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MAXIMIZING THE SPECTRAL RADIUS OF GENERALIZED CACTUS
GRAPHS

ZEYUAN Wu!, HONGZHANG CHEN? AND JIANXI L1t*

Abstract. For an integer k > 0, a connected graph G is called a k-cactus graph if each edge e € E(G) is
contained in at most k cycles of G. Inspired by the Brualdi-Solheid problem, in this paper, we address
the problem of determining the maximum spectral radius of k-cactus graphs. Lovédsz and Pelikdn
[Period. Math. Hungar. 3 (1973) 175-182], Borovi¢anin and Petrovi¢ [Publ. Inst. Math. (Beograd)
(N.S.) 79 (2006) 13-18] resolved the cases of k = 0 and k = 1, respectively. We solve this problem for
the cases of k = 2 and k = 3, that is the graphs with the maximum spectral radius among all 2-cactus
graphs and 3-cactus graphs are determined, respectively.
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1. INTRODUCTION

Let G = (V, E) be a graph with vertex set V(G) and edge set E(G). Its order is |V(G)|, denoted by n, and
its size is |E(G)|, denoted by m. For a vertex v € V(G), its neighborhood Ng(v) (or simply N(v)) is the set
{u : wv € E(GQ)}. For a cycle C, a chord of a cycle C' is an edge between two non-consecutive vertices of C.
A block of a graph G is a maximal connected subgraph of G containing no cut-vertices. A block is called an
H-block, if it is isomorphic to a graph H. For integer k > 0, a connected graph G is called a k-cactus graph if
each edge e € E(G) is contained in at most k cycles. Let 4% be the sets of all k-cactus graphs of order n. In
particular, 40 and ¢! are the sets of trees and cacti of order n, respectively.

The adjacency matrix of a simple graph G is a (0,1)-matrix A(G) = [a; j]nxn, where a; ; = 1 if and only if
v; and v; are adjacent in G. Note that A(G) is a real symmetric matrix. Then the eigenvalues of A(G) (also
called the eigenvalues of G) are real. The largest eigenvalue of A(G) is called the spectral radius of G, denoted
by p(G).

Brualdi and Solheid [4] posed a classic spectral extremal problem:“Given a set 4 of graphs, find an upper
bound for the spectral radius of graphs in 4 and characterize the graphs in which the mazximal spectral radius is
attained.” This problem is known as Brualdi—Solheid problem and was well studied in the literature for various
classes of graphs, such as graphs with a given matching number [6], diameter [8], independence number [11] and
a fixed girth [17], etc. For more results in this direction, readers are referred to a survey [9] and a book [13].
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FIGURE 1. Graphs G%,G% and G%.

The Brualdi—Solheid problem have also been explored within the classes of k-cactus graphs. Previous studies
have partially investigated the spectral radius for 4° and ¢!, which are trees and cacti, respectively. Lovasz
and Pelikdn [12], Borovi¢anin and Petrovié¢ [2] determined the graphs with the maximum spectral radius among
all graphs in 4° and ¢!, respectively. In [1,5,7,10,16], trees and cacti have been extensively studied. However,
for 4% with k > 2 remain relatively underexplored. Recently, Zhang and Huang [18] studied the number of
edges for 4%, and respectively established the maximum values of the number of edges for 4% when k = 2,3, 4
and also provided the characterizations for the corresponding extremal graphs. Inspired by their results, in this
paper, we consider the problem of determining the graphs with the maximum spectral radius among graphs
in ¢%. The graphs with the maximum spectral radius among all graphs in ¢* when k = 2,3 are determined,
respectively. Our results in this paper can be read as follows.

Theorem 1.1. For any G € 54,3 with n > 2, we have

p(G}),n=0 (mod 3),
p(G) < p(G3),n=1 (mod 3),
p(G32),n=2 (mod 3),

with equality if and only if
G2, n=0 (mod 3),
G={G3n=1 (mod3),
G3,n=2 (mod 3),

where G2,G3 and G3 are shown in Figure 1, respectively.

Theorem 1.2. For any G € 93 with n > 2, we have

p(G3),n=0 (mod 4),
p(G3),n=1 (mod 4),
PG <9 p(Gh) n=2 (mod 4),
p(Gi),n=3 (mod 4),
with equality if and only if
G3,n=0 (mod 4),
G G3,n=1 (mod 4),
G3,n=2 (mod 4),
G3,n=3 (mod 4),

where G3,G3,G3 and G} are shown in Figure 2, respectively.

The remainder of the paper is organized as follows. In Section 2, we present some preliminary results and
structural properties for graphs in 42 (or ¥2) with the maximum spectral radius, which will be used in the
subsequent. In Sections 3 and 4, we present the proofs of Theorems 1.1 and 1.2, respectively.
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FIGURE 2. Graphs G%,G3,G3 and G3.

2. PRELIMINARIES

In this section, we present some useful lemmas. Note that when G is connected, then by the Perron—Frobenius
Theorem, there exists a positive unit eigenvector x of A(G) corresponding to p(G), which is also called the Perron
vector of A(G). Clearly, the Perron vector & of A(G) satisfies the eigenvalue equation A(G)x = p(G)x, that is

p(G)z, = Z Ty for all v € V(G). (1)
u€EN (v)

where z,, is the entry of @ corresponding to the vertex u € V(G). In addition, we have

p(G)=a"AG) =2 > zym0. (2)

uveE(G)

Lemma 2.1 ([3]). Let H be a subgraph of a graph G. Then p(H) < p(G). Moreover, if G is connected, then
the equality holds if and only if G = H.

Lemma 2.2 ([15]). For a connected graph G and u,v € V(G), let W C Ng(v) \ (Ng(u) U{u}). Let G' =
G—{vw:weW}+{uw:we W}. Let © be the Perron vector of A(G) corresponding to p(G). If x, < x,, and
W # 0, then p(G) < p(G").

For an integer t > 3, a 6;-graph, denoted by 6(l1,ls,...,l;), is a graph obtained from two distinct vertices u
and v joined by ¢ pairwise internally disjoint paths of lengths I1,1s, ..., [;, respectively. Note that each block in
a O-cactus is an edge and each block in a 1-cactus graph is either an edge or a cycle. Moreover, for 2-cactus and
3-cactus graphs, Zhang et al. [18] established the following structural properties, respectively.

Lemma 2.3 ([18]). Let G be a graph of order n. Then the following statements hold.

(i) G € 92 if and only if each block of G is either an edge, a cycle, or a 03-graph.
(ii) G € 92 if and only if each block of G is either an edge, a cycle, or a 0;-graph where t = 3 or t = 4.

In what follows, we will provide some structural properties for the graph G with the maximum spectral
radius among all graphs in 42 (or 42). For Lemmas 2.4-2.8, we prove the case for G € 42, the case for G € 43
is similar. Let G € 42 (or G € ¥7) such that p(G) is maximal, and let = be the Perron vector of A(G)
corresponding to p(G).

Lemma 2.4. Let G € 9% (or G € 92). If p(G) is mazimal, then the length of cycles in any block of G is at
most 4. In particular, for any block H (# Ks) in G, we have

Ks, H is a chordless cycle,

. . 2 ~
) f G €9y, then H = {0(1, 2,2), H has a cycle of length 4;



1410 Z. WU ET AL.

u u u u
w m W w
G G' G G'

F1GURE 3. Graphs G and G’ in Lemma 2.4.
v, v, v v, v v, v v,
u u, uy u, u u, uy u,
GV G Gl
FIGURE 4. Graphs G and G’ in Lemma 2.5.

Ks, H is a chordless cycle,

N 3 ~
(i) if G €y, then H = {9(1, 2,2) or 6(1,2,2,2), H has a cycle of length 4.

Proof. Suppose to the contrary that G contains a cycle Cy of the length [ > 5. By Lemma 2.3, we know that the
block containing C} is either a cycle or a #3-graph. Thus, C; is either a block itself or a subgraph of a 63-graph.
Since [ > 5, there exist at least four vertices, say u,v,wy,ws € V(C;) such that wy € N(v) \ (N(u) U {u})

and wy € N(u) \ (N(v) U{v}). Now let G’ = {g_ %Z;ﬂuﬁ j; EZ;}U;% g iz i ii’

Figure 3. Obviously, G’ € G2. Then Lemma 2.2 implies that p(G’) > p(G), a contradiction. Moreover, for any
block H in G, by Lemma 2.3, we have H & {K3’ H is a chordless cycle,

, where G and G’ are shown in

0(1,2,2), H has a cycle of length 4. This completes the proof of

Lemma 2.4. ]
We now establish the number of Ks-blocks in G.
Lemma 2.5. Let G € 92 (or G € 43). If p(G) is mazimal, then G contains at most one Ka-block.

Proof. Suppose to the contrary that G has at least two Ks-blocks, say e; = ujv; and e = usvs, where u; and
G —{ugva} + {wrva} if Ty, > Ty,

G — {urvr} + {ugvr } if 2y, < x4y, where G
and G’ are shown in Figure 4. Obviously, G’ € 42. Then Lemma 2.2 implies that p(G’) > p(G), a contradiction.
Hence, G contains at most one Ks-block. ([l

ug are pendant vertices (i.e., dg(u1) = dg(uz) = 1). Let G' = {

The following two lemmas (Lems. 2.6 and 2.7) will establish that all blocks in G are connected by a common
cut-vertex.

Lemma 2.6. Let G € 92 (or G € 92). If p(G) is mazimal, then any two blocks in G cannot be connected by a
cut-edge.

Proof. Assume to the contrary that there exists a cut-edge uwv € F(G) connecting two blocks in G. From
Lemmas 2.3, 2.4 and 2.5, we know that each block in G is Ks, K3 or 6(1,2,2), and there is only one Ks-block
in G, which is uv. Let 8 = {K3,6(1,2,2)}. Let By, By € %, and let By and By are connected by the edge uv.
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FIGURE 6. A graph G in Lemma 2.7.

Let G — G — {vv1} + {uvi} if 2y >z,

T G = {uwr } +{uwiv} if zy < 2y,
Lemma 2.2 implies that p(G’) > p(G), a contradiction. Thus, any two blocks in G cannot be connected by a
cut-edge. (I

where G and G’ are shown in Figure 5. Obviously, G’ € 42. Then

Lemma 2.7. Let G € 92 (or G € 92). If p(G) is mazimal, then all blocks in G are connected by a common
cut-vertew.

Proof. From Lemmas 2.3 and 2.4, we know that each block in G is Ky, K3 or 6(1,2,2). Let #* =
{Ks, K3,0(1,2,2)}. Suppose to the contrary that G (shown in Fig. 6) contains three blocks, say Bj, Ba
and Bj, are connected by two cut-vertices uw and v, where By, By, By € #*. Let {wy,ws,..., wp} =
Np,(v) € N(v) \ (N(u) U {u}) and {z1,22,...,2¢} = Np,(u) C N(u)\ (N(v) U {v}), where p,¢g > 1. Let
o — G—{vw,':1Sjgp}+{uwi:1§.i§p}%fa:u2:c1,,

G—{uz:1<i<q}+{vzi:1<i<gq} ifz, <z,
p(G") > p(G), a contradiction. Thus, all blocks in G are connected by a common cut-vertex. O

Clearly, G’ € 92. Then Lemma 2.2 implies that

We now further establish that at most one K3-block in G.
Lemma 2.8. Let G € 92 (or G € 43). If p(G) is mazimal, then G contains at most one Ks-block.

Proof. Suppose to the contrary that there exists two K3-blocks in G, denoted by H; and Hs, with vertex sets
V(Hy) = {uy,u2,u3} and V(Hy) = {v1,v2,v3}. From Lemma 2.7, we know that H; and Hs are connected by
G —{vovs} + {ugvz} if Ty, > Ty, /

G — {uyug} + {ugvs) if z, < .| where G and G’ are
shown in Figure 7. Clearly, in each case, G’ € ¢2. Then Lemma 2.2 implies that p(G’) > p(G), a contradiction.
Thus G contains at most one K3-block, as desired. O

a common cut-vertex, say u (= uy or vy). Let G' = {
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FI1GURE 8. The graph K3 © Kj.

3. PROOF OF THEOREM 1.1

For two vertex-disjoint graphs G and H, a coalescence of G and H, denoted by G ® H, is obtained from
G U H by identifying an arbitrary vertex uw of G with an arbitrary vertex v of H. Formally, V(G © H) =
VO \{uHU(VH)\{v})U{w} and E(GOH) = E(G)UE(H)\ {uz: z € Ng(u)}U{vy : y € Ng(v)}) U{ws:
s € Ng(u) U Ng(v)}, where w is a new vertex which satisfies Noom(w) = {Ng(u) U Ng(v)}\ {u,v}. Figure 8
is an example for K35 ® Ko.

Specifically, let ©pG be a graph obtained by coalescing p isomorphic copies of G by identifying one arbitrary
vertex from each copy. We now present a structural characterization on the graphs with the maximum spectral
radius within &2

Lemma 3.1. For G € 92, if p(G) is mazimal, then the structure of G is determined as follows:

K3 22260(1,2,2),n =0 (mod 3),
G~ 0%160(1,2,2), n=1 (mod3),
Ky ®526(1,2,2),n =2 (mod 3).

Proof. By Lemmas 2.5, 2.7 and 2.8, we conclude that G contains at most one Ks-block, one K3-block and all
blocks in G are connected by a common cut-vertex w. If G contains both Ks-block and Ks-block, then let
G' = G + {wywsa}, where wy (# w) is a vertex in Ka-block, wy (# w) is a vertex in K3-block, G and G’ are
shown in Figure 9. Clearly, G’ € 42. Thus, Lemma 2.1 implies that p(G) < p(G’), a contradiction. That is G
does not simultaneously contain both Ks-block and K3-block. It follows that the structure of G is determined
as follows:

K3 ®1536(1,2,2),n =0 (mod 3),
G~ 0%10(1,2,2), n=1 (mod3),
Ky ®526(1,2,2),n =2 (mod 3),
as desired. (]

Let # = {Ky, K2, K3}. For any H € 2, let Gn i,r—i be a 2-cactus graph of order n obtained from H and
r6(1,2,2)-blocks, by coalescing the vertices of degree 3 from i 0(1,2, 2)-blocks with H and coalescing the vertices
of degree 2 from (r — i) 0(1, 2,2)-blocks with H, where 0 < ¢ <.

Now, we present the proof of Theorem 1.1.
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FI1GURE 9. Graphs G and G’ in Lemma 3.1.

Proof of Theorem 1.1

We will prove that for G € 42, if p(G) is maximal, then all §(1,2,2)-blocks in G are coalesced at their
vertices of degree 3. That is, p(G} ;. ;) < p(G% 11, i 1), where 0 < i < r. For 2 < n < 6, we check

p(G? ) < p(G% i11.»—i_1) holds by the Wolfram Mathematica [14]. In what follows, we assume that n > 7.

n,i,r—1

Let a be the Perron vector of A(G3 ;,_;), where G7, ; ., is shown in Figure 10. By symmetry, we have
Ty = Ty (3)
For equation (1), we obtain
p(Gi,i,r—i)xin = Ty + Tuy + Tug, (4)
p(Gi,i,rfi)xu3 = Tuy T Loy (5)

Combining (3), (4) and (5), we obtain

n,i,r—1 n,i,r—1

PG, ) plGh, ) 2

T @, o ©
For n = 7, using the Wolfram Mathematica [14], we calculate that 3 = p(G3 o 5) < p(G2 ;1) = 3.11 < p(G3 5 ) =
V5 + 1. Note that for n > 8, any graph G3 ;,_; contains one of G2 o5, G3, |, or GZ, as a subgraph. Then
p(Gh i) = p(G345) > 3 for n > 7, by Lemma 2.1. Thus
G2»7'2* G2'7«*2
p( n,i,r 7,) 210( n,i,r z) S 1.
p(Gmi,T—i)

Therefore, by (6), we have x, > x,,. Note that G2 ;.| ., | = G2, ., — ujus + uuz, where ug € N(up) \

(N(u) U {u}). Then Lemma 2.2 implies that p(G2 ;. ;) < p(G2;41,_;_1). This implies that for G € 42,
if p(G) is maximal, then in G, all 0(1,2,2)-blocks are coalesced at their vertices of degree 3. By combining
Lemma 3.1, we can conclude that among all the graphs in ¢? with n > 2, the maximal spectral radius is
obtained at GG, where
GZ,n=0 (mod 3),
G={Gin=1 (mod3),
G3,n=2 (mod 3),

and G%,G3 and G3 are shown in Figure 1, respectively. This completes the proof of Theorem 1.1. O

4. PROOF OF THEOREM 1.2

Let G be a graph with the maximum spectral radius among all graphs in ¢32. In Section 2, we have established
that G contains at most one K»-block and at most one K3-block, and all blocks in G are connected by a common
cut-vertex. We now further demonstrate that G has at most one (1, 2, 2)-block.

Lemma 4.1. For G € 93, if p(G) is mazimal, then G contains at most one 0(1,2,2)-block.
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FIGURE 11. Graphs G and G’ in Lemma 4.1.

Proof. Assume to the contrary that G contains at least two 6(1,2,2)-blocks. Let G and G5 be two 6(1,2,2)-
blocks in G with vertex sets V(G1) = {uy, uz, us, us} and V(Ga) = {v1, v, v3,v4}. From Lemma 2.7, we know
that G and G5 are connected by a cut-vertex. Let & be the Perron vector of A(G), dg, (u1) = dg,(v1) = 3 and
dg, (u2) = dg, (v2) = 2. We now consider the following three cases.

Case 1. u; and vy are coalesced at one cut-vertex.

Let G' = {G — {ustia} + {uavs} %f Tug 2 Lug, (shown in Fig. 11). Obviously, G’ € ¢3. By Lemma 2.2, we

G — {vsva} + {ugva} if 2y < Ty ’ n ’
have p(G') > p(G), a contradiction.

Case 2. uy and v9 are coalesced at one cut-vertex.
From the proof of Theorem 1.1, we get @,, > @,,. Let G’ = G—{vivs} + {vova}, where vg € N(vq)\ (N (v2)U
{v2}). The graph G and G’ are shown in Figure 11. Clearly, G’ € ¢3. By Lemma 2.1, we have p(G’) > p(G),
a contradiction.

Case 3. uy and vy are coalesced at one cut-vertex.
From the proof of Theorem 1.1, we obtain @y, > %, . Let G’ = G — {ujug} + {usus}, where ug € N(uq) \
(N(u2) U{uz}). The graph G and G’ are shown in Figure 11. Obviously, G’ € 47. By Lemma 2.1, we have
p(G') > p(G), a contradiction.

In view of the above arguments, we conclude that G contains at most one 6(1, 2, 2)-block. ([l

Furthermore, by applying a similar argument as used for 2-cactus graphs, we can obtain the structure of the
extremal graph with respect to the maximum spectral radius for 3-cactus graphs.

Lemma 4.2. For G € 43, if p(G) is mazimal, then the structure of G is determined as follows:

0(1,2,2) ® 2726(1,2,2,2), if n = 0 (mod 4),

o~ ®2:16(1,2,2,2), if n=1 (mod 4),
Ky ® %7260(1,2,2,2), if n =2 (mod 4),
K3 2260(1,2,2,2), if n =3 (mod 4).

Proof. By Lemmas 2.5, 2.7, 2.8 and 4.1, we conclude that G contains at most one Ks-block, one K3-block, one
0(1,2,2)-block and all blocks are connected by a cut-vertex. From Lemma 3.1, G does not contain Ks-block
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FIGURE 12. Graphs G and G’ in Lemma 4.2.

and K3-block. We will establish that G does not contain Ks-block and (1,2, 2)-block. Let Q' = &r6(1,2,2,2)
and G contains both K3-block and 6(1,2,2)-block. The G is shown in Figure 12. Let @ be the Perron vector of
A(G). By symmetry, we have x,, = x,, and z,, = ,,. From equation (1), we conclude that

p(G)xUQ = xul + x’u.ga (7)
p(G)xu4 = xug + xuga (8)
p(G)CEuG = Ty + Tuy + Tug - 9)

Combining equation (7), (8), and (9), we can obtain
p(G)($u4 - xuz) = Tug — Tuy; (10)
p(G>($u6 - xuz) = 2$u4 — Lugy- (11)

Putting equation (10) into equation (11), we have

uy = (p(G)? = ) (@us — Tuy)- (12)

Since G§ | o is a subgraph of G, then by Lemma 2.1, we have p(G) > p(G§ ) > 2. This together with (12)
implies that z,, > ©,,. Thus, from (11), we have ., > Zy,. Let G’ = G — {ujua} + {uzue}. The G’ is shown in
Figure 12. Clearly, G’ € 2. By Lemma 2.2, p(G’) > p(G), a contradiction. Thus, G does not contain Kj3-block
and 6(1,2,2)-block. In summary, we have

0(1,2,2) © 2716(1,2,2,2),if n =0 (mod 4),
G~ ) O 19( ,2,2,2), if n=1 (mod 4),
N Kz@ n20(1,2,2,2), if n =2 (mod 4),
K; ® 2260(1,2,2,2), if n =3 (mod 4),
as desired. O

Let . = {K1, K2, K3,0(1,2,2)}. For any F' € .#,if F = 60(1,2,2)-block, then from the proof of Theorem 1.1,
we have that the vertex of degree 3 from F' is coalesced at one cut-vertex of G. Let R i,n—i be a 3-cactus graph of
order n obtained from F' and r6(1, 2, 2,2)-blocks, by coalescing the vertices of degree 4 from i6(1, 2,2, 2)-blocks
with F' and coalescing the vertices of degree 2 from (r — 4)6(1, 2,2, 2)-blocks with F', where 0 < ¢ < r.

We now give the proof of Theorem 1.2.

Proof of Theorem 1.2

We will prove that if G is a graph with the maximum spectral radius among all graphs ¢2, then all (1,2, 2, 2)-
blocks in G are coalesced at their vertices of degree 4. That is, we need prove that p(R} ; . Z) <p(RS i1 i)
where 0 < i < r. By the Wolfram Mathematica [14], we check that p(R} , . ;) < p(Rn il 1) holds for
2 < n < 16. In what follows, we assume that n > 17.
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Ficure 13. The graph Rf’l i
Let x be the Perron vector of A(Ri)i’rﬂ»), where R%,i,rﬂ‘ is shown in Figure 13. By symmetry, we have
Xy = Ty, and x,, = x,,. From equation (1), we derive
3
p(Rn,i,r—i)mus = Luy + Luy = 2'73“1) (13)
3
p(Rn,i,r—i)xm =Ty + Ty, + Tyy + Ty - (14)
From equation (13), we have
22,
1
Tuzy = —p3 (15)
p(Rn,i,rfi)
Substituting (15) into (14), we obtain
3 2 3
p(Rn,i,rfi) - p(Rn,i,rfi) -4
Xy = Loy - (16)

p(Rirgz,i,rfi)
By Rayleigh’s quotient inequality, we get

p(Ri,i+1,r—i—l) - p(RfL,i,r—i) > mTA(Ri,i—&-l,r—i—l)m -z A(R} )T

n,t,r—1

= 2(TyTyy + TuTys + TusTuy — Tuy Tug — LusTus — Tuy Tusy )

(17)
_y 3p(RY ;. )? —8p(RS ) —12) ,
- o, )
Since R}, (4 is a subgraph of RS ; ., we have p(R% ) > p(R?;,4) = 4 > 3.8. It follows that 3p(R% ; . ;)% —
8p(R3 ;._;) —12 > 0. Thus, from (17), we have p(R;, ; . ;) < p(R% ;1 ,_; 1), where 0 < i <r. By combining

the statements of Lemma 4.2, we conclude that among all the graphs in ¥2 with n > 2, the maximal spectral
radius is attained at G, where

G3,n=0 (mod 4),

G~ G3,n=1 (mod 4),
T )G, n=2 (mod4),
Gi,n=3 (mod 4),

and G3,G3,G3 and G} are shown in Figure 2. This completes the proof of Theorem 1.2. [J
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5. CONCLUDING REMARKS

In this paper, we have solved the Brualdi-Solheid problem for the classes of 2-cactus and 3-cactus graphs,
characterizing the extremal graphs that attain the maximum spectral radius in each family. Our structural
analysis reveals that these extremal graphs are coalescences of specific blocks: Ks, K3, 6(1,2,2), and 6(1, 2, 2, 2),
all sharing a common cut vertex.

A natural and challenging extension is to consider the general case of k-cactus graphs for k£ > 4. Based on the
patterns observed for k = 2 and k = 3, we conjecture that the extremal graph for general k is also a coalescence
of #-type blocks at a common vertex, where each block is a f-graph with ¢ = k£ 4 1 internally disjoint paths,
and the path lengths are chosen to maximize the spectral radius under the edge—cycle constraint. Specifically,
we suspect that the optimal block is of the form 6(1,2,...,2) (with & — 1 copies of 2), to an extremal graph of
the form ©,0(1,2,...,2) for some r depending on n.

Proving this conjecture for arbitrary k appears nontrivial, as the number of possible block structures grows
rapidly with k, and spectral comparisons become increasingly complex. We suggest several directions for future
research:

— Characterization of optimal 6-blocks: Determine, for each k, the #-graph with ¢t = k+1 paths that maximizes
the spectral radius subject to the k-cactus condition.

— Structural lemmas for general k: Develop more general graph transformations that preserve the k-cactus
property while increasing the spectral radius, extending Lemma 2.2 to broader settings.

— Computational exploration: Use symbolic or numerical computation to test conjectures for small k£ > 4 and
moderate n, which may reveal further structural patterns.

— Connections with edge-maximization: Relate the spectral extremal problem to the edge-maximization results
for k-cactus graphs obtained by Zhang and Huang [18], possibly uncovering a unified extremal structure.
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