ℎ𝑡+1≤𝑙≤𝑛 𝐵′

𝑙 =
⋃︀

ℎ𝑡+1≤𝑙≤𝑛 𝐵′
𝑙 ∖
⋃︀

𝑘≤𝑙≤𝑛 𝐵𝑙. Clearly,
|𝑄𝑤| = |𝑄𝑤−1| − 𝑥1 ≥ |𝑄′𝑤−1| − 𝑥1 = |𝑄′𝑤| is still true by |𝑄𝑤−1| ≥ |𝑄′𝑤−1|. If 𝑄′𝑤 = ∅, then (5) holds for
𝑖 = 𝑘, stop. Otherwise, let 𝑣 := 𝑣 + 1 and 𝑡 := 𝑡 + 1 and 𝑙𝑡 := ℎ𝑡−1 + 1 and return to Step 1.

Step 3 If 𝑥1 > 𝑥2, then let 𝐻 := (
⋃︀ℎ𝑡

𝑙=𝑘 𝐵𝑙)
⋂︀

(
⋃︀𝑛

𝑙=ℎ𝑡+1 𝐵′
𝑙). From 𝐵ℎ

⋂︀
𝐵𝑙 = ∅ and 𝐵′

ℎ

⋂︀
𝐵′

𝑙 = ∅
for any 1 ≤ ℎ < 𝑙 ≤ 𝑛, we have 𝑥1 = |𝑄′𝑘

⋂︀⋃︀ℎ𝑡

𝑙=𝑘 𝐵′
𝑙| = |(

⋃︀ℎ𝑡

𝑙=𝑘 𝐵′
𝑙) ∖ (

⋃︀𝑛
𝑙=𝑘 𝐵𝑙)| = |

⋃︀ℎ𝑡

𝑙=𝑘 𝐵′
𝑙| −

|(
⋃︀ℎ𝑡

𝑙=𝑘 𝐵′
𝑙)
⋂︀

(
⋃︀ℎ𝑡

𝑙=𝑘 𝐵𝑙)| − |(
⋃︀ℎ𝑡

𝑙=𝑘 𝐵′
𝑙)
⋂︀

(
⋃︀𝑛

ℎ𝑡+1 𝐵𝑙)| and 𝑥2 := |𝑄𝑘

⋂︀⋃︀ℎ𝑡

𝑙=𝑘 𝐵𝑙| = |(
⋃︀ℎ𝑡

𝑙=𝑘 𝐵𝑙) ∖ (
⋃︀

𝑘≤𝑙≤𝑛 𝐵′
𝑙)| =

|
⋃︀ℎ𝑡

𝑙=𝑘 𝐵𝑙| − |(
⋃︀ℎ𝑡

𝑙=𝑘 𝐵𝑙)
⋂︀

(
⋃︀ℎ𝑡

𝑙=𝑘 𝐵′
𝑙)| − |(

⋃︀ℎ𝑡

𝑙=𝑘 𝐵𝑙)
⋂︀

(
⋃︀𝑛

ℎ𝑡+1 𝐵′
𝑙)|, we have

𝑥1 − 𝑥2 =

⃒⃒⃒⃒
⃒

ℎ𝑡⋃︁
𝑙=𝑘

𝐵′
𝑙

⃒⃒⃒⃒
⃒−
⃒⃒⃒⃒
⃒
(︃

ℎ𝑡⋃︁
𝑙=𝑘

𝐵′
𝑙

)︃⋂︁(︃ 𝑛⋃︁
𝑙=ℎ𝑡+1

𝐵𝑙

)︃⃒⃒⃒⃒
⃒−
⃒⃒⃒⃒
⃒

ℎ𝑡⋃︁
𝑙=𝑘

𝐵𝑙

⃒⃒⃒⃒
⃒+

⃒⃒⃒⃒
⃒
(︃

ℎ𝑡⋃︁
𝑙=𝑘

𝐵𝑙

)︃⋂︁(︃ 𝑛⋃︁
𝑙=ℎ𝑡+1

𝐵′
𝑙

)︃⃒⃒⃒⃒
⃒

≤

⃒⃒⃒⃒
⃒
(︃

𝑛⋃︁
𝑙=𝑘

𝐵𝑙

)︃⋂︁(︃ 𝑛⋃︁
𝑙=ℎ𝑡+1

𝐵′
𝑙

)︃⃒⃒⃒⃒
⃒−
⃒⃒⃒⃒
⃒
(︃

𝑛⋃︁
𝑙=𝑘

𝐵′
𝑙

)︃⋂︁(︃ 𝑛⋃︁
𝑙=ℎ𝑡+1

𝐵𝑙

)︃⃒⃒⃒⃒
⃒

(by |𝐵𝑙| = 𝑏 and |𝐵′
𝑙| ≤ 𝑏 for 𝑘 ≤ 𝑙 ≤ ℎ𝑡).

Hence,

|𝐻| =

⃒⃒⃒⃒
⃒
(︃

ℎ𝑡⋃︁
𝑙=𝑘

𝐵𝑙

)︃⋂︁(︃ 𝑛⋃︁
𝑙=ℎ𝑡+1

𝐵′
𝑙

)︃⃒⃒⃒⃒
⃒

=

⃒⃒⃒⃒
⃒
[︃(︃

𝑛⋃︁
𝑙=𝑘

𝐵𝑙

)︃⃥︁(︃ 𝑛⋃︁
𝑙=ℎ𝑡+1

𝐵𝑙

)︃]︃⋂︁(︃ 𝑛⋃︁
𝑙=ℎ𝑡+1

𝐵′
𝑙

)︃⃒⃒⃒⃒
⃒
(︃

by

(︃
ℎ𝑡⋃︁

𝑙=𝑘

𝐵𝑙

)︃⋂︁(︃ 𝑛⋃︁
𝑙=ℎ𝑡+1

𝐵𝑙

)︃
= ∅

)︃

=

⃒⃒⃒⃒
⃒
(︃

𝑛⋃︁
𝑙=𝑘

𝐵𝑙

)︃⋂︁(︃ 𝑛⋃︁
𝑙=ℎ𝑡+1

𝐵′
𝑙

)︃⃒⃒⃒⃒
⃒−
⃒⃒⃒⃒
⃒
(︃

𝑛⋃︁
𝑙=ℎ𝑡+1

𝐵𝑙

)︃⋂︁(︃ 𝑛⋃︁
𝑙=ℎ𝑡+1

𝐵′
𝑙

)︃⃒⃒⃒⃒
⃒(︃

by

(︃
ℎ𝑡⋃︁

𝑙=𝑘

𝐵𝑙

)︃⋂︁(︃ 𝑛⋃︁
𝑙=ℎ𝑡+1

𝐵𝑙

)︃
= ∅

)︃
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≥

⃒⃒⃒⃒
⃒
(︃

𝑛⋃︁
𝑙=𝑘

𝐵𝑙

)︃⋂︁(︃ 𝑛⋃︁
𝑙=ℎ𝑡+1

𝐵′
𝑙

)︃⃒⃒⃒⃒
⃒−
⃒⃒⃒⃒
⃒
(︃

𝑛⋃︁
𝑙=ℎ𝑡+1

𝐵𝑙

)︃⋂︁(︃ 𝑛⋃︁
𝑙=𝑘

𝐵′
𝑙

)︃⃒⃒⃒⃒
⃒

≥ 𝑥1 − 𝑥2 (by ℎ𝑡 ≥ 𝑘).

It indicates that there exist at least 𝑥1 − 𝑥2 jobs in
⋃︀

𝑘≤𝑙≤ℎ𝑡
𝐵𝑙 that belong to

⋃︀
ℎ𝑡+1≤𝑙≤𝑛 𝐵′

𝑙. Let 𝐶𝑥′′(𝜎′) =
max{𝐶𝑗′′(𝜎′) : 𝑗′′ ∈ 𝐻} and 𝑥′′ ∈ 𝐵𝑚

⋂︀
𝐵′

ℎ, and let 𝑡 := 𝑡 + 1 and ℎ𝑡 := ℎ. Then 𝑘 ≤ 𝑚 ≤ ℎ𝑡−1 < ℎ𝑡−1 + 1 ≤
ℎ𝑡 ≤ 𝑛 by the definitions of 𝐻 and 𝑥. Similar to the previous proof, we infer that 𝑥 is candidate job when
deciding batch 𝐵𝑙 (𝑚 ≤ 𝑙 ≤ ℎ𝑡) by Lemma 2(2). On the other hand, by 𝑥′′ /∈

⋃︀
𝑚+1≤𝑙≤ℎ𝑡

𝐵𝑙 and Lemma 2(2)
and the definition of 𝑥, we have |𝐵𝑙| = 𝑏 for 𝑚 + 1 ≤ 𝑙 ≤ ℎ𝑡 and 𝑞𝑢 ≥ 𝑞𝑥 for any 𝑢′′ ∈

⋃︀
𝑚+1<𝑙≤ℎ𝑡

𝐵𝑙 by the
definition of 𝑥 and (3) and Lemma 2(2). In addition, we have 𝑞𝑥 > 𝑞𝑗𝑣

by 𝑥′′ ∈ 𝐵𝑚 and 𝑘 ≤ 𝑚 ≤ ℎ𝑡−1 and (*).
So

𝑞𝑢 ≥ 𝑞𝑗𝑣
(**)

for any 𝑢′′ ∈
⋃︀

𝑚+1<𝑙≤ℎ𝑡
𝐵𝑙. From (*) and (**) and the definition of 𝑗𝑣, we have

𝑞𝑢 ≥ 𝑞𝑗𝑣
≥ 𝑞𝑗 (***)

for any 𝑢′′ ∈
⋃︀

𝑘≤𝑙≤ℎ𝑡
𝐵𝑙 and 𝑗′′ ∈ 𝑄′𝑤

⋂︀⋃︀
𝑘≤𝑙≤ℎ𝑡

𝐵′
𝑙. Therefore,

𝑞𝑢 ≥ 𝑞𝑗𝑣 ≥ 𝑞𝑗 (****)

for any 𝑢′′ ∈ 𝑄𝑤

⋂︀⋃︀
𝑘≤𝑙≤ℎ𝑡

𝐵𝑙 and 𝑗′′ ∈ 𝑄′𝑤
⋂︀⋃︀

𝑘≤𝑙≤ℎ𝑡
𝐵′

𝑙. Updating 𝑥1 := |𝑄′𝑤
⋂︀⋃︀

𝑘≤𝑙≤ℎ𝑡
𝐵′

𝑙| and 𝑥2 :=
|𝑄𝑤

⋂︀⋃︀
𝑘≤𝑙≤ℎ𝑡

𝐵𝑙| and go back to Step 2.
Whether it’s 𝑥1 ≤ 𝑥2 or 𝑥1 > 𝑥2, we have ℎ𝑡 < ℎ𝑡+1 (if exists, because when 𝑡 = 1, the process might

stop). From |𝑄𝑘| ≥ |𝑄′𝑘| and ℎ𝑡 < ℎ𝑡+1 and |𝑄′𝑘| > |𝑄′𝑘+1|, we can infer that 𝑄′𝑘 = ∅ in Step 2 can be
achieved after Steps 1–3 are repeated at most 𝑛 − 𝑘 + 1 times. When 𝑄′𝑘 = ∅ occurs, for each 𝑗′′ ∈ ̂︀𝑄′𝑘, we
have found 𝑢′′ ∈ ̂︀𝑄𝑘 with 𝑞𝑢 ≥ 𝑞𝑗 so that 𝜙(𝑗′′) = 𝑢′′. And for any 𝑗′′, ℎ′′ ∈ ̂︀𝑄′𝑘, if 𝑗 ̸= ℎ, then 𝜙(𝑗′′) ̸= 𝜙(ℎ′′).
Therefore, the required injective mapping 𝜙 : ̂︀𝑄′𝑘 → ̂︀𝑄𝑘 is derived. Further, we have 𝑞( ̂︀𝑄𝑘) ≥ 𝑞( ̂︀𝑄′𝑘). So∑︀

𝑘≤𝑙≤𝑛 𝑞(𝐵𝑙)−
∑︀

𝑘≤𝑙≤𝑛 𝑞(𝐵′
𝑙) = 𝑞( ̂︀𝑄𝑘)− 𝑞( ̂︀𝑄′𝑘) ≥ 0 by the definitions of ̂︀𝑄′𝑘 and ̂︀𝑄𝑘, i.e., (5) holds for 𝑖 = 𝑘.

Above all, (2)–(5) hold for 𝑖 = 𝑘. By inductive hypothesis about 𝑖, we have (2)–(5) hold. It completes the
proof. �

Let 𝜋(𝒥 ) denote the Pareto optimal set of 1|(𝑝𝑗 , 𝑞𝑗), s-batch, 𝑏 < 𝑛|(𝑓max, 𝐶max). From Lemmas 2–4 and
Corollary 1, we obtain the following Pareto optimal algorithm for 1|(𝑝𝑗 , 𝑞𝑗), s-batch, 𝑏 < 𝑛|(𝑓max, 𝐶max).

Algorithm PO

Step 1 Initially, let 𝑓0 := +∞ and 𝑘 := 0 and 𝜎𝑘 := (𝐵𝑘
1 , 𝐴𝑘

1 , . . . , 𝐵𝑘
𝑛, 𝐴𝑘

𝑛) with ||𝜎𝑘|| = 𝑙0 = ⌈𝑛
𝑏 ⌉, where 𝐴𝑘

𝑛

is any schedule of 𝜇1(𝒥 ) and 𝐴𝑘
𝑖 := ∅ for 1 ≤ 𝑖 ≤ 𝑛 − 1, and 𝐵𝑘

𝑖 is decided according to Lemma 2(2) for
1 ≤ 𝑖 ≤ 𝑛. Let ℎ := 1 and 𝜋ℎ := 𝜎𝑘 and 𝑡 := 𝐶max(𝜎𝑘) = 𝑙𝑘𝑠 + 𝑇 and 𝑘 := 𝑘 + 1 and 𝑓ℎ := 𝑓max(𝜋ℎ)− 1.

Step 2 Let 𝐴𝑘
𝑖 := ∅ and 𝐵𝑘

𝑖 := ∅ for 1 ≤ 𝑖 ≤ 𝑛, and let Γ𝑘 be a list with 𝑛 empty positions and 𝑙 := 𝑛.
Step 3 If (𝐴𝑘−1

𝑙 )−1 ̸= ∅, then go to Step 4. Otherwise go to Step 5.
Step 4 If there is 𝑗 ∈ (𝐴𝑘−1

𝑙 )−1 such that 𝑓𝑗(𝑡) ≤ 𝑓ℎ, then set (𝐴𝑘−1
𝑙 )−1 := (𝐴𝑘−1

𝑙 )−1∖{𝑗} and 𝐴𝑘
𝑙 = (𝑗′, 𝐴𝑘

𝑙 )
and 𝑡 := 𝑡− 𝑝𝑗 , and updating Γ𝑘 by inserting job 𝑗 into Γ𝑘 according to LPT-rule of standard components
and go back to Step 3. Otherwise, 𝑓𝑗(𝑡) > 𝑓ℎ for all 𝑗 ∈ (𝐴𝑘−1

𝑙 )−1. If 𝑙 = 1, then there is no feasible schedule
with 𝑙𝑘−1(= 𝑛) nonempty batches for problem 𝑃𝑓ℎ , go to Step 7. If 𝑙 > 1, then let 𝐴𝑘−1

𝑙−1 := (𝐴𝑘−1
𝑙−1 , 𝐴𝑘−1

𝑙 ).
Step 5 If Γ𝑘 = ∅, then there is no feasible schedule with at least 𝑙𝑘−1 nonempty batches for 𝑃𝑓ℎ , go to Step

7; if Γ𝑘 ̸= ∅, then let ̃︀Γ𝑙 be the job set consisting of the first min{𝑏, |Γ𝑘|} jobs in Γ𝑘 and 𝐵𝑘
𝑙 := 𝜇2(̃︀Γ𝑙), and

let 𝑡 := 𝑡− 𝑞(𝐵𝑘
𝑙 )− 𝑠 and Γ𝑘 := Γ𝑘 ∖ ̃︀Γ𝑙 and 𝑙 := 𝑙 − 1.
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Step 6 If 𝑙 ≥ 𝑛− 𝑙𝑘−1 + 1, then go back to Step 3. Otherwise 𝑙 = 𝑛− 𝑙𝑘−1.
(6.1) If 𝑡 = 0, then we get a feasible schedule 𝜎𝑘 := (𝐵𝑘

1 , 𝐴𝑘
1 , . . . , 𝐵𝑘

𝑛, 𝐴𝑘
𝑛) (with ||𝜎𝑘|| = 𝑙𝑘−1) for problem

𝑃𝑓ℎ . Let ℎ := ℎ + 1 and 𝜋ℎ := 𝜎𝑘 and 𝑙𝑘 := 𝑙𝑘−1 and 𝑡 := 𝐶max(𝜎𝑘) = 𝑙𝑘𝑠 + 𝑇 and 𝑘 := 𝑘 + 1 and
𝑓ℎ := 𝑓max(𝜋ℎ)− 1 and go back to Step 2.

(6.2) If 𝑡 > 0 (which implies 𝑙 ≥ 1 due to the continuity of nonempty batch), then there is no feasible
schedule with 𝑙𝑘−1 nonempty batches for problem 𝑃𝑓ℎ . Let 𝐴𝑘

𝑙 := 𝐴𝑘−1
𝑙 and 𝜎𝑘 := (𝐵𝑘

1 , 𝐴𝑘
1 , . . . , 𝐵𝑘

𝑛, 𝐴𝑘
𝑛)

(this serves as the foundation for the next iteration, though it may not be feasible for problem 𝑃𝑓ℎ), where

𝐵𝑘
1 , . . . , 𝐵𝑘

𝑙 is determined by (𝐴𝑘
𝑙 )−1

⋃︀
Γ𝑘 from Lemma 2(2). Let 𝑙𝑘 := 𝑙𝑘−1 + ⌈ |𝐴

𝑘
𝑙 |+|Γ

𝑘|
𝑏 ⌉ (so ‖𝜎𝑘‖ = 𝑙𝑘)

and 𝑡 := 𝑙𝑘𝑠 + 𝑇 and 𝑘 := 𝑘 + 1 and go back to Step 2.
Step 7 Obtain all Pareto optimal candidate schedules 𝜋1, 𝜋2, . . . , 𝜋ℎ (namely, the set {𝜋1, 𝜋2, . . . , 𝜋ℎ} contains

all Pareto optimal schedules). Let 𝜋(𝒥 ) := ∅ and 𝑣 := 1.
Step 8 If 𝑣 = ℎ, then set 𝜋(𝒥 ) := 𝜋(𝒥 )

⋃︀
{𝜋𝑣}, stop. Otherwise 𝑣 ≤ ℎ − 1, if 𝐶max(𝜋𝑣) < 𝐶max(𝜋𝑣+1), then

set 𝜋(𝒥 ) := 𝜋(𝒥 )
⋃︀
{𝜋𝑣} and 𝑣 := 𝑣 + 1, go back to Step 8.

The running process of Algorithm PO is illustrated by the following example.

Example Suppose that the setup time 𝑠 = 1 and 𝑏 = 2 and 𝑓max = 𝐿max. There are 6 jobs with due dates and
processing times as follows:

i 1 2 3 4 5 6
𝑞𝑖 5 4 3 3 2 1
𝑝𝑖 3 2 2 1 5 5
𝑑𝑖 38 14 7 6 27 24

Let 𝑓0 := +∞ and 𝑘 := 0 and

𝜎0 := (∅, . . . , ∅, {5′′, 6′′}, ∅, {3′′, 4′′}, ∅, {1′′, 2′′}, (4′, 3′, 2′, 6′, 5′, 1′)),

where 𝐴0
𝑖 = ∅ for 1 ≤ 𝑖 ≤ 5 and 𝐴0

6 = (4′, 3′, 2′, 6′, 5′, 1′). So ||𝜎0|| = 𝑙0 = 3 and (𝑓max(𝜎0), 𝐶max(𝜎0)) = (17, 39)
by 𝑇 = 36. Let ℎ := 1 and 𝜋1 := 𝜎0 and 𝑡 := 𝐶max(𝜎0) = 39 and 𝑘 := 1 and 𝑓1 := 𝑓max(𝜎0)− 1 = 16.

Let 𝐴1
𝑖 := ∅ and 𝐵1

𝑖 := ∅ for 1 ≤ 𝑖 ≤ 6 and 𝑙 := 6 and Γ1 be an empty list. Since 𝐴0
6 ̸= ∅, go to Step 4. From

𝑓1(𝑡) = 𝑡 − 𝑑1 = 1 < 𝑓1, let 𝐴0
6 = (4′, 3′, 2′, 6′, 5′) and 𝐴1

6 := (1′) and 𝑡 = 39 − 𝑝1 = 36 and Γ1 := (1). Since
𝑓5(𝑡) = 𝑡 − 𝑑5 = 9 < 𝑓1, let 𝐴0

6 = (4′, 3′, 2′, 6′) and 𝐴1
6 := (5′, 1′) and 𝑡 = 36 − 𝑝5 = 31 and Γ1 := (1, 5). Since

𝑓6(𝑡) = 7 < 𝑓1, let 𝐴0
6 = (4′, 3′, 2′) and 𝐴1

6 := (6′, 5′, 1′) and 𝑡 = 26 and Γ1 := (1, 5, 6). Since 𝑓2(𝑡) = 12 < 𝑓1,
let 𝐴0

6 = (4′, 3′) and 𝐴1
6 := (2′, 6′, 5′, 1′) and 𝑡 = 24 and Γ1 := (1, 2, 5, 6). From 𝑓3(𝑡) > 𝑓1 and 𝑓4(𝑡) > 𝑓1 and

𝑙 > 1, let 𝐴0
5 = (4′, 3′) and go to Step 5.

Let 𝐵1
6 := {1′′, 2′′} and 𝑡 = 24− 𝑞1 − 𝑞2 − 𝑠 = 14 and Γ1 := (5, 6) and 𝑙 := 𝑙− 1 = 5. Since 𝑙 ≥ 6− 3 + 1 = 4,

go back to Step 3. Similar to the aforementioned process, 𝐴1
5 = (4′, 3′) and Γ1 := (3, 4, 5, 6). So 𝐵1

5 := {3′′, 4′′}
and 𝐵1

4 := {5′′, 6′′} and 𝑡 = 0 and obtain a feasible schedule

𝜎1 := (∅, . . . , ∅, {5′′, 6′′}, ∅, {3′′, 4′′}, (4′, 3′), {1′′, 2′′}, (2′, 6′, 5′, 1′))

with (𝑓max(𝜎1), 𝐶max(𝜎1)) = (12, 39). Let ℎ := ℎ + 1 = 2 and 𝜋2 := 𝜎1 and 𝑙1 := 3 and 𝑡 := 𝐶max(𝜎1) = 39 and
𝑘 := 2 and 𝑓2 := 11 and go back to Step 2.

Continue to run the aforementioned process, we obtain 𝐴2
6 := (6′, 5′, 1′) and 𝐵2

6 := {1′′, 5′′} and 𝑡 = 18
and Γ2 := (6) and 𝐴1

5 = (4′, 3′, 2′). Hence, 𝐴2
5 := (4′, 3′, 2′) and Γ2 := (2, 3, 4, 6) and 𝐵2

5 := {2′′, 3′′} and
𝐵2

5 := {4′′, 6′′} and 𝑡 = 0. Therefore, obtain a feasible schedule

𝜎2 := (∅, . . . , ∅, {4′′, 6′′}, ∅, {2′′, 3′′}, (4′, 3′, 2′), {1′′, 5′′}, (6′, 5′, 1′))

with (𝑓max(𝜎2), 𝐶max(𝜎2)) = (9, 39). Let ℎ := 3 and 𝜋3 := 𝜎2 and 𝑙2 := 3 and 𝑡 := 𝐶max(𝜎2) = 39 and 𝑘 := 3
and 𝑓3 := 8 and go back to Step 2.
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Repeat the above process, obtain 𝐴3
6 := (1′) and 𝐵3

6 := {1′′} and 𝑡 = 30 and Γ2 is an empty list and
𝐴2

5 = (4′, 3′, 2′, 6′, 5′, ). So 𝐴3
5 = (2′, 6′, 5′, ) and 𝐵3

5 := {2′′, 5′′} and 𝑡 = 11 and Γ3 = (6) and 𝐴2
4 = (4′, 3′). Thus,

𝐴3
4 = (4′, 3′) and 𝐵3

4 := {3′′, 4′′} and 𝑙 = 3 = 𝑛 − 𝑙2 and 𝑡 = 2 > 0. So there is no feasible schedule with 3
nonempty batches for problem 𝑃𝑓3 . Let 𝜎3 := (∅, · · · , ∅, {6′′}, ∅, {3′′, 4′′}, (4′, 3′), {2′′, 5′′}, (2′, 6′, 5′), {1′′}, (1′)).
Let 𝑙3 := 4 and 𝑡 := 40 and 𝑘 := 4 and 𝑓4 := 𝑓3 = 8 and go back to Step 2.

Repeat the above process, we obtain 𝐴4
6 := (1′) and 𝐵4

6 := {1′′} and 𝑡 = 31 and Γ2 is an empty list and
𝐴3

5 = (2′, 6′, 5′, ). So 𝐴4
5 = (2′, 6′, 5′, ) and 𝐵4

5 := {2′′, 5′′} and 𝑡 = 12 and Γ4 = (6) and 𝐴3
4 = (4′, 3′). Thus,

𝐴4
4 = (4′, 3′) and 𝐵4

4 := {3′′, 4′′} and 𝐵4
3 := {6′′}. So obtain a feasible schedule

𝜎4 = (∅, ∅, ∅, ∅, {6′′}, ∅, {3′′, 4′′}, (4′, 3′), {2′′, 5′′}, (2′, 6′, 5′), {1′′}, (1′))

with (𝑓max(𝜎4), 𝐶max(𝜎4)) = (7, 40). Let ℎ := 4 and 𝜋4 := 𝜎4 and 𝑙4 := 4 and 𝑡 := 𝐶max(𝜎4) = 40 and 𝑘 := 5
and 𝑓5 := 6 and go back to Step 2.

Similarly, we obtain a feasible schedule

𝜎5 = (∅, ∅, ∅, ∅, {3′′, 4′′}, (4′, 3′), {2′′}, (2′, ), {5′′, 6′′}, (6′, 5′), {1′′}, (1′))

with (𝑓max(𝜎4), 𝐶max(𝜎4)) = (4, 40). Let ℎ := 5 and 𝜋5 := 𝜎5 and 𝑙4 := 4 and 𝑡 := 𝐶max(𝜎5) = 40 and 𝑘 := 6
and 𝑓6 := 3 and go back to Step 2.

Continue to run the aforementioned process, we receive that there is no feasible schedule with at least 4
nonempty batches for problem 𝑃𝑓6 , go to Step 7.

Since 𝐶max(𝜋1) = 𝐶max(𝜋2) = 𝐶max(𝜋3) = 39 < 40 = 𝐶max(𝜋4) = 𝐶max(𝜋5), we have 𝜋(𝒥 ) ={𝜋3, 𝜋5}. Hence,
𝜋3 and 𝜋5 are all Pareto optimal schedules, the corresponding Pareto optimal points are (9, 39) and (4, 40),
respectively.

Lemma 5. Let 𝜋𝑖 (1 ≤ 𝑖 ≤ ℎ) come from Algorithm PO. Then 𝜋𝑖 is the optimal adjoint-schedule of 𝑃𝑓𝑖−1 .

Proof. 𝜋𝑖 is a feasible adjoint-schedule of 𝑃𝑓𝑖−1 for 1 ≤ 𝑖 ≤ ℎ, derived from the running process of Algorithm
PO. Next, we prove the result by inductive hypothesis about 𝑖.

Clearly, 𝜋1 (which contains 𝑙0 = ⌈𝑛
𝑏 ⌉ nonempty batches) is the optimal adjoint-schedule of problem 𝑃𝑓0 .

Assume that 𝜋𝑘 := 𝜎𝑙 = (𝐵𝑙
1, 𝐴

𝑙
1, . . . , 𝐵

𝑙
𝑛, 𝐴𝑙

𝑛) is the optimal adjoint-schedule of problem 𝑃𝑓𝑘−1 . We are going
to prove that 𝜋𝑘+1 is the optimal adjoint-schedule of problem 𝑃𝑓𝑘 . If the result is false, let 𝜋𝑘+1 := 𝜎𝑙′ =
(𝐵𝑙′

1 , 𝐴𝑙′

1 , . . . , 𝐵𝑙′

𝑛 , 𝐴𝑙′

𝑛) (with 𝑙 < 𝑙′), and assume that 𝜎 := (𝐵1, 𝐴1, . . . , 𝐵𝑛, 𝐴𝑛) is the optimal adjoint-schedule
of 𝑃𝑓𝑘 . By inductive hypothesis and Lemma 4 and 𝑓𝑘 < 𝑓𝑘−1, for 1 ≤ 𝑖 ≤ 𝑛, we have

(1) 𝐶(𝐴𝑙
𝑖) ≤ 𝐶(𝐴𝑖).

(2)
⋃︀

𝑖≤𝑔≤𝑛 𝐴𝑔 ⊆
⋃︀

𝑖≤𝑔≤𝑛 𝐴𝑙
𝑔.

From the running process of Algorithm PO, we obtain schedules 𝜎𝑙+1, 𝜎𝑙+2, . . . , 𝜎𝑙′ (= 𝜋𝑘+1) based on 𝜎𝑙 (=
𝜋𝑘) with 𝑓max ≤ 𝑓𝑘 kept unchanged. From (1)–(2) and the running rule of Algorithm PO and the definition
of 𝜎, we have 𝐶(𝐴𝑙+1

𝑖 ) ≤ 𝐶(𝐴𝑖) and
⋃︀

𝑖≤𝑔≤𝑛 𝐴𝑔 ⊆
⋃︀

𝑖≤𝑔≤𝑛 𝐴𝑙+1
𝑔 for 1 ≤ 𝑖 ≤ 𝑛. Similarly, we can prove that

𝐶(𝐴𝑟
𝑖 ) ≤ 𝐶(𝐴𝑖) and

⋃︀
𝑖≤𝑔≤𝑛 𝐴𝑔 ⊆

⋃︀
𝑖≤𝑔≤𝑛 𝐴𝑟

𝑔 for 1 ≤ 𝑖 ≤ 𝑛, where 𝑙 + 2 ≤ 𝑟 ≤ 𝑙′. Thereby, 𝐶max(𝜋𝑘+1) =
𝐶(𝐴𝑙′

𝑛) ≤ 𝐶(𝐴𝑛) = 𝐶max(𝜎). Since 𝜋𝑘+1 is a feasible adjoint-schedule of 𝑃𝑓𝑘 , we have 𝐶max(𝜋𝑘+1) = 𝐶max(𝜎)
by the optimality of 𝜎. Therefore, 𝜋𝑘+1 is the optimal adjoint-schedule of 𝑃𝑓𝑘 . �

Theorem 2. Algorithm PO can solve problem 1|(𝑝𝑗 , 𝑞𝑗), s-batch, 𝑏 < 𝑛|(𝑓max, 𝐶max) in 𝑂(𝑛4) time.

Proof. The correctness of Algorithm PO comes from Theorem 1 and Lemma 5 and Corollary 1. Moreover, from
the picking rule of the schedules in Steps 7–8, 𝜋(𝒥 ) that is obtained by Algorithm PO is the Pareto optimal
set of 1|(𝑝𝑗 , 𝑞𝑗), s-batch, 𝑏 < 𝑛|(𝑓max, 𝐶max).

Next, we analyze the complexity of Algorithm PO. 𝑂(𝑛 log 𝑛) time is needed to run Step 1. Steps 2–6 are
one round that needs 𝑂(𝑛2 + 𝑛 log 𝑛) = 𝑂(𝑛2) time, i.e., it takes 𝑂(𝑛2) time to yield 𝜎𝑘 from 𝜎𝑘−1. In each
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round, each specific component can only move forward (assume that a specific component moves from 𝐴𝑘 to
𝐴𝑖 (𝑘 ̸= 𝑖). Then “move forward” means 𝑘 > 𝑖), and at least one specific component is moved forward (except
the round that appears after the number of the nonempty batches increases, i.e., if (6.2) occurs, then it is
possible that 𝜎𝑘 = 𝜎𝑘+1. For example, 𝜎3 = 𝜎4 in Example. This case involves at most 𝑂(𝑛) rounds). Each
specific component can traverse up to 𝑛− 1 sets. Thus, there is at most 𝑂(𝑛2 + 𝑛) = 𝑂(𝑛2) rounds. So 𝑂(𝑛4)
time is needed to run all rounds. And the set {𝜋1, 𝜋2, . . . , 𝜋ℎ} contains at most 𝑂(𝑛2) schedules and satisfies
𝑓max(𝜋1) > 𝑓max(𝜋2) > · · · > 𝑓max(𝜋ℎ). Hence, it takes 𝑂(𝑛3) time to compute and pick all Pareto optimal
points. So the total running time of Algorithm PO is 𝑂(𝑛4) time. �

We can derive the following corollaries by Theorem 2.

Corollary 2. Problem 1|(𝑝𝑗 , 𝑞𝑗), s-batch, 𝑏 < 𝑛|(𝑓max, 𝐶max) has at most 𝑂(𝑛) Pareto optimal points.

Proof. Let 𝜋(𝒥 ) = {𝜋𝑖1 , 𝜋𝑖2 , . . . , 𝜋𝑖ℎ′}(⊆ {𝜋1, 𝜋2, . . . , 𝜋ℎ}) be the Pareto optimal set (obtained by Algorithm
PO) of 1|(𝑝𝑗 , 𝑞𝑗), s-batch, 𝑏 < 𝑛|(𝑓max, 𝐶max), and 𝑓max(𝜋𝑖1) > 𝑓max(𝜋𝑖2) > · · · > 𝑓max(𝜋𝑖ℎ′ ). Then 𝐶max(𝜋𝑖1) <
𝐶max(𝜋𝑖2) < · · · < 𝐶max(𝜋𝑖ℎ′ ). From 𝐶max(𝜋𝑖1) = ‖𝜋𝑖1‖𝑠 + 𝑇 and 𝑟 and 𝑇 are constants, we have ‖𝜋𝑖1‖ <
‖𝜋𝑖2‖ < · · · < ‖𝜋𝑖ℎ′‖ ≤ 𝑛. Hence, the result holds. �

Corollary 3. 1|(𝑝𝑗 , 𝑞𝑗), s-batch, 𝑏 < 𝑛|𝑓max can be solved in 𝑂(𝑛4) time.

Lemma 6. If 1|(𝑝𝑗 , 𝑞𝑗), s-batch, 𝑏 < 𝑛, 𝐿max ≤ 𝑓 |𝐶max is feasible, then there exists an optimal adjoint-schedule
𝜎 = (𝐵1, 𝐴1, . . . , 𝐵𝑛, 𝐴𝑛) in which the specific components are scheduled in EDD-rule, i.e., if 𝐶𝑖(𝜎) < 𝐶𝑗(𝜎),
then 𝑑𝑖 ≤ 𝑑𝑗.

Proof. It can be proved by Lemma 2 and the definition of 𝐿max. �

Corollary 4. Problem 1|(𝑝𝑗 , 𝑞𝑗), s-batch, 𝑏 < 𝑛|(𝐿max, 𝐶max) can be solved in 𝑂(𝑛3 log 𝑛) time.

Proof. From Lemma 6, 𝑂(𝑛 + 𝑛 log 𝑛) = 𝑂(𝑛 log 𝑛) time is needed to execute each round in Algorithm PO.
Similar to the proof of Theorem 2, problem 1|(𝑝𝑗 , 𝑞𝑗), s-batch, 𝑏 < 𝑛|(𝐿max, 𝐶max) can be solved in 𝑂(𝑛3 log 𝑛)
time, as required. �
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