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NAVIGATION ALGORITHMS FOR OPTIMAL PATHFINDING IN THE
STOCHASTIC OBSTACLE SCENE PROBLEM

Elvan Ceyhan1,* , Polat Charyyev2 and Li Zhou1

Abstract. In the stochastic obstacle scene (SOS) problem (a continuous counterpart of the Canadian
traveler’s problem), a navigating agent seeks a low-cost route from a source to a target in the presence
of obstacles whose true/false status is initially uncertain. We study the discretized SOS setting and
develop a family of penalty-based navigation heuristics that incorporate both sensor-derived obstacle
probabilities and a disambiguation cost incurred upon querying an obstacle at its boundary. Our main
methodological contribution is a parametric unification of classical penalty rules via the ACS(𝑘) fam-
ily, together with norm-based approximations that relate ACS(𝑘) to existing penalties. We evaluate
the resulting heuristics through extensive Monte Carlo experiments across sensor-accuracy regimes,
disambiguation costs, and obstacle densities, and we summarize which penalty-growth behaviors are
preferable under each regime. The results provide practical guidance for selecting a penalty-based
navigation rule for a given sensor and operational cost configuration.

Mathematics Subject Classification. 90C27, 90C59, 90C15, 05C85, 60G55.

Received July 18, 2024. Accepted May 27, 2026.

1. Introduction

Stochastic obstacle scene (SOS ) problem, introduced by Papadimitriou and Yannakakis [19], is one of the
most challenging stochastic optimization problems in literature, and its graph-theoretic (i.e., discrete) version
is called the Canadian traveler’s problem (CTP). SOS problem pertains to finding an optimal path (e.g., a
path with minimum cost) of a navigating agent (NAVA) from a start point to a target point. Recently, both
continuous and graph-theoretic versions of the problem have been studied and several efficient heuristics have
been proposed to tackle them (see, e.g., [5, 8, 15,17]).

For the discretized SOS problem, the BAO* algorithm of Aksakalli [1], the simulated risk (SR) disambiguation
algorithm of Fishkind et al. [15], the reset disambiguation (RD) algorithm of Aksakalli et al. [5], and the distance
to termination (DT) algorithm of Aksakalli and Ari [3] are some of the well performing algorithms. The cost
incurred from disambiguation of each obstacle is added to the overall traversal burden. To avoid ambiguity, we
reserve the term length for Euclidean path or walk length, cost for realized traversal length plus disambiguation
costs actually incurred, and risk for the planned weighted objective used by the navigation rule when selecting
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a route. In the SOS context, the RD algorithm is proven to attain the optimal expected length, only in the
case of two-node graphs with several edges, or disjoint paths where the beginning and end points are the same.
However, showing the optimality of the navigation algorithms in the SOS problem for the broader setting of
multiple nodes and edges is still an open problem. For other related work in this area, see Ye and Priebe [26];
Ye et al. [27]; Aksakalli and Ceyhan [4]; Alkaya et al. [7].

Several variants of the CTP problem have been introduced and effective heuristic algorithms are proposed.
For example, in Bar-Noy and Schieber [8] the recoverable CTP was introduced where a blocked edge does not
remain blocked forever, and each vertex 𝑣 has a recovery time 𝑡(𝑣) ∈ [0,∞) for edges adjacent to 𝑣. They also
introduced the 𝑘-CTP, in which an upper bound of 𝑘 blocked edges is given. Nikolova and Karger [17] studied
another variant of the CTP where the cost of edges is assumed to follow independent and identical distributions
(iid). Bnaya et al. [9] introduced the sensing cost in CTP which is closely related to our work. In the original
CTP, the status of an edge (i.e., whether it is blocked or not) can only be revealed upon reaching a vertex
adjacent to that edge. This kind of sensing is called local sensing. On the other hand, remote sensing refers to
revealing the status of an edge from a distant location [10]. The sensing cost in the CTP is analogous to the
disambiguation cost in the discretized SOS problem. Bnaya et al. [11] studied the repeated-task CTP where
a number of NAVAs need to travel with the same goal, minimizing their combined traversal cost. Recently,
Aksakalli et al. [6] developed an 𝐴𝑂* based exact algorithm, called the 𝐶𝐴𝑂* algorithm, for the CTP and they
showed that the empirical performance is better than other exact algorithms.

This paper provides a structured methodological extension of penalty-based navigation heuristics for the dis-
cretized SOS problem. We introduce a parametric penalty family and an accompanying framework for comparing
penalty-growth behaviors. Our contributions are:

(i) New penalty structures: We propose additive penalty functions, including AP and the ACS(𝑘) family,
that extend classical RD- and DT-type penalties while preserving computational simplicity.

(ii) Parametric unification via approximation: We show that ACS(𝑘) can approximate existing penalty
functions over relevant probability ranges under 𝐿1, 𝐿2, and 𝐿∞ norms, thereby placing classical heuristics
within a continuous parametric spectrum indexed by 𝑘.

(iii) Comparative empirical evaluation: We conduct extensive Monte Carlo experiments across sensor-
accuracy regimes, disambiguation costs, and obstacle densities to characterize how penalty-growth structure
influences traversal cost and to provide guidance on selecting ACS(𝑘) (and related heuristics) under different
operating conditions.

The contribution is methodological and empirical as we study and compare heuristic navigation rules within
the established SOS/CTP paradigm.

We introduce the SOS problem in Section 2, including both its continuous and discretized formulations.
Section 3 then develops the general methodological framework for penalty-based navigation, clarifying the
distinction between planned risk and realized traversal cost. Section 4 introduces the penalty structures studied
in this paper, including the new ACS(𝑘) family, and presents the approximation-based unification of ACS(𝑘)
with existing heuristics. Section 5 reports the empirical evaluation, including sensitivity analyses with respect
to sensor accuracy, disambiguation cost, and obstacle density, as well as convergence and threshold-adjusted
ACS(𝑘) results. We conclude in Section 6 with a discussion of the main findings and directions for future work.

2. The SOS problem

2.1. Continuous SOS problem

The continuous SOS problem is formally defined as follows: Given a bounded obstacle field Ω ⊂ R2, false
obstacles (e.g. clutter such as rocks, debris, fake mines) are assumed to be located at points, 𝒳𝐹 , which is assumed
to follow a spatial point process 𝐹𝐹 . Then, an obstacle placing agent (OPA) places true obstacles at the points,
𝒳𝑇 , assumed to follow another spatial point process 𝐹𝑇 , possibly different from 𝐹𝐹 . Each obstacle is represented
with a disk 𝐷𝑥 centered at 𝑥 with a fixed radius 𝑟 > 0 and false obstacles are centered at the points in 𝒳𝐹 and
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true obstacles are centered at the points in 𝒳𝑇 . A navigating agent (NAVA) wishes to traverse from a given
starting point, 𝑠 ∈ Ω, to a target point, 𝑡 ∈ Ω, and is equipped with a sensor that assigns random probabilities
𝑝

𝐹
: 𝒳𝐹 → [0, 1] and 𝑝

𝑇
: 𝒳𝑇 → [0, 1] prior to NAVA’s traversal. When observing a realization of these processes,

NAVA only sees 𝒳 := 𝒳𝐹 ∪𝒳𝑇 as obstacles, some of which may be true. Let 𝑝(𝑥) be the probability that 𝑥 ∈ 𝒳𝑇 ,
i.e., 𝑥 is a true obstacle for all 𝑥 ∈ 𝒳 . Then NAVA’s detector assigns 𝑝(𝑥) = 𝑝

𝑇
for 𝑥 ∈ 𝒳𝑇 and 𝑝(𝑥) = 𝑝

𝐹

for 𝑥 ∈ 𝒳𝐹 . For every 𝑥 in 𝒳 , when the navigation route intersects the boundary of the disk, 𝜕𝐷𝑥 (i.e., when
NAVA runs into an obstacle), it can choose to disambiguate the true status of 𝑥, determining whether 𝑥 is
in 𝒳𝑇 or not. This decision incurs an additional cost 𝑐 > 0 for disambiguation to the route’s length. NAVA
is allowed to traverse through disks that have been disambiguated to be false, but it must circumvent disks
that remain ambiguous or those clarified as true obstacles. The NAVA seeks to traverse a continuous (𝑠, 𝑡)
route without hitting any true obstacle at shortest achievable arc length (i.e., in shortest traversal length). The
influence of terrain is ignored, as it is assumed to be homogeneous, and the NAVA’s traversal speed is assumed
constant in this setting. We further suppose that NAVA has a dynamic disambiguation capability. How the
NAVA should route the continuous (𝑠, 𝑡) traversal curve – and where and when the disambiguations should be
performed – in order to minimize the expected length (including the disambiguation cost) of this curve is called
the continuous SOS problem [19]. Conversely, the challenge of strategically positioning obstacles to lengthen
the NAVA’s travel distance (or cost) in the SOS scenario, called the optimal obstacle placement (OOP) with
disambiguations problem, was proposed by Aksakalli and Ceyhan [4].

2.2. Discretized SOS problem

To enhance computational efficiency, we utilize a discrete approximation of the continuous SOS setting by
using the 8-adjacency integer lattice (possibly after scaling the traversal region, which is also assumed to be
rectangular), as per the methodology outlined in Aksakalli et al. [5]. This discretization is represented as a graph
𝐺, with vertices corresponding to integer pairs 𝑖, 𝑗 satisfying 𝑖 = 1, 2, . . . , 𝑖max and 𝑗 = 1, 2, . . . , 𝑗max, where 𝑖max

and 𝑗max are prespecified integers. The navigation field Ω is partitioned by an 𝑖max × 𝑗max grid of unit squares,
whose vertices form the graph’s vertices. The edges in 𝐺 reflect the grid’s vertex adjacency, including edges
connecting adjacent vertices horizontally and vertically with unit length, and diagonally with length

√
2, for all

𝑖, 𝑗 = 0, 1, . . . , 99. Additional unit-length corner edges connect vertices at (100, 𝑗) and (100, 𝑗 + 1), and (𝑖, 100)
and (𝑖 + 1, 100).

In this model, one vertex on one edge of Ω is designated as the starting point 𝑠, and another vertex at the
opposite edge of Ω as the target 𝑡. The NAVA’s objective is to navigate from 𝑠 to 𝑡 in 𝐺, using edges that avoid
intersecting any true or ambiguous obstacles. Disambiguation of any intersected ambiguous obstacle can occur
at the edge endpoints outside the obstacle. The aim is to develop an algorithm for NAVA that minimizes the
expected traversal length (or cost), leveraging disambiguation abilities and obstacle location information. This
setup, called the discretized SOS problem (D-SOSP), represents a specific instance of the CTP.

2.3. SOS problem formulation

A walk in a graph 𝐺 = (𝑉,𝐸) is a finite sequence 𝜔 = 𝑣0, 𝑒1, 𝑣1, 𝑒2, 𝑣2, . . . , 𝑒𝑘, 𝑣𝑘 such that: 𝑣𝑖 ∈ 𝑉 for all
𝑖 = 0, 2, . . . , 𝑘, and 𝑒𝑖 = {𝑣𝑖−1, 𝑣𝑖} (in an undirected graph) or 𝑒𝑖 = (𝑣𝑖−1, 𝑣𝑖) (in a directed graph) for all
𝑖 = 1, 2, . . . , 𝑘. Here, 𝑣0 is the start vertex and 𝑣𝑘 is the end vertex, and 𝑘 is the length of the walk, indicating
the number of edges in the sequence. Notice that walks allow for the repetition of vertices and edges, i.e., it
is possible for 𝑣𝑖 = 𝑣𝑗 for some 𝑖 ̸= 𝑗 and 𝑒𝑖 = 𝑒𝑗 for some 𝑖 ̸= 𝑗. On the other hand, a walk where all edges
are distinct is called a path [22]. Let 𝑉 (𝜔) be the set of vertices 𝑣𝑖 and 𝐸(𝜔) be the set of edges 𝑒𝑖 in walk 𝜔,
respectively.

In the discretized SOS problem, NAVA is restricted to move along the edges of the spatial grid 𝐺, with the
possibility of revisiting an edge due to edge costs or an edge intersecting a true obstacle. Consequently, the
traversal from 𝑣0 = 𝑠 to 𝑣𝑘 = 𝑡 on the graph is more accurately described as a walk rather than a path, in
accordance with graph theory terminology. NAVA’s trajectory in practice is a continuous route, and the set of
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edges traversed by NAVA approximates this route. Note also that a cycle (i.e., a closed walk with at least one
edge and no repeated vertices or edges other than the starting and ending vertex) is also possible in our setting.

Let Ω ⊂ R2 denote the traversal region and let 𝑊 ⊂ Ω be the obstacle placement window. Let 𝒳 = 𝒳𝑇 ∪𝒳𝐹

denote the (random) set of obstacle centers, where 𝒳𝑇 and 𝒳𝐹 represent the sets of true and false obstacles,
respectively, and |𝒳 | = 𝑛 is fixed.

For a given realization of 𝒳 , let 𝜔 = 𝜔(𝑠, 𝑡;𝒳 ) denote the walk generated by a specified navigation algorithm
from 𝑠 to 𝑡, and let 𝐶(𝜔,𝒳 ) denote the corresponding traversal cost (including disambiguation costs). The
objective of the navigation agent (NAVA) is to choose a navigation policy (equivalently, an induced walk
mapping 𝜔(·)) that minimizes the expected traversal cost:

min
𝜔(·)

E
[︀
𝐶
(︀
𝜔(𝑠, 𝑡;𝒳 ),𝒳

)︀]︀
subject to 𝒳 ⊂ 𝑊, 𝐸

(︀
𝜔(𝑠, 𝑡;𝒳 )

)︀
∩ 𝒳𝑇 = ∅, |𝒳 | = 𝑛, (1)

where the expectation is taken with respect to the randomness in obstacle placement and sensor-generated
probability marks. Note that the constraint 𝑊 ⊂ 𝛺 ensures that all obstacles are placed within the designated
window (i.e. 𝒳 ∩𝑊 𝑐 = ∅) and while 𝐸

(︀
𝜔(𝑠, 𝑡;𝒳 )

)︀
∩ 𝒳𝑇 = ∅ enforces that the realized traversal avoids all true

obstacles. The condition |𝒳 | = 𝑛 fixes the total number of obstacles.
Equation (1) may therefore be interpreted as the optimization problem of minimizing the expected traversal

cost with respect to the obstacle configuration, subject to feasibility constraints. In contrast, the navigation
algorithms studied in this article aim to approximate the inner minimization over admissible (𝑠, 𝑡) walks for a
given realization of 𝑋.

We emphasize that all navigation strategies studied in this paper are heuristic in nature. Except in special
graph structures (e.g., disjoint parallel paths), global optimality guarantees for the SOS/CTP problem remain
open problems. Our goal is not to resolve this long-standing theoretical challenge, but rather to understand how
different penalty growth mechanisms affect practical traversal performance under uncertainty. The proposed
methods should therefore be viewed as structured heuristic improvements within the established paradigm.

3. Methodological framework: penalty-based navigation

This section establishes the general navigation framework within which all penalty functions considered in
this paper operate. Specific penalty structures are introduced in Section 4.

In the discretized SOS problem, the graph 𝐺 is defined as in Section 2.2, with its vertices in 𝑉 and edges in
𝐸. Consider 𝐷 = 𝐷𝑥, a disk centered at 𝑥 in 𝒳 = 𝒳𝐹 ∪ 𝒳𝑇 , with a specified radius 𝑟 > 0 and |𝒳 | = 𝑛. The
objective is to determine, at each planning stage, a minimum-risk planned path from the current vertex to 𝑡
under the chosen edge-weighting rule, while the realized end-to-end traversal may be an executed walk whose
cost equals the Euclidean length actually traversed plus any disambiguation costs incurred during execution.

A navigation algorithm initially assigns a weight function 𝑤(𝑒) to each edge 𝑒, which is additive in the
Euclidean length ℓ(𝑒) of 𝑒, and a penalty function 𝒫(𝑐, 𝑝𝑖) depending on disambiguation cost 𝑐 and probability
of an obstacle 𝑖 being true 𝑝𝑖 if the edge intersects the obstacle.

Remark 3.1 (Optimal path versus executed walk). As noted in Section 2.3, the realized trajectory of NAVA
on the grid may be a walk rather than a path, because replanning after disambiguation can cause previously
traversed vertices or edges to be revisited. The shortest-path routines used within the navigation algorithms,
however, are designed to compute an optimal path rather than an optimal walk. Indeed, for any walk between
two vertices in a weighted graph, there exists a path between the same vertices with no greater total length.
Thus, at each replanning stage the algorithm selects a minimum-risk path from the current vertex to the target,
while the concatenation of these successive planned paths over the full execution may produce an observed walk
𝜔obs. In this sense, the algorithms compute tentative optimal paths locally, whereas the realized end-to-end
traversal need not itself be a path.
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3.1. Navigation algorithm and adapted 𝐴* algorithm

We will employ the navigation algorithm which also relies on an adaptation of the commonly-used 𝐴* algo-
rithm for finding the optimal path on 𝐺. Both algorithms are adapted for our setting from Ye and Priebe [26]
where they are stated for navigation on directed graphs.

3.1.1. Navigation algorithm

The navigation algorithm repeatedly computes a shortest (𝑣, 𝑡) route under the current edge weights, advances
along it, and performs disambiguations only when required by the planned route.

In Algorithm 1, 𝑝𝑖 denotes the initial probability mark that obstacle 𝐷𝑖 is true, and 𝑝+
𝑖 denotes the updated

value after disambiguation (so 𝑝+
𝑖 ∈ {0, 1}). The variable 𝑣 is the current vertex (i.e., NAVA’s current location).

For an edge 𝑒 = 𝑢𝑣, we write 𝐼𝑒 := { 𝑖 : 𝑒 intersects 𝐷𝑖 } for the set of obstacle indices whose disks intersect
𝑒, and we write 𝐼𝑑 := { 𝑖 : 𝐷𝑖 has not been disambiguated } for the set of indices of obstacles that remain
ambiguous. The weight function 𝑤 is the current edge-weight function induced by the chosen penalty rule and
the current collection of probability marks {𝑝𝑖}.

Algorithm structure.

Initialization. The algorithm assigns probability marks {𝑝𝑖} to obstacles, constructs the corresponding edge
weights 𝑤, and sets the current vertex to 𝑣 = 𝑠.
Path finding and movement. Given the current vertex 𝑣, the algorithm computes a shortest path from 𝑣 to 𝑡
under the current weights 𝑤 (using the shortest-path routine adopted in our implementation) and begins to
traverse this path. It continues until either reaching the target 𝑡 or encountering an edge 𝑒 = 𝑣𝑣′ whose traversal
would intersect at least one ambiguous obstacle, i.e., 𝐼𝑒 ∩ 𝐼𝑑 ̸= ∅.
Disambiguation and update. When such an edge is encountered, NAVA disambiguates all obstacles 𝐷𝑖 with
indices 𝑖 ∈ 𝐼𝑒 ∩ 𝐼𝑑 at the current vertex 𝑣, updates their marks to 𝑝+

𝑖 , updates the edge weights 𝑤 accordingly,
and then repeats the path-finding step from the updated state.

Algorithm 1. Navigation algorithm for the SOS problem.
Input: Graph 𝐺 = (𝑉, 𝐸), starting vertex 𝑠, target vertex 𝑡, initial probabilities 𝑝𝑖 for obstacles 𝑖 ∈ {1, 2, . . . , 𝑚}.
Output: Shortest path from 𝑠 to 𝑡, adjusted for obstacle probabilities.
1: Initialize 𝐺, assign 𝑝𝑖 for obstacles, set current vertex 𝑣 = 𝑠.
2: while 𝑣 ̸= 𝑡 do
3: Use 𝐴* for the shortest path 𝑣 to 𝑡 in 𝐺, with edge weights 𝑤.
4: if edge 𝑒 = 𝑣𝑣′ intersects disk 𝐷𝑖 with 𝑝𝑖 > 0 then
5: Disambiguate at 𝑣 for obstacles 𝐷𝑖 intersecting 𝑒 where 𝑖 ∈ 𝐼𝑒 ∩ 𝐼𝑑.
6: Update 𝑝𝑖 to 𝑝+

𝑖 for all obstacles according to the outcome of the disambiguation.
7: Update the weights 𝑤 in 𝐺 based on new 𝑝𝑖.
8: else
9: Move along edge 𝑒 to 𝑣′ and set current vertex 𝑣 = 𝑣′.

10: end if
11: end while

3.1.2. Adapted 𝐴* algorithm

We employ a standard 𝐴* shortest-path procedure [14,21] with dynamically updated edge weights reflecting
the probabilistic penalty structure. We omit standard details of 𝐴* and focus only on the modifications induced
by the uncertainty-adapted weight function 𝑤(·) used in our navigation framework. Algorithm 2 summarizes
the resulting implementation.
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Algorithm 2. 𝐴* Pathfinding algorithm with uncertainty adaptation.
Input: Graph 𝐺 = (𝑉, 𝐸), heuristic function ℎ, starting vertex 𝑠, target vertex 𝑡, probabilistic weight function 𝑤.
Output: Minimum cost path from 𝑠 to 𝑡.
1: Initialize 𝑉pend = {𝑠}, 𝑑(𝑠) = 0, 𝑉exp = ∅.
2: while 𝑉pend ̸= ∅ and 𝑡 /∈ 𝑉exp do
3: Choose 𝑢 from 𝑉pend as 𝑢 = arg min𝑣∈𝑉pend

(𝑑(𝑣) + ℎ(𝑣, 𝑡)).

4: Move 𝑢 from 𝑉pend to 𝑉exp.
5: if 𝑢 = 𝑡 then
6: return path from 𝑠 to 𝑡.
7: end if
8: for each 𝑣 adjacent to 𝑢 not in 𝑉exp do
9: Calculate 𝑑tent = 𝑑(𝑢) + 𝑤(𝑢𝑣).

10: if 𝑣 /∈ 𝑉pend or 𝑑(𝑣) > 𝑑tent then
11: Update 𝑑(𝑣) = 𝑑tent and set 𝑝𝑟𝑒𝑑(𝑣) = 𝑢.
12: If 𝑣 /∈ 𝑉pend, then 𝑉pend = 𝑉pend ∪ {𝑣}.
13: end if
14: end for
15: end while

3.2. NAVA’s estimated (weighted) cost and traversal length

We first note that the actual traversal length incurred for NAVA and estimated risk at each reset stage of the
navigation algorithm are different random variables. We provide some stochastic ordering and limiting results
for the navigation algorithms and their estimated risks and total traversal lengths.

Recall that NAVA’s objective is to navigate from a start point 𝑠 to a target point 𝑡 along an (𝑠, 𝑡) route within
the discretized grid, equivalently, via an (𝑠, 𝑡) walk in graph 𝐺. Each edge in 𝐸(𝐺) bears a weight corresponding
to its Euclidean length and the disambiguation cost arising from any intersecting obstacle disk. The starting
point 𝑠 is chosen to be located at the center of one boundary edge of the (rectangular) domain Ω, and the target
𝑡 is chosen to be at the midpoint of the opposite boundary edge of Ω.

Although it is possible for NAVA’s route to be a walk on 𝐺, the navigation algorithms work with paths
to find the optimal route (see Rem. 3.1). Suppose that all (𝑠, 𝑡)-paths have 𝑀 distinct Euclidean lengths
(excluding loops), with the 𝑖th length occurring 𝑁𝑖 times. An (𝑠, 𝑡)-path can then be denoted by 𝜋𝑖𝑗 = 𝜋𝑖𝑗(𝑠, 𝑡)
for 𝑗 = 1, 2, . . . , 𝑁𝑖 and 𝑖 = 1, 2, . . . ,𝑀 , yielding a total of

𝐾 =
𝑀∑︁
𝑖=1

𝑁𝑖

distinct (𝑠, 𝑡)-paths on the standard 8-adjacency integer grid. Let

𝐿𝑖𝑗 = 𝐿(𝜋𝑖𝑗)

represent the Euclidean length of path 𝜋𝑖𝑗 , and assume, without loss of generality, that

𝐿1𝑗 = 𝑚 < 𝐿2𝑗 < · · · < 𝐿𝑀𝑗 .

Note that for any fixed 𝑖, all paths in the 𝑖th length class have the same Euclidean length, that is,

𝐿(𝜋𝑖𝑗) = 𝐿(𝜋𝑖𝑗′) for 𝑗, 𝑗′ = 1, 2, . . . , 𝑁𝑖.

Additionally, we assume that 𝑟 > 1/2, guaranteeing that an obstacle intersects grid edges with probability 1.
The disambiguation cost 𝑐(𝑥) = 𝑐 > 0 is assumed to be fixed for all obstacles, and the distribution of the sensor
probability, 𝑝(𝑥), is assumed to be continuous.
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Throughout the paper we distinguish three related objects.

Edge weight. For each grid edge 𝑒 ∈ 𝐸(𝐺), the navigation rule assigns a weight 𝑤(𝑒) equal to the Euclidean
edge length plus a penalty term whenever 𝑒 intersects an (as-yet ambiguous) obstacle; the penalty depends on
the disambiguation cost 𝑐 and the sensor mark 𝑝(·) through the chosen penalty function 𝑃 (𝑐, 𝑝).
Planned/estimated risk. For any candidate (𝑠, 𝑡)-path 𝜋, the planned (pre-traversal) risk is 𝑅(𝜋) :=∑︀

𝑒∈𝐸(𝜋) 𝑤(𝑒). The algorithm selects the minimum-risk path 𝜋* = arg min𝜋 𝑅(𝜋) at each replanning step.
Realized traversal cost. The realized cost incurred by the executed walk 𝜔obs is 𝐶(𝜔obs,𝒳 ) = 𝐿(𝜔obs)+𝑐 𝑛dis,
i.e., Euclidean length actually traversed plus the disambiguation costs actually paid. In general, 𝐶(𝜔obs,𝒳 ) and
𝑅(𝜋) are different random variables.

We now formalize these definitions and relate the planned risk 𝑅(𝜋) to the realized cost 𝐶(𝜔obs,𝒳 ) under
the navigation-and-disambiguation procedure.

The navigation algorithms we consider in this article incorporate the disambiguation cost 𝑐 and the probability
mark 𝑝(𝑥) when an edge intersects an obstacle 𝑥, and assign the weight 𝑤(𝑒) := 𝑤(𝑒, 𝑐, 𝑝,𝒳 ) to any edge
𝑒 ∈ 𝐸(𝜋(𝑠, 𝑡)) as

𝑤(𝑒) = ℓ(𝑒) +
1
2

∑︁
𝑥∈𝒳

1{𝐷𝑟(𝑥) ∩ 𝑒 ̸= ∅}𝒫(𝑐, 𝑝(𝑥)), (2)

where ℓ(𝑒) is the Euclidean length of edge 𝑒 (equal to 1 or
√

2), 1{·} is the indicator function, and 𝒫(𝑐, 𝑝) is
the penalty function used by NAVA to incorporate the disambiguation cost and the probabilistic obstacle mark.
For example, under the RD algorithm,

𝒫(𝑐, 𝑝) = 𝒫RD(𝑐, 𝑝) =
𝑐

1− 𝑝
·

Thus, when 𝑝(𝑥) = 0, the edge weight is ℓ(𝑒) + 𝑐/2, whereas as 𝑝(𝑥) → 1 the penalty diverges. Furthermore, for
𝑝(𝑥) ∈ {0, 1}, NAVA has exact information about the obstacle status, so disambiguation is unnecessary. Adding
these weights for the edges of the path 𝜋(𝑠, 𝑡) yields the total cost assigned to path 𝜋(𝑠, 𝑡) by NAVA

ℛ(𝜋) := ℛ(𝜋,𝒳 ,𝒫) =
∑︁

𝑒∈𝐸(𝜋(𝑠,𝑡))

𝑤(𝑒). (3)

The quantity ℛ(𝜋) is the planned (pre-traversal) risk assigned by NAVA to path 𝜋, and is the objective
minimized at each replanning step. Equivalently,

ℛ(𝜋) =
∑︁

𝑒∈𝐸(𝜋)

ℓ(𝑒)

⏟  ⏞  
ℒ(𝜋)

+
∑︁

𝑥∈𝒳 ,𝑒∈𝐸(𝜋):
𝐷𝑟(𝑥)∩𝑒 ̸=∅

𝒫(𝑐, 𝑝(𝑥)). (4)

For a candidate path 𝜋𝑖𝑗 , we write ℛ(𝜋𝑖𝑗) for its estimated risk under the current sensor information, and define

𝜋* := arg min
𝜋𝑖𝑗

ℛ(𝜋𝑖𝑗), ℛ* := ℛ(𝜋*).

Thus, 𝜋* is the minimum-risk path planned by NAVA under the current edge weights.
When there is no obstacle, i.e., 𝑛 = 0, the quantity ℛ(𝜋) is not a random quantity. Because, ℛ(𝜋) = ℒ(𝜋)

holds true in this case, since 𝑤(𝑒) = ℓ(𝑒) for every edge 𝑒 in graph 𝐺. Hence, NAVA opts for the path with the
minimum Euclidean length, arg min𝜋(𝑠,𝑡)ℛ(𝜋), typically a direct linear route connecting 𝑠 and 𝑡. On the other
hand, the presence of obstacles, envisioned as disks with non-zero radii, renders ℛ(𝜋) a random variable. This
randomness stems from the stochastic distribution of obstacles 𝒳 and the probabilistic marks of these obstacles
by NAVA’s sensor, typically modeled using a Beta distribution. Under these circumstances, NAVA, positioned
at a vertex 𝑣 ∈ 𝑉 (𝐺) in the current step selects the path 𝜋(𝑣, 𝑡) with the lowest risk ℛ(𝑣, 𝑡), where ℛ(𝑣, 𝑡)
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represents the risk of traversing from vertex 𝑣 to 𝑡. The navigation algorithm aids in identifying the path(s) of
minimum risk, employing Algorithm 1 for weight consideration in graph 𝐺.

Let 𝜔obs be the observed walk traversed by NAVA from 𝑠 to 𝑡, and let 𝒞(𝜔obs,𝒳 ) be the realized traversal
cost along 𝜔obs. Then

𝒞(𝜔obs,𝒳 ) =
∑︁

𝑒∈𝐸(𝜔obs)

ℓ(𝑒) + 𝑐× 𝑛dis = ℒ(𝜔obs) + 𝑐× 𝑛dis. (5)

Here 𝑛dis denotes the number of disambiguations performed during execution. In general, the realized traversal
cost 𝒞(𝜔obs,𝒳 ) and the planned risk ℛ(𝜋) are different random variables: 𝒞(𝜔obs,𝒳 ) depends on the actual
executed walk and the disambiguation outcomes, whereas ℛ(𝜋) is the pre-traversal weighted objective used to
select a candidate path.

In settings with no obstacles, by design, we have 𝒞(𝜔obs,𝒳 = ∅) = min𝑖,𝑗 ℒ𝑖𝑗 = min𝜋𝑖𝑗 ℒ(𝜋𝑖𝑗) with 𝜔obs being
the minimum length path from 𝑠 to 𝑡, i.e., 𝜔obs = arg min𝜋𝑖𝑗

ℒ(𝜋𝑖𝑗) = 𝜋*. When encountering exclusively false
obstacles, i.e., 𝑛 = 𝑛𝐹 > 0, NAVA opts for the path with the minimum estimated risk ℛ* (i.e., the minimum
cost walk is the same as the minimum risk path). Specifically, 𝜔obs = 𝜋* and so

𝒞𝐹 := 𝒞(𝜋*,𝒳𝐹 ) =
∑︁

𝑒∈𝐸(𝜋*)

𝑤(𝑒, 0, 𝑐,𝒳𝐹 ) = ℓ*𝑖𝑗 + 𝑐× 𝑛*dis (6)

where 𝑛*dis =
∑︀

𝑥∈𝒳𝐹
1𝐷𝑟(𝑥)∩𝜋* ̸=∅ is the number of disambiguations performed by NAVA along 𝜋* and ℓ*𝑖𝑗 is

the total (Euclidean) length of the edges in 𝐸(𝜋*). However, the actual traversal cost is different from ℛ* as
𝒞𝐹 ≤ ℛ* holds true with probability 1, provided that 𝒫(𝑝, 𝑐) > 𝑐 for 0 < 𝑝 < 1 (which happens, e.g., for the
𝒫RD).

3.3. Decision-theoretic view of realized traversal cost

The navigation procedure in Algorithm 1 induces a sequence of replanning steps and local disambiguation
decisions, resulting in an executed (observed) walk 𝜔obs from 𝑠 to 𝑡. The realized traversal cost is

𝒞(𝜔obs,𝒳 ) = ℒ(𝜔obs) + 𝑐 𝑛dis, (7)

i.e., the total Euclidean length actually traversed plus 𝑐 times the number of disambiguations performed. This
realized cost differs from the planned (pre-traversal) risk 𝑅(𝜋) used for shortest-path selection in Section 3.2,
because replanning is triggered by disambiguation outcomes and obstacle realizations.

For completeness, Appendix A provides a detailed decision-theoretic/action-sequence representation of 𝜔obs

and 𝒞(𝜔obs,𝒳 ) that makes the sequential structure explicit.

4. Penalty structures and parametric unification

Building on the general navigation framework introduced in Section 3, we now compare classical penalty
functions and introduce new additive structures. We then show how the ACS(𝑘) family provides a parametric
unification of these heuristics.

4.1. Existing penalty functions for navigation algorithms

We first describe reset disambiguation, simulated risk, and distance to termination algorithms. In the reset
disambiguation (RD) protocol of Aksakalli et al. [5], the weight function 𝑤RD is 𝑤(𝑒), with the penalty function
being

𝒫RD(𝑐, 𝑝) =
𝑐

1− 𝑝
·

NAVA identifies the shortest 𝑠, 𝑡 path in 𝐺 using these weights, via the navigation algorithm (see Algorithm 1)
with obstacle 𝐷𝑖 is disambiguated to be true, then 𝑝𝑖 is set to 1, the weights are updated, and consequently
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all edges intersecting 𝐷𝑖 are removed (having infinite cost, they have no chance of being selected by the 𝐴*

algorithm). Basic limiting behavior and monotonicity properties are summarized in Table 1.
In another SOS navigation algorithm called the simulated risk (SR) algorithm [15], the penalty function is

defined as:
𝒫SR(𝛼, 𝑝) = −𝛼 log(1− 𝑝),

where 𝛼 represents a constant tuning parameter. A limitation of the SR algorithm is the necessity to adjust the
tuning parameter 𝛼 for optimizing performance and another is that it does not incorporate the disambiguation
cost 𝑐 (unless 𝛼 is taken to be a function of 𝑐). The work by Aksakalli et al. [5], through a series of simulated
experiments, demonstrates that algorithms employing the penalty function 𝒫RD outperform those using 𝒫SR

for most 𝛼 values. Its main structural properties are therefore better understood through the limiting and
monotonicity behavior summarized in Table 1.

The distance to termination (DT) algorithm, introduced by Aksakalli and Ari [3], has demonstrated superior
performance over previous algorithms in various scenarios. This algorithm is based on the principle that an
effective penalty function should monotonically increase with both the disambiguation cost 𝑐 and the probability
𝑝 of an obstacle being true [27]. In line with this, Aksakalli and Ari [3] tested numerous penalty functions with
additive cost terms that adhere to this principle. Their exploration resulted in the formulation of the following
penalty function for the DT algorithm:

𝒫DT(𝑐, 𝑝, 𝑑𝑡) = 𝑐 +
(︂

1− 𝑝

𝑑𝑡

)︂log(1−𝑝)

,

where 𝑑𝑡 denotes the Euclidean distance from the center of disk 𝐷 to the target point 𝑡. For the DT penalty,
we write

𝑑𝑡(𝑥) := ‖𝑥− 𝑡‖

for the Euclidean distance from the center of obstacle 𝑥 to the target 𝑡. When needed for comparison, we also
write

𝑑𝑠(𝑥) := ‖𝑥− 𝑠‖

for the corresponding distance from the obstacle center to the source 𝑠. When 𝑐 and 𝑝 are held constant, as
NAVA gets closer to the target 𝑡, DT algorithm tends to disambiguate more obstacles, otherwise prefer not
to disambiguate (i.e., becomes more risk-averse). A distinctive feature of 𝒫DT(𝑐, 𝑝, 𝑑𝑡) is its rapid exponential
growth with increasing values of 𝑝, setting it apart from other algorithms. The DT algorithm tends to minimize
risk, preferring to disambiguate as few obstacles as possible. This concept echoes the ideas in Bnaya et al. [9,10],
relating to the CTP, where sensing corresponds to the disambiguation option in the discretized SOS problem.
They explored various sensing costs including zero cost, infinite cost, constant cost, and a cost proportional to
the distance from the current position to the starting point 𝑠.

In the traditional CTP, the zero-disambiguation path from 𝑠 to 𝑡 is often deemed too costly (like opting for
a helicopter over driving), leading the NAVA to avoid this zero-disambiguation path unless all other paths are
blocked. However, in the discretized SOS context, given the study window of [0, 100] × [0, 100] and obstacle
distribution within [10, 90] × [10, 90], it is assumed that there’s always a navigable path around the obstacles
from 𝑠 to 𝑡 [4]. The DT algorithm, due to the characteristics of its penalty function, is inclined towards avoiding
risks, often forgoing the opportunity to disambiguate obstacles, and defaulting to the zero-disambiguation path
as a viable and often chosen option.

Table 1 summarizes the basic limiting behavior and monotonicity of the penalty functions used in this paper.

4.2. New penalty functions for the navigation algorithms

We propose new penalty functions noting a limitation in the RD algorithm. When the disambiguation cost is
negligible or zero, its effectiveness diminishes. This is because the computation of 𝑤RD(𝑐, 𝑝) neglects the impact of
the probabilistic information when disambiguation cost is close to zero (as disambiguation cost is multiplicative
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Table 1. Limiting behavior and monotonicity of penalty functions. Here 𝑐 > 0 is the disam-
biguation cost, 𝑝 ∈ (0, 1) is the sensor probability mark, 𝑑𝑡 > 0 is distance-to-target (DT), and
𝛼 > 0, 𝑘 ≥ 0 are tuning parameters (SR and ACS(𝑘), respectively). In the limit columns the
subscript of the penalty term 𝑃· correspond to the row labels, e.g., lim𝑝→0 𝑃RD = 𝑐.

Penalty lim𝑝→0 𝑃· lim𝑝→1 𝑃· lim𝑐→0 𝑃· Monotonicity

RD 𝑐 ∞ 0 increasing in 𝑐 and 𝑝

SR 0 ∞ n/a increasing in 𝛼 and 𝑝

DT 𝑐 + 1 ∞
(︁1− 𝑝

𝑑0

)︁log(1−𝑝)

increasing in 𝑐 and 𝑝; decreases as 𝑑0 ↓

AP 𝑐 ∞ 5𝑝

1− 𝑝 1−𝑝
increasing in 𝑐 and 𝑝

ACS(𝑘) 𝑐 + 1 ∞ (𝑘 > 0) (1− 𝑝)−𝑘 increasing in 𝑐 and 𝑝 (for 𝑘 > 0), and in 𝑘

in the penalty function). Thus, with RD algorithm, NAVA will disambiguate any obstacle regardless of the sensor
information leading to suboptimal outcomes, potentially trapping NAVA in localized problem areas. This issue is
highlighted in the findings of Aksakalli and Ceyhan [4], where they observed an increased mean traversal length
of NAVA in environments with uniformly distributed true obstacles within a 𝑉 -shaped sub-region, amidst
uniformly distributed false obstacles in the traversal region. The mean traversal cost was considerably higher
compared to other obstacle configurations. To mitigate this, we suggest the disambiguation cost be an additive
component in the penalty function. Along this line, we introduce the following penalty function:

𝒫AP(𝑐, 𝑝) = 𝑐 +
5𝑝

1− 𝑝1−𝑝
·

We refer to the corresponding navigation rule as the AP algorithm, reflecting its additive penalty in disambigua-
tion cost and sensor probability. Even when the disambiguation cost is 0, AP algorithm puts a positive risk to
an obstacle (which is larger for obstacles with larger probability marks). Thus, AP has a similar shortcoming
(of being extremely risk-averse) as the DT algorithm above. From our simulation studies (to be elaborated in
the subsequent sections), we see that the AP algorithm outperforms the RD algorithm in terms of achieving a
shorter mean traversal length under various settings.

We visualize the growth of the classical penalty functions 𝒫RD, 𝒫AP, and 𝒫DT as functions of the probability
mark 𝑝 and the disambiguation cost 𝑐 in Figure 1. Panel (a) plots the penalties versus 𝑝 (with other parameters
fixed): all three functions are increasing in 𝑝 and diverge as 𝑝 → 1, reflecting increasing aversion to edges that
intersect obstacles that are likely to be true. The separation of the curves highlights distinct risk-growth profiles:
𝒫RD increases more moderately with 𝑝, whereas 𝒫AP and, especially, 𝒫DT increase more sharply, implying earlier
switching to detours for comparable cost settings. Panels (b)–(d) plot the penalties versus the disambiguation
cost 𝑐 at fixed probability levels 𝑝 ∈ {0.25, 0.50, 0.75}. For 𝑝 = 0.25, the penalties increase approximately linearly
with 𝑐 and remain in a comparable numerical range over 𝑐 ∈ [0, 20], indicating that when blockage is relatively
unlikely, differences among rules are driven mainly by how they weight disambiguation cost versus probability.
At 𝑝 = 0.50, the same monotone trend holds but the spread between curves increases, reflecting a stronger
interaction between cost and uncertainty: for the same increase in 𝑐, more risk-averse penalties inflate the
effective edge weight more and therefore favor detours earlier. At 𝑝 = 0.75, the penalties become substantially
larger (most notably for 𝒫DT) and grow rapidly with 𝑐, indicating that when an obstacle is already quite likely
to be true, even moderate disambiguation costs can make crossing-and-disambiguating unattractive and push
the planner strongly toward avoidance routes.

For comparative analysis, we also consider a ‘benchmark protocol ’ where NAVA has prior knowledge of
location and status of all obstacles. NAVA starts its journey assigning a probability of 1 to true obstacles
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Figure 1. Comparison of the penalty functions 𝒫RD, 𝒫AP and 𝒫DT, with 𝑐 = 5 and
𝑑0 = 50. Panel (a): penalty versus 𝑝. Panels (b)–(d): penalty versus 𝑐 ∈ (0, 20) for fixed
𝑝 = 0.25, 0.50, 0.75, respectively. For better visualization of 𝒫RD and 𝒫AP in panel (a), the
𝑦-axis limit is restricted to (0, 100). Note also that 𝑦-axes are differently scaled.

and 0 to false ones, and utilizes the steps from the RD algorithm for calculating traversal length. In cases of
false obstacles, NAVA crosses them, but still disambiguates them with disambiguation cost being added into the
total traversal cost. With 𝑝 = 1 for true obstacles, any edge intersecting a true obstacle will have infinite weight,
so, NAVA will not choose a path containing such an edge, and will not be disambiguating any true obstacle.
Thus, in the benchmark protocol, NAVA avoids paths that cross true obstacles. This benchmark algorithm
offers the shortest possible traversal length attainable by any navigation heuristic approach as in Algorithm 1.
Additionally, we define the zero-disambiguation navigation algorithm, denoted as ZD, where no disambiguation
occurs in determining the shortest 𝑠, 𝑡 path. This algorithm completely avoids the risk by not engaging in any
disambiguation during the traversal.

4.2.1. A new penalty function in navigation algorithms

The RD and DT penalties differ primarily in whether disambiguation cost enters multiplicatively or additively.
This observation motivates the introduction of a more flexible additive-parametric family. In the RD algorithm,



2200 E. CEYHAN ET AL.

the penalty function is multiplicative in 𝑐 and (a function of) 𝑝, causing extreme values of 𝑝 significantly reducing
the impact of the disambiguation cost 𝑐, and vice versa. This suggests the potential benefit of penalty functions
that are additive in 𝑐 and (some function of) 𝑝, i.e. 𝑐 + 𝑓(𝑝), as in the AP and DT algorithms. Along this line,
we propose a new penalty function that incorporates aspects of the previous frameworks and is additive in 𝑐
and 𝑝 as follows:

𝒫ACS(𝑐, 𝑝, 𝑘) = 𝑐 + (1− 𝑝)−𝑘,

where 𝑘 ≥ 0. This formulation makes the penalty function polynomial in 1/(1− 𝑝), making it flexible and facil-
itating its analysis and understanding. We refer to the corresponding navigation rule as the ACS(𝑘) algorithm,
reflecting its additive penalty in disambiguation cost and sensor probability. Even when the disambiguation cost
is 0, ACS(𝑘) algorithm puts a positive risk to an obstacle (which is larger for obstacles with larger probability
marks), having a similar shortcoming as the DT and AP algorithms above.

Our goals are two-fold in introducing this penalty function: Firstly, we aim to incorporate this function
within greedy navigation algorithms (as in Algorithm 1), determining the optimal 𝑘 values for various scenarios
(with varying sensor accuracy (i.e., varying distributions for 𝑝) and disambiguation cost). Secondly, we want
to identify a value for 𝑘 for which 𝒫ACS can effectively approximate existing penalty functions over a range
of probabilities [0, 𝑝max], with appropriately chosen 𝑝max < 1 to avoid the asymptotic increase in penalty as 𝑝
tends to 1. In approximating the penalty functions with 𝒫ACS(𝑐, 𝑝, 𝑘), we employ 𝐿1, 𝐿2, and 𝐿∞ norms. That
is, we find

arg min
𝑘≥0

‖𝒫RD(𝑐, 𝑝)− 𝒫ACS(𝑐, 𝑝, 𝑘)‖𝑞 ,

where the 𝐿𝑞 norm is ‖𝑓(𝑥)‖𝑞 =
(︀∫︀
|𝑓(𝑥)|𝑞 d𝑥

)︀1/𝑞, for 𝑞 = 1, 2 and the integration is taken over 𝑝 ∈ (0, 𝑝max)
and the 𝐿∞ norm is ‖𝑓(𝑥)‖∞ = max |𝑓(𝑥)| (i.e., the maximum absolute difference).

To complement the penalty-shape comparisons in Figure 1, Figure 2 visualizes the induced routing regimes
in a simple toy environment. Across all penalties, the region in which the planned route crosses the obstacle
contracts as either 𝑝 or 𝑐 increases, reflecting a shift toward more conservative routing when the obstacle is more
likely to be true or when disambiguation becomes more costly. The location and shape of the decision boundary
differ across penalties, highlighting their distinct risk-growth behavior. In particular, RD remains comparatively
willing to cross for small 𝑐, whereas AP and DT switch to detouring at smaller 𝑝 values once 𝑐 increases. The
ACS(𝑘) panels further show that increasing 𝑘 shifts the boundary systematically toward detouring, providing
an interpretable bridge between the classical penalties and the proposed parametric family.

Figure 3 complements the decision maps by showing representative planned routes for selected parameter
pairs. These examples make the threshold behavior visually concrete: depending on the penalty rule and the
(𝑐, 𝑝) combination, the preferred route either continues through the obstacle or switches to a detour around it.
Taken together with Figure 2, these snapshots show how changes in disambiguation cost, obstacle probability,
and the ACS(𝑘) parameter translate into qualitatively different route choices.

We first provide a result on existence of an optimal 𝑘 to approximate the RD, DT, and AP penalty functions
with 𝒫ACS(𝑐, 𝑝, 𝑘).

Proposition 4.1. For any given values of 𝑐 > 0 and 0 < 𝑝max < 1, there exist an optimal value of 𝑘 > 0
denoted as 𝑘*RD(𝑐, 𝑞) such that 𝒫RD(𝑐, 𝑝), can be optimally approximated (with respect to the 𝐿𝑞 norm for any
0 < 𝑞 ≤ ∞) by 𝒫ACS(𝑐, 𝑝, 𝑘) with 𝑘 = 𝑘*RD(𝑐, 𝑞) over the interval (0, 𝑝max). That is, the 𝐿𝑞 norm of difference
between 𝒫ACS(𝑐, 𝑝, 𝑘) and 𝒫RD(𝑐, 𝑝) is minimized when 𝑘 = 𝑘*RD(𝑐, 𝑞). A similar result holds for the penalty
functions 𝒫DT(𝑐, 𝑝, 𝑑𝑡), and 𝒫AP(𝑐, 𝑝) with optimal 𝑘*DT(𝑐, 𝑞, 𝑑𝑡) and 𝑘*AP(𝑐, 𝑞) values, respectively.

Proof. Here the optimization is minimization of 𝐿𝑞 norm of the difference 𝒫ACS(𝑐, 𝑝, 𝑘)−𝒫RD(𝑐, 𝑝) in 𝑘 (which
is the objective function) for given values of 𝑐, 𝑝 and 𝑞. First we prove that the objective function is well-defined
and continuous in 𝑘. For any (bounded) constants 𝑐 > 0 and 𝑘 > 0, the penalty functions 𝒫ACS(𝑐, 𝑝, 𝑘) and
𝒫RD(𝑐, 𝑝) are continuous and bounded in 𝑝 for 𝑝 ∈ [0, 𝑝max]. Consequently, the difference between 𝒫ACS(𝑐, 𝑝, 𝑘)
and 𝒫RD(𝑐, 𝑝) is also continuous and bounded within this interval. The region of integration (i.e., the domain of
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Figure 2. Decision map for a single disk obstacle (radius 𝑟 = 4) illustrating how penalty
growth in (𝑝, 𝑐) affects planned route choice. For each algorithm (RD, AP, DT, and ACS(𝑘)), we
evaluate a 50× 50 grid of (𝑝, 𝑐) values with 𝑝 ∈ [0, 1] and 𝑐 ∈ [0, 10] on a fixed toy environment
and compute the planned shortest path using Dijkstra with penalty-weighted edges. Colors
indicate whether the planned path crosses the obstacle or detours around it; the boundary
between regions reflects the algorithm’s threshold for choosing detour versus crossing.

𝑝, [0, 𝑝max]) is compact, so the objective function is well-defined and finite and is continuous in 𝑘. The domain
of the objective function is 𝑘 ≥ 0, and the penalty 𝒫ACS(𝑐, 𝑝, 𝑘) tends to infinity as 𝑘 → ∞, since 1 − 𝑝 < 0.
Thus, the objective function also tends to infinity, making it coercive. Since the 𝐿𝑞 norm is bounded below by
0, for 𝒫RD, there exists an optimal 𝑘 = 𝑘*RD(𝑐, 𝑞) that minimizes the 𝐿𝑞 norm over the interval (0, 𝑝max). The
proof for the penalty functions 𝒫DT and 𝒫AP follow similarly, with optimal 𝑘 values being, 𝑘*DT(𝑐, 𝑞, 𝑑𝑡) and
𝑘*AP(𝑐, 𝑞), respectively. �

Note that the square of the 𝐿2 norm is differentiable with respect to 𝑘, so differential calculus can be used
to find the minimizer of this norm.

In our analysis, we fix the disambiguation cost as 𝑐 = 5, noting that varying 𝑐 would influence the 𝑘 values
for the optimal approximation. For finding the optimal 𝑘 value with the 𝐿1 norm, we use the “L-BFGS-B”
optimization method (default in the R function optim) which stands for Limited-memory Broyden–Fletcher–
Goldfarb–Shanno with Bounds [13], and it is particularly suited for optimization problems with large numbers
of variables and with constraints on the parameter values. The L-BFGS-B method is a variation of the L-BFGS
algorithm, which itself is an improvement of the BFGS algorithm. The BFGS algorithm is a quasi-Newton
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Figure 3. Representative planned routes in the toy grid environment. We plot the shortest
paths from 𝑠 = (8, 16) to 𝑡 = (8, 0) on a 16× 6 grid graph with a single disk obstacle of radius
𝑟 = 4 centered at (8, 8), under five penalty rules (ACS(𝑘 = 1), ACS(𝑘 = 4), AP, DT, and RD)
for four parameter pairs (𝑐, 𝑝). For (𝑐, 𝑝) = (1, 0.1) all methods select the crossing route. For
(3.5, 0.1), ACS(𝑘 = 1), ACS(𝑘 = 4), and DT detour, while AP and RD still cross. For (1, 0.5),
ACS(𝑘 = 4), AP, and DT detour, while ACS(𝑘 = 1) and RD cross. For (3.5, 0.5) all methods
detour. These snapshots provide concrete examples of the detour/crossing regimes summarized
by the decision map in Figure 2.

method for unconstrained nonlinear optimization problems [18]. For finding the optimal 𝑘 with the 𝐿2 and 𝐿∞

norms, we use differential calculus using the functions from the symbolic software Maple.
For the DT penalty, the original distance term is naturally interpreted as

𝑑𝑡(𝑥) := ‖𝑥− 𝑡‖,
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Table 2. Optimal 𝑘 values with respect to 𝐿1, 𝐿2, and 𝐿∞ norms for RD, AP, and DT algorithms.

Algorithm 𝐿1 Norm 𝐿2 Norm 𝐿∞ Norm

RD 1.774566 1.737021 1.696283
AP 2.699773 2.677187 2.655342
DT 4.979976 5.029031 5.073148

the Euclidean distance from the center of obstacle 𝑥 to the target 𝑡. Likewise, one may define

𝑑𝑠(𝑥) := ‖𝑥− 𝑠‖.

Under the approximately symmetric simulation setting considered here, our numerical results indicate that
replacing the obstacle-specific target-distance term by a comparable source-distance term has little practical
effect on the approximation. This motivates the use of a fixed surrogate distance parameter

𝑑0 :=
𝑑(𝑠, 𝑡)

2
,

where 𝑑(𝑠, 𝑡) = ‖𝑠− 𝑡‖ is the Euclidean distance between the source and target. In our simulation configuration,
𝑑(𝑠, 𝑡) = 100, so that 𝑑0 = 50. Accordingly, in the approximation analysis and plots for the DT penalty, we use

𝒫DT(𝑐, 𝑝, 𝑑0) with 𝑑0 = 50.

We choose 𝑝max = 0.9 for 𝒫RD and 𝒫AP, and 𝑝max = 0.7 for 𝒫DT. These intervals are selected for approx-
imation as they effectively reflect the dynamics of the penalty functions. For 𝑝 larger than these values, all
penalty functions become extremely large due to their exponential growth in 𝑝. In our comparison, 𝒫RD(𝑐, 𝑝)
shows a slower rate of increase compared to 𝒫DT(𝑐, 𝑝, 𝑑𝑡), which increases more rapidly with respect to 𝑝. For
instance, within the range of [0, 0.9], the maximum value of 𝒫RD(𝑐, 𝑝) remains below 100, whereas 𝒫AP(𝑐, 𝑝)
reaches approximately 450 in the same interval. The 𝒫DT(𝑐, 𝑝, 𝑑𝑡) function attains this 450 threshold within the
narrower interval of [0, 0.7] and continues to grow exponentially too large between 0.7 and 0.9. Based on these
observations, we propose that the functions 𝒫RD(𝑐, 𝑝), 𝒫AP(𝑐, 𝑝), and 𝒫DT(𝑐, 𝑝, 𝑑𝑡) can be effectively approxi-
mated by the function 𝒫ACS(𝑐, 𝑝, 𝑘), with an appropriately chosen 𝑘 > 0. Table 2 summarizes the optimal 𝑘
values obtained for a fixed 𝑐 value of 5, for different algorithms and norms. We also plot the penalty functions
𝒫RD and 𝒫ACS(𝑐, 𝑝, 𝑘) with optimal 𝑘 values for 𝑝 ∈ (0, 0.9) in Figure 4 where we observe that the optimal 𝑘
for 𝐿1 norm yields the closest approximation to 𝒫RD(𝑐, 𝑝). Thus, in our subsequent approximations, we use the
𝐿1 norm henceforth. Furthermore, we plot the penalty functions 𝒫AP and 𝒫ACS(𝑐, 𝑝, 𝑘) with optimal 𝑘 values
for 𝑝 ∈ (0, 0.9) and 𝒫DT and 𝒫ACS(𝑐, 𝑝, 𝑘) with optimal 𝑘 values for 𝑝 ∈ (0, 0.7) in Figure 5, and observe the
close match between the penalty functions.

For a given constant 𝑐, let
𝑘*RD(𝑐) := 𝑘*RD(𝑐, 𝑞 = 1)

denote the minimizer of the 𝐿1 norm of the difference between 𝒫RD(𝑐, 𝑝) and 𝒫ACS(𝑐, 𝑝, 𝑘) over 𝑝 ∈ (0, 0.9).
That is,

𝑘*RD(𝑐) = arg min
𝑘≥0

‖𝒫RD(𝑐, 𝑝)− 𝒫ACS(𝑐, 𝑝, 𝑘)‖1 .

This function 𝑘*RD(𝑐) varies with the parameter 𝑐 and is bounded for 𝑐 varying within a compact interval, see
also Figure 6. Notably, for 𝑐 = 5 and when considering a positive real 𝑘, we have found that 𝑘*RD(𝑐) ≈ 1.77,
as shown in Table 2. This result is consistent with the trends observed in Figure 6. We define 𝑘*AP(𝑐) and,
analogously, the corresponding optimal ACS-approximation parameter for the DT penalty in the same manner.
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Figure 4. Comparison of penalty functions 𝒫RD and 𝒫ACS(𝑐, 𝑝, 𝑘) with optimal 𝑘 values for
𝑝 ∈ (0, 0.9). The penalty function 𝒫ACS(𝑐, 𝑝, 𝑘*RD) with respect to 𝐿2 norm is denoted as 𝑃𝑘*,𝐿2

for brevity, and likewise for 𝑃𝑘*,𝐿1 , and 𝑃𝑘*,𝐿∞ .

Figure 5. Comparison of penalty function values 𝒫ACS(𝑐, 𝑝, 𝑘) with optimal 𝑘 value with
respect to 𝐿1 norm and (a) 𝒫AP for 𝑝 ∈ (0, 0.9) and (b) 𝒫DT in for 𝑝 ∈ (0, 0.7). Note that both
vertical and horizontal values are differently scaled.

In Figure 6 (left), we also observe that as disambiguation cost increases, the optimal 𝑘 value 𝑘*RD(𝑐) also tends
to increase. The reason for this is that the difference in the penalty functions is

𝒫RD(𝑐, 𝑝)− 𝒫ACS(𝑐, 𝑝, 𝑘) =
𝑐

1− 𝑝
− 𝑐− 1

(1− 𝑝)𝑘
=

𝑐𝑝

1− 𝑝
− 1

(1− 𝑝)𝑘
,

which tends to get larger when 𝑐 increases, and to minimize the absolute difference, 𝑘 needs to increase as well.
Hence the optimal 𝑘 also tends to increase. A similar argument holds for 𝑘*DT(𝑑𝑡) having an increasing trend in
𝑑𝑡 as observed in Figure 6 (right).

4.2.2. Comparison of ACS(𝑘) algorithms with other navigation algorithms

We perform Monte Carlo simulations to compare the ACS(𝑘) algorithms with other navigation algorithms
for various values of 𝑘. In the discretization, we set 𝑖max = 𝑗max to 100, and define the corresponding graph as
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Figure 6. Optimal 𝑘 values 𝑘*RD(𝑐) versus disambiguation cost 𝑐 (left) and optimal 𝑘 values
𝑘*DT(𝑑0) versus the surrogate DT distance parameter 𝑑0 (right), for 𝐿𝑞-norm differences (𝑞 =
1, 2,∞).

𝐺 = (𝑉,𝐸) based on the grid with unit squares. The initial vertex 𝑠 is designated at coordinates 𝑠 = (50, 100),
situated along the upper boundary of the grid. Conversely, the target vertex 𝑡 is allocated at coordinates
𝑡 = (50, 1) on the lower boundary, directly aligned with 𝑠. This configuration is reasonable, particularly in
the context of employing the grid to represent a segment of a coastline. Within this framework, the point 𝑠
represents the position of offensive forces, whereas 𝑡 denotes the position of defensive forces. An implementation
of the simulation environment generators and all navigation algorithms used in our experiments is available in
Zhou [28].

The obstacle (disk) radius is set to 𝑟 = 4.5 units, with a constant disambiguation cost 𝑐 = 5. We specify the
distributions for 𝑝

𝐹
and 𝑝

𝑇
as 𝐹𝐹 = Beta(4 − 𝜆, 4 + 𝜆) and 𝐹𝑇 = Beta(4 + 𝜆, 4 − 𝜆), respectively, for some

𝜆 ∈ [0, 4). To assess the performance of NAVA’s sensor under various scenarios, we conduct simulations over a
range of 𝜆 values. Setting 𝜆 = 0 implies a lack of precision in the sensor, equivalent to NAVA operating with a
blind sensor. In this situation, the probability of correctly identifying an obstacle is 1/2 (since 𝑃 (𝑝

𝑇
> 1/2) =

𝑃 (𝑝
𝐹

< 1/2) = 1/2 when 𝜆 = 0), leading to random decision-making as in flipping a coin. On the other hand,
as 𝜆 → 4, sensor tends to have perfect accuracy, i.e., lim𝜆→4 𝑃 (𝑝

𝑇
> 1/2) = lim𝜆→4 𝑃 (𝑝

𝐹
< 1/2) = 1 (in fact

lim𝜆→4 𝑃 (𝑝
𝑇

> 1− 𝜀) = lim𝜆→4 𝑃 (𝑝
𝐹

< 𝜀) = 1 for any 𝜀 > 0) enabling NAVA to distinguish true obstacles with
(almost) complete certainty. For our simulations, we adopt 𝜆 = 2 as a balanced choice for the sensors specificity
and sensitivity, as recommended by Aksakalli and Ari [3], Aksakalli and Ceyhan [4], Ye et al. [27], and Priebe
et al. [20]. The centers of disk-shaped obstacles, 𝑥 ∈ 𝒳 = 𝒳𝐹 ∪ 𝒳𝑇 , are uniformly distributed over the region
[10, 90] × [10, 90] to guarantee the presence of a feasible (albeit long) path between 𝑠 and 𝑡. The numbers of
false obstacles and true obstacles are set to 𝑛𝐹 = 25, 50, 75, 100, 125 and 𝑛𝑇 = 25, 50, 75, 100, 125, respectively,
following the setting outlined in Witherspoon et al. [24] and Priebe et al. [20].

Our extensive simulation results with mixed obstacles (not presented) indicate that the ACS(𝑘) algorithms
demonstrate a close approximation to the RD, AP, and DT algorithms for corresponding optimal values of 𝑘.
In fact, the percentage error, defined as

percentage error =
⃒⃒⃒⃒
𝒞ACS(𝑘) − 𝒞RD

𝒞RD

⃒⃒⃒⃒
× 100.

is found to be less than 2% in our experiments. This is because for 𝑝 ∈ (0, 1/2], the corresponding error functions
are pretty close, and for larger 𝑝, each penalty functions motivates choosing paths with minimum number of
true-obstacle disambiguations. These results extend to the cases of false-obstacle-only and true-obstacle-only as
well.



2206 E. CEYHAN ET AL.

We next prove that the traversal cost of NAVA using RD, AP, and DT algorithms can be closely approximated
by those from ACS(𝑘) algorithms for corresponding optimal values of 𝑘.

Proposition 4.2. For fixed 𝑐 > 0 and 𝜆 ∈ (0, 4), 𝑑0 > 0, and 𝑛 < ∞, let 𝒞RD, 𝒞AP, and 𝒞DT represent
the traversal costs when NAVA uses the algorithms RD, AP, and DT, respectively. Additionally, let 𝒞ACS(𝑘)

be traversal costs obtained from the ACS(𝑘) algorithms for 𝑘 ≥ 0. Then, there exists optimal 𝑘 = 𝑘 values
that minimizes the absolute difference between the expected traversal costs: |E[𝒞RD] − E[𝒞ACS(𝑘)]|, |E[𝒞AP] −
E[𝒞ACS(𝑘)]|, and |E[𝒞DT]−E[𝒞ACS(𝑘)]|.

Proof. The random variable 𝒞RD is a theoretically well-defined discrete random variable since the number of
possible walks (hance paths) from 𝑠 to 𝑡 and number of possible edge intersections with a finite number of
obstacles are finite (although combinatorially explosive), making the number of possible traversal costs to be
finite for given 𝑐. The pmf (and hence cdf) of these costs depend on 𝑐 and distribution of 𝑝 (i.e., 𝜆) through
the penalty function 𝒫RD. Then it trivially follows that the expected value E[𝒞RD] is well-defined and exists
(and is constant for given 𝑐 and 𝜆). The same hold for 𝒞ACS(𝑘) which also depends on 𝑘 > 0. Furthermore,
expected value of 𝒞ACS(𝑘) is continuous in 𝑘 since small changes in 𝑘 imply small changes in the probabilities
in its pmf and hence in its expected value. So, |E[𝒞RD]−E[𝒞ACS(𝑘)]| is a continuous function of 𝑘, denote it as
𝑓RD(𝑘). Since 𝑓RD(𝑘) is continuous and bounded for 𝑘 ∈ [0,∞), and finite as 𝑘 approaches 0 and as 𝑘 → ∞,
we apply the transformation 𝑦 = exp(−𝑘) to map the domain of 𝑘 onto 𝑦 ∈ (0, 1] and let 𝑔(𝑦) = 𝑓RD(− log(𝑦)).
Notice that the transformation 𝑦 = exp(−𝑘) is a bijective mapping from 𝑘 ∈ (0,∞) to 𝑦 ∈ (0, 1). The function
𝑔(𝑦) = 𝑓RD(− log(𝑦)) is now defined on the interval (0, 1] which is a bounded interval and 𝑔(𝑦) can be extended
continuously to the closed interval [0, 1] and remains bounded as 𝑦 approaches 0, then 𝑔(𝑦) is continuous on
a compact set [0, 1]. So, by the Extreme Value Theorem, 𝑔(𝑦) attains its minimum at some point 𝑦0 ∈ (0, 1),
then the corresponding 𝑘0 = − log(𝑦0) ∈ (0,∞) is the point at which 𝑓RD(𝑘) attains its minimum in its original
domain. The proofs for |E[𝒞AP]−E[𝒞ACS(𝑘)]|, and |E[𝒞DT]−E[𝒞ACS(𝑘)]| follow similarly. �

Proposition 4.2 essentially asserts the existence of a minimizer in an optimization problem, and implies that
the traversal costs computed by NAVA using the algorithms RD, AP, and DT can be closely approximated
by the traversal costs obtained from the corresponding ACS(𝑘) algorithms for some optimal value of 𝑘 which
depends on which property of the traversal cost is optimized.

The above results similarly extends for the distributions of the traversal costs.

Corollary 4.1. Under the conditions in Proposition 4.2, there exists optimal 𝑘 = 𝑘 values that minimize the
norms between the cdfs of 𝒞RD, 𝒞AP, and 𝒞DT and the cdf of 𝒞ACS(𝑘) with respect to 𝐿𝑞 norm for all 𝑞 > 0.

The proof is similar to the proof of Proposition 4.2. Each of the results of Proposition 4.2 and Corollary 4.1
essentially assert the existence of a minimizer in an optimization problem, and implies that the traversal costs
computed by NAVA using the algorithms RD, AP, and DT can be closely approximated by the traversal costs
obtained from the corresponding ACS(𝑘) algorithms for some optimal value of 𝑘 which depends on which aspect
of the traversal cost is optimized. However, for a given algorithm, say RD algorithm, the optimal 𝑘 values in
Propositions 4.1 and 4.2 and Corollary 4.1 are not necessarily same, as highlighted in the below remark.

Remark 4.1. For a fixed disambiguation cost 𝑐 > 0 and 𝜆 ∈ (0, 4), and 𝑑𝑡 > 0 we just showed that:

𝒞RD ≈ 𝒞ACS(𝑘̃RD), 𝒞AP ≈ 𝒞ACS(𝑘̃AP), and 𝒞DT ≈ 𝒞ACS(𝑘̃DT)

in expectation (and in distribution with 𝑘’s replaced with 𝑘’s). In other words, the traversal costs computed by
NAVA using the algorithms RD, AP, and DT can be closely approximated in mean (and in distribution) by the
traversal costs obtained from the corresponding ACS(𝑘) algorithms for the specified values of 𝑘. However these
optimal 𝑘 values may not necessarily be the optimal values in Proposition 4.1 nor in Corollary 4.1. For example
𝑘RD is not necessarily equal to 𝑘*RD(𝑐, 𝑝) value in Proposition 4.1, or 𝑘RD(𝑐, 𝑝) value in Corollary 4.1.
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Figure 7. Comparison of the average number of disambiguations by RD, AP, and DT
algorithms with 𝑐 = 5, 𝑑𝑡 = 50, and 𝜆 = 2 in the (a) false-obstacle-only case with
𝑛𝐹 = 50, 75, . . . , 300, and (b) true-obstacle-only case with 𝑛𝑇 = 50, 75, . . . , 300. Note that
vertical axes are differently scaled.

The DT algorithm tends to avoid disambiguations when encountering true obstacles, while RD and AP
algorithms are more prone to disambiguate obstacles. We illustrate this difference by examining the total
number of disambiguations for each algorithm. In the false-obstacle-only case, RD and AP exhibit similar average
disambiguation counts (see Fig. 7a), while DT’s count decreases with an increasing number of false obstacles.
In true-obstacle-only settings (Fig. 7b), RD’s average disambiguation count initially increases, reaches a peak,
and then decreases as the number of true obstacles grows. In contrast, AP maintains a consistently low average
count, and DT’s average is nearly zero, reflecting its preference for routes with fewer or no obstacles (so as to
disambiguate as few obstacles as possible).

5. Empirical evaluation and comparative analysis

We begin with a summary plot, Figure 8, that provides a consolidated comparison of mean traversal cost across
the principal penalty-based heuristics under three key operating factors: sensor accuracy 𝜆, disambiguation cost
𝑐, and obstacle density 𝑛𝐹 or 𝑛𝑇 . Panels (a)–(b) show that traversal cost generally decreases as 𝜆 increases
in both false-only and true-only environments, reflecting improved sensing and hence more effective routing
decisions. The curves also converge as 𝜆 → 4, where the sensor becomes nearly perfect and all methods behave
similarly. Panels (c)–(d) illustrate the effect of disambiguation cost. In the false-obstacle-only case, the mean
traversal cost increases with 𝑐 for all methods, which is consistent with more frequent payment of disambiguation
costs when obstacles are traversable. In the true-obstacle-only case, increasing 𝑐 tends to reduce the total cost for
several penalties by encouraging earlier detours and fewer disambiguations, thereby producing clearer separation
between more conservative and less conservative rules. Panels (e)–(f) summarize the role of obstacle density.
Increasing 𝑛𝐹 produces a monotone increase in traversal cost, since a larger number of false obstacles creates
more opportunities for unnecessary disambiguation. In contrast, increasing 𝑛𝑇 yields a non-monotone pattern
with a peak at intermediate densities, consistent with greater rerouting pressure when true obstacles are common
but not yet so dense that detours become uniformly dominant. Finally, across panels, the ACS(·) curves closely
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track their corresponding classical baselines (RD, AP, and DT), providing end-to-end visual confirmation that
the norm-based penalty approximations yield comparable traversal performance under these operating regimes.

The remainder of Section 5 provides the supporting detail. Section 5.1 describes the experimental design and
baseline setting; Sections 5.2–5.4 then report targeted sensitivity analyses with respect to (i) sensor accuracy
(parameterized by 𝜆 through the distributions of probability marks), (ii) disambiguation cost 𝑐, and (iii) obstacle
density (via 𝑛𝐹 and 𝑛𝑇 ). Section 5.5 summarizes the main empirical takeaways and connects them back to the
structural properties of the penalty functions introduced in Sections 3 and 4.

We now evaluate the navigation heuristics introduced in Sections 3 and 4 through Monte Carlo simulation.
The goal is not to establish optimality, but to understand how structural differences in penalty growth influence
observed traversal cost under varying sensor and obstacle regimes.

In the previous section, we have examined how well the ACS(𝑘) algorithms approximate the other penalty
functions when disambiguation cost 𝑐 = 5 and sensor accuracy parameter 𝜆 = 2. An important subsequent
inquiry is to explore how the performance of navigation algorithms depend on the sensor’s detection parameter
𝜆, the disambiguation cost 𝑐 and the number of obstacles in the traversal window.

5.1. Performance of NAVA versus sensor accuracy

Recall that before NAVA begins its traversal, its sensor assigns probabilities of non-traversability (i.e., obsta-
cles being true) to disk-shaped obstacles using its sensor. These probabilities, 𝑝

𝐹
and 𝑝

𝑇
, are modeled with

distribution functions 𝐹𝐹 and 𝐹𝑇 , respectively, so that 𝑝
𝐹
≤𝑠𝑡 𝑝

𝑇
and 𝑃 (𝑝

𝐹
≤ 1/2) ≥ 𝑃 (𝑝

𝐹
≥ 1/2) and

𝑃 (𝑝
𝑇
≤ 1/2) ≤ 𝑃 (𝑝

𝑇
≥ 1/2). Usually, 𝐹𝐹 and 𝐹𝑇 are taken to be Beta(4 − 𝜆, 4 + 𝜆) and Beta(4 + 𝜆, 4 − 𝜆)

distributions, respectively, for the same 𝜆 ∈ [0, 4) which satisfy these conditions for 𝜆 ∈ (0, 4). See Section 4.2.2
for the limiting behaviour of 𝐹𝐹 and 𝐹𝑇 for extreme values of 𝜆 ∈ (0, 4).

We first provide the definition of stochastic ordering for completeness. If 𝑋 and 𝑌 are random variables defined
on the same sample space Ω, then 𝑋 is stochastically smaller than 𝑌 (denoted as 𝑋 ≤𝑠𝑡 𝑌 ) if 𝐹𝑋(𝜔) ≥ 𝐹𝑌 (𝜔)
for all 𝜔 ∈ Ω. Then we present a stochastic ordering result for the estimated risk of NAVA when ACS(𝑘)
algorithm is employed.

Proposition 5.1. Let ℛACS(𝑘, 𝜆,𝒳 ) denote the estimated traversal risk computed by the ACS(𝑘) algorithm
before its traversal with the sensor accuracy parameter 𝜆 ∈ (0, 4) and the obstacle set 𝒳 as described above.
Then, for any disambiguation cost 𝑐 > 0, we have the following results:
(a) For fixed 𝑘 ≥ 0 and for any 0 ≤ 𝜆′ < 𝜆 ≤ 4 (i.e., when the precision of the sensor increases), we have

ℛACS(𝑘, 𝜆,𝒳𝐹 ) ≤𝑠𝑡 ℛACS(𝑘, 𝜆′,𝒳𝐹 ) and ℛACS(𝑘, 𝜆′,𝒳𝑇 ) ≤𝑠𝑡 ℛACS(𝑘, 𝜆,𝒳𝑇 ).
(b) For fixed 𝜆 ∈ [0, 4] and for any 𝑘 > 𝑘′ ≥ 0, we have ℛACS(𝑘, 𝜆,𝒳 ) ≥ ℛACS(𝑘′, 𝜆,𝒳 ) with probability 1,
(c) For fixed 𝜆 ∈ [0, 4], 𝑘 ≥ 0, and fixed number of obstacles 𝑛 > 0, we have ℛACS(𝑘, 𝜆,𝒳𝐹 ) ≤𝑠𝑡 ℛACS(𝑘, 𝜆,𝒳𝑇 )

Sketch of Proof. Let 𝑘 ≥ 0 be given. (a) Suppose 𝒳 = 𝒳𝐹 (i.e., false-obstacle-only case). For any false obstacle
𝐷, let 𝑝

𝐹
(𝜆) be its probability mark from the Beta(4−𝜆, 4+𝜆) distribution. From properties of Beta distribution,

we have 𝑝
𝐹

(𝜆) ≤𝑠𝑡 𝑝
𝐹

(𝜆′) for 0 ≤ 𝜆′ < 𝜆 ≤ 4. Thus, for fixed 𝑘 ≥ 0, 𝑐 + 1
(1−𝑝

𝐹
(𝜆))𝑘 ≤𝑠𝑡 𝑐 + 1

(1−𝑝
𝐹

(𝜆′))𝑘 . Since
this ordering holds for each edge and risk of the path is sum of these penalty terms and Euclidean distances,
we have the desired result ℛACS(𝑘, 𝜆,𝒳𝐹 ) ≤𝑠𝑡 ℛACS(𝑘, 𝜆′,𝒳𝐹 ).

Similarly, when 𝒳 = 𝒳𝑇 (i.e., true-obstacle-only case), let 𝑝
𝑇

(𝜆) be its probability mark from the Beta(4 +
𝜆, 4− 𝜆) distribution. From properties of Beta distribution, we have 𝑝

𝑇
(𝜆′) ≤𝑠𝑡 𝑝

𝑇
(𝜆) for 0 ≤ 𝜆′ < 𝜆 ≤ 4. As in

the false-obstacle-only case, we have ℛACS(𝑘, 𝜆′,𝒳𝑇 ) ≤𝑠𝑡 ℛACS(𝑘, 𝜆,𝒳𝑇 ).
(b) For any fixed 𝜆 (constant sensor accuracy), as 𝑘 increases, so does the penalty function 𝒫ACS(𝑐, 𝑝, 𝑘).

That is, for 𝑘 > 𝑘′, we have 𝒫ACS(𝑐, 𝑝, 𝑘) > 𝒫ACS(𝑐, 𝑝, 𝑘′) with probability 1, which implies their sums with the
added associated Euclidean lengths satisfy the same inequality. Hence, the result follows. Notice here that this
result also implies the stochastic ordering ℛACS(𝑘′, 𝜆,𝒳 ) ≤𝑠𝑡 ℛACS(𝑘, 𝜆,𝒳 ).

(c) This case is similar to part (a). For a false obstacle, 𝑝
𝐹

(𝜆) is from the Beta(4− 𝜆, 4 + 𝜆) distribution and
for true obstacles 𝑝

𝑇
(𝜆) is from the Beta(4 + 𝜆, 4 − 𝜆) distribution. From properties of the Beta distribution,

we have 𝑝
𝐹

(𝜆) ≤𝑠𝑡 𝑝
𝑇

(𝜆). Hence, the desired result follows as in part (a). �
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Figure 8. Consolidated performance comparison across eight algorithms (RD, AP, DT,
ACS(𝑘*RD), ACS(𝑘*AP), ACS(𝑘*DT), ACS(2), and ACS(4)). Results are shown separately for
false-obstacle-only and true-obstacle-only environments. Panels (a–b) report mean total traver-
sal cost versus sensor parameter 𝜆 (nine values on (0, 4)); panels (c–d) report mean total
traversal cost versus disambiguation cost 𝑐 ∈ {1, 3, 5, 7, 9}; and panels (e–f) report mean total
traversal cost versus obstacle count (false obstacles 𝑛𝐹 from 50 to 325 in increments of 25; true
obstacles 𝑛𝑇 from 50 to 250 in increments of 25).
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Figure 9. Mean traversal lengths (averaged over the obstacle number levels) for ACS(𝑘)
algorithm with 𝑘 = 1 − 5 in the (a) false-obstacle-only case with 𝑛𝐹 = 50, 75, 100, 125, (b)
true-obstacle-only case with 𝑛𝑇 = 50, 75, 100, 125 in the traversal window where obstacles are
uniformly distributed in the traversal window. Note that vertical axes are differently scaled.

We compare the mean traversal lengths (averaged over obstacle number levels) for ACS(𝑘) algorithm with
𝑘 = 1, 2, . . . , 5 and 𝑐 = 5 in the false-obstacle-only case with 𝑛𝐹 = 50, 75, 100, 125, and true-obstacle-only case
with 𝑛𝑇 = 50, 75, 100, 125 where obstacles are uniformly distributed in the traversal window. We present the
results in Figure 9, where we observe that as the sensor’s precision (𝜆) increases, the mean traversal length
(averaged over the obstacle number levels) decreases across each ACS(𝑘) algorithm (for 𝑘 = 1− 5), eventually
converging towards a benchmark value, but with different trends and at different rates of convergence. In the
false-obstacle-only case, at each 𝜆 value, as 𝑘 increases, the (estimated) mean traversal cost tends to increase
as seen in Figure 9a. Conversely, in the true-obstacle-only case, the trend is in the opposite direction: at each
𝜆 value, as 𝑘 increases, the (estimated) mean traversal cost tend to decrease as seen in Figure 9b. The value of
𝑘 seems to have the reverse effect on the traversal length for true and false obstacles.

As seen in Proposition 5.1, with increasing 𝑘, the estimated risk values tend to increase, causing NAVA to
choose risk-averse (i.e., more obstacle-free) paths. But in scenarios with false obstacles, this choice tend to
lead to longer or costlier routes due to a preference for safer paths (although there are shorter cost traversable
paths available). Conversely, with true obstacles, this choice tend to result in shorter traversals as it aims to
avoid increased risk from true obstacle intersections (hence blockages), notably with higher probability marks
affecting the risk increase. This result suggests that for lower 𝑝 markings, NAVA should disambiguate more and
pass through the false obstacles and with higher 𝑝 markings, NAVA should avoid the obstacles and choose to
circumvent the true obstacles.

The above simulation results are suggestive for the selection of the most effective ACS(𝑘) algorithm for a
given 𝜆 value when either 𝒳 = 𝒳𝐹 or 𝒳 = 𝒳𝑇 . However, the optimal choice of 𝑘 in an ACS(𝑘) algorithm remains
unresolved in cases where both true and false obstacles are available (e.g., uniformly distributed) within the
traversal environment.

Figure 10 shows settings with a total of 𝑛𝐹 +𝑛𝑇 obstacles uniformly distributed, where 𝑛𝐹 and 𝑛𝑇 range from
25 to 100. In these settings, ACS(𝑘) with 𝑘 = 4, 5 are the most effective algorithms overall (with ACS(𝑘 = 5)
being slightly better, especially for smaller 𝜆 values). We note that the preferred ACS(𝑘) algorithm can vary
based on the proportion of true and false obstacles. To illustrate this, we consider cases where 𝑛𝐹 + 𝑛𝑇 = 100,
achievable with combinations like (𝑛𝐹 , 𝑛𝑇 ) = (25, 75), (50, 50), (75, 25). We present the case for (𝑛𝐹 , 𝑛𝑇 ) =
(25, 75) in Figure 11a, where we see that when true obstacles are much larger than false obstacles, larger 𝑘
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Figure 10. Mean traversal costs with ACS(𝑘) algorithm when there are a total of 𝑛𝐹 + 𝑛𝑇

obstacles uniformly distributed in the traversal window with 𝑛𝐹 = 25, 50, 75, 100 and 𝑛𝑇 =
25, 50, 75, 100.

values are better and performance gets better with increasing 𝑘 with ACS(5) being the optimal choice. In
Figure 9b, we present the evenly split case of (𝑛𝐹 , 𝑛𝑇 ) = (50, 50) shown in Figure 11b. Notice that ACS(𝑘) with
𝑘 = 3, 4, 5 show very similar performance with 𝑘 = 4 being the optimal for most 𝜆 values. Figure 11c presents
the case of (𝑛𝐹 , 𝑛𝑇 ) = (75, 25), and indicates that the performance order of ACS(𝑘) depends on 𝜆. In particular,
for smaller 𝜆, performance gets better with decreasing 𝑘, and for moderate 𝜆, 𝑘 ≈ 3 seems to outperform others,
and for larger 𝜆, the performance is very similar for all 𝑘 values. Hence, in uniformly-distributed-obstacle
cases, the choice of the most suitable algorithm depends on the number of true obstacles (𝑛𝑇 ), the number of
false obstacles (𝑛𝐹 ), and the sensor parameter 𝜆. When there are more true obstacles in the traversal region,
penalizing the obstacle disambiguations gets more important, so larger 𝑘 is suggested. However, there is no clear
message when there are more false obstacles in the environment. Furthermore, Figure 10 also indicates that as
𝜆 increases (i.e., the precision of the sensor gets better), the performance of ACS(𝑘) improves for each 𝑘 value.

When the obstacles are uniformly distributed, it is proposed that for a given set of parameters (𝑛𝑇 , 𝑛𝐹 , 𝑐, 𝜆),
the optimal ACS(𝑘) algorithm can be selected by adjusting the penalty function 𝒫ACS(𝑐, 𝑝, 𝑘), where 𝑘 is
determined based on 𝑛𝑇 , 𝑛𝐹 , 𝑐,, and 𝜆. An alternative method involves considering the ratio 𝜌 = 𝑛𝑇 /𝑛𝐹 . Based
on our results, the suggested optimal choice of 𝑘 for ACS(𝑘) algorithm is as follows:

With 𝑛𝑇 , 𝑛𝐹 sufficiently larger than 0,

– if 𝜌 ≤ 1, it is advisable to opt for either 𝑘 around 2 or 3.
– For 𝜌 > 1, the preferable choices are 𝑘 ≥ 4, i.e. 𝑘 around 4 or 5.

In the extreme scenario where min(𝑛𝑇 , 𝑛𝐹 ) ≈ 0,

– when 𝑛𝑇 ≈ 0 but 𝑛𝐹 is sufficiently larger than 0, smaller 𝑘 values (i.e., 𝑘 . 1) are recommended.
– Conversely, if 𝑛𝐹 ≈ 0 but 𝑛𝑇 is sufficiently larger than 0, choosing 𝑘 around 4 or 5 is the most reasonable

approach.

Essentially, when obstacles are from any distribution, we suggest larger values of 𝑘 when there are more true
obstacles and smaller values of 𝑘 when there are more false obstacles. However, the particular values of 𝑘 will
depend on the spatial distribution of the obstacles (which can also be determined empirically by Monte Carlo
simulations). Furthermore, the true value of 𝜌 is not known a priori, but can be estimated by the probability
marks assigned by NAVA’s sensor.
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Figure 11. Mean traversal costs estimated by algorithms ACS(𝑘): (a) for (𝑛𝐹 , 𝑛𝑇 ) = (25, 75),
(b) for (𝑛𝐹 , 𝑛𝑇 ) = (50, 50), (c) and for (𝑛𝐹 , 𝑛𝑇 ) = (75, 25). Notice that vertical axes are
differently scaled.

5.2. Performance of NAVA versus disambiguation cost

In Section 5.1, the performance of the ACS(𝑘) algorithms was analyzed with a fixed disambiguation cost
𝑐 = 5. A relevant inquiry pertains to the determination of the optimal value of 𝑘 within the ACS(𝑘) family
when the cost associated with disambiguation varies, while keeping the sensor parameter 𝜆 constant. We set
𝜆 = 2 and vary the disambiguation cost across 𝑐 = 1, 3, 5, 7, 9 units. Consistent with previous simulation settings,
the obstacles will be uniformly distributed within the navigation window. Figure 12 shows that ACS(3), ACS(4),
and ACS(5) are considerably more effective than their counterparts. However, as indicated in Figure 11, this
observation may not extend for different combinations of true and false obstacles. Along this line, we examine
simulation settings where 𝑛𝐹 +𝑛𝑇 = 100, achievable with combinations like (𝑛𝐹 , 𝑛𝑇 ) = (25, 75), (50, 50), (75, 25).

Figures 13a and 13b demonstrate that ACS(𝑘) with 𝑘 ≥ 4 generally outperforms the other algorithms. We
also notice that ACS(𝑘) with 𝑘 = 4, 5 perform similarly. The trends in mean traversal costs are similar to the
ones in Section 5.1 for unevenly split types of obstacles. In particular, for (𝑛𝐹 , 𝑛𝑇 ) = (25, 75) case, ACS(𝑘)
with 𝑘 = 4, 5 are the most effective algorithms overall, with ACS(𝑘 = 5) being slightly better, especially
for smaller disambiguation cost 𝑐 values. For the evenly split case of (𝑛𝐹 , 𝑛𝑇 ) = (50, 50), ACS(𝑘) with 𝑘 =
3, 4, 5 performs similarly, with 𝑘 = 4 being optimal for most 𝑐 values. On the other hand, for (𝑛𝐹 , 𝑛𝑇 ) =
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Figure 12. Mean traversal costs estimated by the algorithms ACS(𝑘) when there are 𝑛𝐹 + 𝑛𝑇

obstacles which were uniformly generated with 𝑛𝐹 , 𝑛𝑇 ∈ {25, 50, 75, 100}.

Figure 13. Comparison of mean traversal costs estimated by the algorithms ACS(𝑘): (a) for
(𝑛𝐹 , 𝑛𝑇 ) = (25, 75), (b) for (𝑛𝐹 , 𝑛𝑇 ) = (50, 50), (c) and for (𝑛𝐹 , 𝑛𝑇 ) = (75, 25). Notice that
vertical axes are differently scaled.
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Figure 14. (a) Mean traversal costs by benchmark, ACS(1), ACS(2) for varying 𝑛𝐹 with
𝑛𝐹 = 50, 75, . . . , 325. (b) Lengths by benchmark, ACS(4), ACS(5) against 𝑛𝑇 with 𝑛𝑇 =
50, 75, . . . , 250. Notice that horizontal axes are differently scaled.

(75, 25) case, moderate 𝑘 values (i.e., 2,3,4) show very similar performance. Hence, in uniformly-distributed-
obstacle cases, the choice of the most suitable algorithm depends on the number of true obstacles (𝑛𝑇 ), false
obstacles (𝑛𝐹 ), and disambiguation cost 𝑐. Furthermore, it is noted that as disambiguation cost 𝑐 increases,
the mean traversal cost also tends to increase. It is also conceivable that for higher values of 𝑐, the mean
traversal cost would approach that of the zero-disambiguation path. This would occur because as 𝑐 increases,
the total cost of disambiguating obstacles becomes prohibitive, causing all ACS(𝑘) algorithms to increasingly
avoid disambiguation when encountering obstacles during NAVA’s traversal.

5.3. Performance of NAVA versus number of obstacles

In this section, we explore how the ACS(𝑘) algorithm, with 𝑘 ≥ 0, performs as the number of obstacles
changes. We have seen in the simulation results in Sections 5.1 and 5.2 that the mean traversal costs tended to
be higher when there are more of true obstacles in the traversal window. In settings with only false obstacles,
based on insights from previous sections, ACS(1) is recommended to achieve the shortest 𝑠, 𝑡 path. Conversely,
in environments with true obstacles only, algorithms in the ACS(𝑘) series with higher 𝑘 values tend to be more
effective. In this section, we choose 𝜆 = 2 and 𝑐 = 5 and present only the results in the true-obstacle-only and
false-obstacle-only cases in Figure 14. In the false-obstacle-only case, we present the mean traversal costs for
the benchmark, and ACS(𝑘) with 𝑘 = 1, 2, and in the true-obstacle-case, for the benchmark, and ACS(𝑘) with
𝑘 = 4, 5. The reason for these choices is that for the minimum cost 𝑠, 𝑡 path, the most effective ACS(𝑘) algorithm
in environments with only false obstacles employs a smaller 𝑘, while in scenarios with only true obstacles, a
larger 𝑘 is preferable. Notice that the corresponding ACS(𝑘) algorithms yield mean traversal costs very similar
to that of the benchmark algorithm. Specifically, if 𝒳 = 𝒳𝐹 (false-obstacle-only), choosing 𝑘 ≈ 0 approximates
the benchmark value for the mean traversal cost. Conversely, if 𝒳 = 𝒳𝑇 (true-obstacle-only), selecting 𝑘 = 5 or
higher approximates the benchmark value for the mean traversal cost.

5.4. Convergence results for the ACS(𝑘) algorithm

In Figures 9–11, we observe a consistent trend in which the mean traversal cost decreases as 𝜆 approaches 4,
that is, as NAVA’s sensor becomes effectively perfect in distinguishing true and false obstacles. In this regime,
the benchmark setting is recovered, since the false-obstacle marks converge to 0 and the true-obstacle marks
converge to 1.
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For the convergence argument below, it is convenient to introduce a modified version of the ACS(𝑘) penalty:

𝒫 ′ACS(𝑐, 𝑝, 𝑘) := 𝒫ACS(𝑐, 𝑝, 𝑘)− 1 = 𝑐− 1 + (1− 𝑝)−𝑘.

We refer to the corresponding navigation rule as the modified ACS(𝑘) algorithm and denote its estimated path
risk and realized traversal cost by

ℛ′ACS(𝑘, 𝜆, 𝜋) and 𝒞′ACS(𝑘, 𝜆),

respectively. Thus, throughout this subsection, the prime indicates the same modification: replacement of 𝒫ACS

by 𝒫 ′ACS in the corresponding risk and cost quantities.
We also extend the path-cost convention by setting

𝒞(𝜋,𝒳 ) = ∞ if 𝜋 ∩ 𝒳𝑇 ̸= ∅,

while noting that NAVA never selects an infinite-cost path by construction, so the realized traversal cost of
NAVA remains finite.

Theorem 5.1. Conditional on a realization of 𝒳 with any combination of true and false obstacles (including
true-obstacle-only or false-obstacle-only cases),

(i) For any fixed 𝑘 > 0, the estimated risk of a path 𝜋 under the modified ACS(𝑘) algorithm converges in
probability to the total cost along 𝜋 as 𝜆 → 4, that is,

ℛ′ACS(𝑘, 𝜆, 𝜋)
𝑝−→ ℛ′ACS(𝑘, 4, 𝜋) = 𝒞(𝜋, 𝑋).

(ii) If the path 𝜋 is obstacle-free, that is, 𝜋 ∩ 𝑋 = ∅, then the estimated risk under the ACS(𝑘) algorithm is
simply the Euclidean length of 𝜋, regardless of 𝑘 and 𝜆:

ℛACS(𝑘, 𝜆, 𝜋) = 𝐿(𝜋).

If instead 𝜋 ∩𝑋 ̸= ∅, then
ℛACS(𝑘, 𝜆, 𝜋)

𝑝−→∞ as 𝑘 →∞.

Proof. First we note that by properties of Beta distribution, for 𝑋 ∼ Beta(𝑎, 𝑏), 𝑋
𝑝→ 0 as 𝑎 → 0 for any 𝑏 > 0

and 𝑋
𝑝→ 1 as 𝑏 → 0 for any 𝑎 > 0.

Recall from equation (4) that the estimated risk can be expressed as

ℛACS′(𝑘, 𝜆, 𝜋) = ℒ(𝜋) +
∑︁

𝑥∈𝒳 ,𝑒∈𝐸(𝜋):
𝐷𝑟(𝑥)∩𝑒 ̸=∅

𝒫ACS′(𝑐, 𝑝(𝑥), 𝑘).

(i) In this case, as 𝜆 → 4 (for fixed 𝑘 > 0), for an obstacle 𝑥 ∈ 𝒳𝐹 , 𝑝(𝑥) → 0 in probability, which implies
𝒫ACS′(𝑐, 𝑝(𝑥), 𝑘) → 𝑐 in probability (by continuous mapping theorem). Similarly, for an obstacle 𝑥 ∈ 𝒳𝑇 , as
𝜆 → 4 (for fixed 𝑘 > 0), 𝑝(𝑥) → 1 in probability, which implies 𝒫ACS′(𝑐, 𝑝(𝑥), 𝑘) →∞ in probability. Therefore,
for any path 𝜋, the estimated risk satisfies

ℛACS′(𝑘, 𝜆, 𝜋)
𝑝→ 𝒞(𝜋,𝒳 )

where

𝒞(𝜋,𝒳 ) =

{︃
ℒ(𝜋) + 𝑐× 𝑛dis, if 𝜋 ∩ 𝒳𝑇 = ∅
∞, otherwise

where 𝑛dis = |{𝑥 ∈ 𝒳𝐹 , 𝑒 ∈ 𝐸(𝜋) : 𝐷𝑟(𝑥) ∩ 𝑒 ̸= ∅}|. Notice also that 𝒞(𝜋,𝒳 ) = ℒ(𝜋) if 𝜋 ∩ 𝒳 = ∅. The conver-
gence ℛACS′(𝑘, 𝜆, 𝜋)

𝑝→ ℛACS′(𝑘, 𝜆 = 4, 𝜋) follows from continuity in 𝜆.
(ii) In this case, for any path 𝜋 ∩𝒳 ̸= ∅, as 𝑘 →∞, ℛACS(𝑘, 𝜆, 𝜋)

𝑝→∞ because 𝒫ACS′(𝑐, 𝑝(𝑥), 𝑘)
𝑝→∞ for any

𝑝 ∈ (0, 1). And for an obstacle-free path, ℛACS(𝑘, 𝜆, 𝜋) = ℒ(𝜋) vacuously follows from the definition. �
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Let 𝐶𝐵 denote the traversal cost of NAVA under the benchmark algorithm, and let 𝐶 ′ACS(𝑘, 𝜆) denote the
traversal cost under the modified ACS(𝑘) algorithm defined above. Then we have:

Theorem 5.2. Conditional on a realization of 𝒳 with any combination of true and false obstacles (including
the true-obstacle-only and false-obstacle-only cases), for any fixed 𝑘 > 0,

𝒞′ACS(𝑘, 𝜆)
𝑝−→ 𝐶𝐵 as 𝜆 → 4.

Proof. Recall that as 𝜆 → 4, the sensor accuracy gets to be perfect (in probability), i.e., 𝑝
𝑇
→ 1 and 𝑝

𝐹
→ 0 in

probability. In particular, for the general case of 𝒳 = 𝒳𝐹 ∪𝒳𝑇 , for 𝑥 ∈ 𝒳𝐹 , we have 𝑝 = 𝑝
𝐹

𝑝→ 0, which implies
that 𝒫ACS′(𝑐, 𝑝, 𝑘)

𝑝→ 𝑐+ 1−1 = 𝑐 and for 𝑥 ∈ 𝒳𝑇 , we have 𝑝 = 𝑝
𝑇

𝑝→ 1, which implies that 𝒫ACS′(𝑐, 𝑝, 𝑘)
𝑝→∞.

Therefore, as 𝜆 → 4, for a given configuration of 𝒳 , the traversal cost of NAVA converges in probability to that
under the benchmark algorithm. Furthermore, as 𝜆 → 4, the estimated risk becomes same as the traversal cost
of NAVA under the benchmark algorithm (since it only disambiguates false obstacles with cost 𝑐 and avoids
disambiguation of true obstacles). Thus, the limiting behaviour of NAVA is as in the benchmark setting with
perfect knowledge of the false obstacles. �

In Theorem 5.2, the results will follow for ACS(𝑘) (i.e. with no modification in the penalty function
𝒫ACS(𝑐, 𝑝, 𝑘)) when 𝒳 = 𝒳𝑇 , since in this case, as 𝜆 → 4 (with any given 𝑘 > 0) 𝑝 = 𝑝

𝑇

𝑝→ 1 implying
𝒫ACS′(𝑐, 𝑝, 𝑘)

𝑝→∞.
Combining our previous results and findings, we have the following corollary. In the statements below, primed

quantities refer to the modified ACS(𝑘) penalty 𝒫 ′ACS, whereas unprimed quantities refer to the original ACS(𝑘)
penalty 𝒫ACS.

Corollary 5.1. For fixed 𝑐 > 0 and 𝜆 ∈ [0, 4],

1. when 𝒳 = 𝒳𝐹 , as 𝑘 → 0, 𝒞ACS′(𝑘, 𝜆)
𝑝→ 𝒞𝐵

𝑤𝑝1
= 𝒞ACS′(𝑘 = 0, 𝜆).

2. As 𝑘 →∞, 𝒞ACS(𝑘, 𝜆)
𝑝→ ℒ(𝜋). In particular, when 𝒳 = 𝒳𝑇 , the limit is ℒ(𝜋) = 𝒞𝐵.

Proof. 1. In computing the benchmark value, NAVA knows the location and status of all obstacles. In this
scenario, the use of the sensor is unnecessary, and the probability of an obstacle being true is irrelevant. As
𝑘 → 0 in the penalty function 𝒫ACS(𝑐, 𝑝, 𝑘), the influence of the probability of an obstacle being true gets
smaller. Furthermore, when 𝒳 = 𝒳𝐹 , the estimated risk will converge in probability to the incurring traversal
cost of each path when 𝑘 → 0. Thus, 𝒞ACS′(𝑘, 𝜆)

𝑝→ 𝒞𝐵 as 𝑘 → 0 with any 𝜆 ∈ [0, 4].
The probability of an obstacle being true is irrelevant when 𝑘 = 0 in the penalty function 𝒫ACS′(𝑐, 𝑝, 𝑘).

Furthermore, when 𝒳 = 𝒳𝐹 , the estimated risk and the incurring traversal cost of each path will be equal
when 𝑘 = 0. Thus, the traversal cost computed by ACS’(0) is the same as that computed by the benchmark
algorithm, leading to the equality 𝒞ACS′(𝑘, 𝜆) = 𝒞𝐵 with probability 1 for 𝑘 = 0 with any 𝜆 ∈ [0, 4].
2. By Theorem 5.1 (ii), 𝜋∩𝒳 ̸= ∅, ℛACS(𝑘, 𝜆, 𝜋)

𝑝→∞ as 𝑘 →∞. So, NAVA will tend to choose the obstacle-free
path with minimum (Euclidean) length (since only the obstacle-free paths will have finite risk). But such a path
will incur cost as the total length of the path. Hence, the result follows.

Furthermore, when 𝒳 = 𝒳𝑇 , the benchmark path for NAVA would be the minimum (Euclidean) length
obstacle-free path. The estimated risk will be finite and converge in probability to the incurring traversal cost
of each path when 𝑘 →∞. Consequently, 𝒞ACS(𝑘, 𝜆)

𝑝→ ℒ(𝜋) = 𝒞𝐵 as 𝑘 →∞. �

The above observations suggest a relationship between 𝑘 and path selection efficiency, highlighting a trade-off
between risk aversion and traversal cost in different obstacle environments, provided in the below conjecture.

Conjecture: Let 𝒞ACS(𝑘, 𝜆) denote the traversal length under the ACS(𝑘) algorithm with the sensor accuracy
parameter 𝜆 for the given problem setting as described in Section 4.2.2. Then, we have the following:
(a) For a fixed 𝑘 ≥ 0 and for any 0 ≤ 𝜆′ < 𝜆 ≤ 4, we have E[𝒞ACS(𝑘, 𝜆)] ≤ E[𝒞ACS(𝑘, 𝜆′)].
(b) For a fixed 𝜆 ∈ [0, 4] and for any 𝑘 > 𝑘′ ≥ 0, we have E[𝒞ACS(𝑘, 𝜆)] ≥ E[𝒞ACS(𝑘′, 𝜆] when 𝒳 = 𝒳𝐹 .
(c) For a fixed 𝜆 ∈ [0, 4] and for any 𝑘 > 𝑘′ ≥ 0, we have E[𝒞ACS(𝑘, 𝜆)] ≤ E[𝒞ACS(𝑘′, 𝜆] when 𝒳 = 𝒳𝑇 .
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Figure 15. (a) Mean traversal cost versus 𝑛𝐹 ∈ {50, 75, . . . , 325} for benchmark, bin(𝛼 = 0.5),
ACS(1), TACS(𝛼 = 0.5) algorithms. (b) Mean traversal cost versus 𝑛𝑇 ∈ {50, 75, . . . , 250} for
benchmark, bin(𝛼 = 0.5), ACS(5), TACS(𝛼 = 0.5) algorithms. Note that horizontal axes are
differently scaled.

5.5. Threshold adjusted ACS(𝑘) algorithms

While we have yet to develop an efficient algorithm for environments containing both true and false obstacles,
the results in Theorem 5.1 suggest the creation of a new algorithm, called TACS(𝛼) (for ACS(𝑘) algorithm
being chosen based on a threshold probability 𝛼). Here, 𝛼 ∈ (0, 1) acts as the probability threshold determining
whether an obstacle should be disambiguated. For a given problem instance, TACS(𝛼) selects the 𝑘 value in
the penalty function 𝒫ACS(𝑐, 𝑝, 𝑘) based on the 𝛼 parameter. The penalty function used by TACS(𝛼), denoted
as 𝒫TACS(𝑐, 𝑝, 𝛼), is defined as follows:

𝒫TACS(𝑐, 𝑝, 𝛼) =

{︃
𝒫ACS(𝑐, 𝑝, 𝑘 = 0) = 𝑐 + 1 if 𝑝 < 𝛼,

𝒫ACS(𝑐, 𝑝, 𝑘) with 𝑘 = − log(𝑧0−𝑐)
log(1−𝛼) if 𝑝 ≥ 𝛼,

where 𝑧0 represents the traversal cost of the zero-disambiguation path, as computed by the ZD algorithm, from
𝑠 to 𝑡.

Alternatively, a binary threshold based on assigning obstacles as true or false based on sensor probabilities
can also be proposed as:

𝒫bin(𝑐, 𝑝) =

{︃
𝑐 if 𝑝 < 𝛼,

∞ if 𝑝 ≥ 𝛼.

We call the corresponding algorithm as bin(𝛼). A natural choice of 𝛼 is 0.5.
Given that the centers of obstacles are uniformly distributed within the region [10, 90] × [10, 90] and the

radius 𝑟 is set to 4.5, the area [5, 95]× [5, 95] becomes densely populated as the number of obstacles increases.
To facilitate simpler calculations in simulations, it is practical to approximate the value of 𝑧0 as the Euclidean
distance following the path 𝑠 → (95, 95) → (95, 5) → 𝑡, which results in 180.45 units. For instance, with a
disambiguation cost of 𝑐 = 5 and a threshold 𝛼 = 0.5, we calculate 𝑘 to be 7.5. NAVA, only informed of the
probabilities of obstacles being true, can optimally utilize the threshold 𝛼 = 0.5. Altering this threshold, either
by decreasing 𝛼 or increasing 𝛼, could potentially lead to the loss of information about true or false obstacles,
and hence deteriorating the algorithm’s performance. Furthermore, 𝛼 can be specified based on the sensor’s
ability to detect true or false obstacles more correctly.
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We present the mean traversal cost for the benchmark, bin(𝛼 = 0.5), ACS(1), TACS(𝛼 = 0.5) algorithms
in the false-obstacle-only case with 𝑛𝐹 ∈ {50, 75, . . . , 325} in Figure 15a and for the benchmark, bin(𝛼 = 0.5),
ACS(5), TACS(𝛼 = 0.5) algorithms in the true-obstacle-only case with 𝑛𝑇 ∈ {50, 75, . . . , 250} in Figure 15b.
Notice that in the false-obstacle-only case, TACS(0.5) algorithm performs the worst, TACS(𝛼 = 0.5) algorithm
performs and bin(0.5) algorithm is closest to the benchmark. On the other hand, in the true-obstacle-only case,
bin(0.5) algorithm is the worst performer and ACS(5) algorithm is closest to the benchmark. The performance of
TACS gets better compared to bin algorithm in mixed obstacle environments with both true and false obstacles
(not presented), we don’t use bin algorithm in our later analysis. Nonetheless, the mean traversal cost calculated
by TACS(𝛼 = 0.5) still does not align well with the benchmark value. The main drawback of the penalty function
𝒫TACS(5, 𝑝, 0.5) is its strict distinction between true and false obstacles, due to the specified threshold 𝛼 = 0.5.

To overcome this shortcoming, we enhance the approach by incorporating a more refined partitioning of the
probability values. We subdivide the interval [0, 1] into 𝑚 equal segments of 1/𝑚 units each. Define a vector

I = (𝐼0, 𝐼1, . . . , 𝐼𝑚) = (0, 1/𝑚, 2/𝑚, . . . , (𝑚− 1)/𝑚, 1)

to represent these interval endpoints. Similarly, for a given positive integer 𝜅, construct the vector

2𝜅 I = (0, 2𝜅/𝑚, 4𝜅/𝑚, . . . , 2𝜅(𝑚− 1)/𝑚, 2𝜅).

Considering the probabilities 𝑝1, 𝑝2, . . . , 𝑝𝑛 of disk-shaped obstacles being true obstacles, let 𝑝 denote their mean,
calculated as

𝑝 =
1
𝑛

𝑛∑︁
𝑗=0

𝑝𝑗 .

Let 𝑖* = max{𝑖 : 𝐼𝑖 ≤ 𝑝} (i.e., the maximum index of I with 𝐼𝑖 ≤ 𝑝). Then, we modify the 𝑖th entry in vector
2𝜅 I as follows:

2𝜅 𝐼𝑖 + (𝑖− 𝑛
2 − 1) 2𝜅

𝑚 if 𝑖 ≤ 𝑖*,

2𝜅 𝐼𝑖 + (𝑖− 𝑛
2 + 1) 2𝜅

𝑚 if 𝑖 > 𝑖*.

If any entry in the modified version of 2𝜅 I becomes negative or exceeds 2𝜅 due to this operation, set it to 0
or 2𝜅, respectively. That is, we obtain the vector K = (𝐾0, 𝐾1, . . . ,𝐾𝑚) with

𝐾𝑖 = max(min(2𝜅 𝐼𝑖, 2𝜅), 0) for 𝑖 = 1, 2, . . . ,𝑚. (8)

Finally, we define the new penalty function as:

𝒫MTACS(𝑐, 𝑝, 𝜅, 𝑚) = 𝒫ACS(𝑐, 𝑝, 𝑘 = 𝐾𝑖) if 𝐼𝑖 ≤ 𝑝 < 𝐼𝑖+1, for 𝑖 = 1, 2, . . . ,𝑚

and refer to the corresponding algorithm as MTACS(𝜅) (for multiple threshold values for the probability 𝑝 in the
ACS(𝑘) algorithm to choose the exponent 𝑘). We first note that our simulations (not presented) demonstrate
that the restriction of 𝑘 to the interval (0, 2𝜅) in equation (8) is not strictly necessary, as the unrestricted versions
exhibit similar performance to the restricted ones. Nonetheless, we maintain the restriction for convenience and
consistency in our calculations.

In Figure 16, we observe that the new MTACS(𝜅) algorithm with 𝑘′ = 7 is better than the DT algorithm
(i.e., closer to the benchmark values) when there are either only false obstacles or only true obstacles. Figure 16
demonstrates that the MTACS(𝜅) algorithm, particularly with 𝜅 = 7, outperforms the DT algorithm in scenarios
featuring exclusively true or false obstacles. In such specific cases, the benchmark value is better approximated
on average by the traversal cost calculated using the 𝒫MTACS(𝑐, 𝑝, 𝜅 = 7) penalty function compared to DT
algorithm.

However, in Figure 16 we observe that MTACS(7) is only slightly better than the DT algorithm. To conduct
a thorough analysis of the new MTACS(𝜅) algorithm, we examine its performance across various combinations
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Algorithm 3. The penalty function 𝒫MTACS(𝜅).
Input: 𝒳 = 𝒳𝑇 ∪ 𝒳𝐹 , 𝑐: disambiguation cost, 𝜅: range parameter for 𝑘, 𝑚: number of subintervals to partition (0, 1)
Output: Penalty function 𝒫MTACS(𝑐, 𝑝, 𝜅, 𝑚)
1: 𝑝 = 1

𝑛

∑︀𝑛
𝑗=1 𝑝𝑗

2: I := (𝐼0, 𝐼1, . . . , 𝐼𝑚) =
(︀
0, 1

𝑚
, . . . , 1

)︀
,

K := (𝐾0, 𝐾1, . . . , 𝐾𝑚) =
(︀
0, 2𝜅

𝑚
, . . . , 2𝜅

)︀

3: 𝑖* = max{𝑖 : 𝐼𝑖 ≤ 𝑝}
4: for 𝑖 = 0 to 𝑚 do
5: 𝑘′ ← 𝐾𝑖 + (𝑖− 𝑛

2
− I(𝑖 ≤ 𝑖*) + I(𝑖 > 𝑖*)) 2𝜅

𝑚

6: 𝑘′ ← max(min(𝑘′, 2𝜅), 0)
7: Update 𝐾𝑖 as 𝐾𝑖 ← 𝑘′

8: end for
9: Define 𝒫MTACS(𝑐, 𝑝, 𝜅, 𝑚) based on updated 𝐾 for each 𝑝 ∈ {𝑝𝑗 , 𝑗 = 1, 2, . . . , 𝑛}

i.e., 𝒫MTACS(𝑐, 𝑝𝑗 , 𝜅)← 𝒫ACS(𝑐, 𝑝𝑗 , 𝑘 = 𝐾𝑖) for 𝑝𝑗 ∈ [𝐼𝑖, 𝐼𝑖+1)

Figure 16. (a) Mean traversal cost versus 𝑛𝐹 estimated by the benchmark, DT, MTACS(7)
(with 𝑚 = 20) algorithms with 𝑛𝐹 ∈ {50, 75, . . . , 325}. (b) Mean traversal cost versus 𝑛𝑇

computed by the benchmark, DT, MTACS(7) algorithms with 𝑛𝑇 ∈ {50, 75, . . . , 250}. Notice
that horizontal axes are differently scaled.

of (𝑛𝐹 , 𝑛𝑇 ) pairs. Figure 17 shows that, on average, MTACS(𝜅) with 𝜅 = 7 outperforms the DT algorithm.
For instance, as depicted in Figure 17a, for the pair (𝑛𝐹 , 𝑛𝑇 ) = (25, 100), the mean traversal cost achieved by
MTACS(7) is shorter than that of the DT algorithm.

The observation that the MTACS(𝜅) algorithm doesn’t converge to the benchmark value motivates further
refinement of the algorithm. Rather than splitting the interval [0, 1] into 𝑚 = 20 bins as previously done,
we now divide it into 𝑚 = 100 equal segments. For our experiments, we test 𝜅 = 2, 4, 6, 8, 10 as detailed
in Algorithm 3. For each 𝜅 value, we run 100 Monte Carlo simulations for the (𝑛𝐹 , 𝑛𝑇 ) combinations. We
average over these 100 replicates for each (𝑛𝐹 , 𝑛𝑇 ) pair, and the 𝜅 value leading to the minimum average total
traversal cost is selected as the best 𝜅. Thus, different (𝑛𝐹 , 𝑛𝑇 ) pairs may have different best 𝜅 values. To further
facilitate the comparison, we also obtain the confidence interval of the total traversal cost associated with the
selected 𝜅 value for each (𝑛𝐹 , 𝑛𝑇 ) pair. The results presented in Figure 18 reveal that the mean traversal cost
calculated by this improved MTACS(𝜅) algorithm aligns closely with the benchmark value, since at almost
all (𝑛𝐹 , 𝑛𝑇 ) combinations mean traversal by MTACS algorithm is not significantly different from that of the
benchmark algorithm. This result is suggestive that the choice of 𝜅 (and hence indirectly the choice of 𝑘) should
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Figure 17. Comparison of mean traversal costs estimated by the algorithms benchmark, DT,
MTACS(7) (with 𝑚 = 20), (a) for 𝑛𝐹 = 25 with 𝑛𝑇 ∈ {25, 50, . . . , 200}, (b) and for 𝑛𝐹 = 75
with 𝑛𝑇 ∈ {25, . . . , 200}.

incorporate the probability marks of the obstacles. Identifying the most effective 𝜅 value for achieving an even
more precise benchmark approximation is an area for future research.

Remark 5.3. In any obstacle combination setting, the benchmark value can often be closely approximated by
the ACS(𝑘) algorithm also, provided an appropriately chosen (optimal) value of 𝑘 is chosen. If the number of
false and true obstacles are known, together with the sensor accuracy 𝜆, one can perform simulations for a grid
of 𝑘 values (say ranging from 0 to 10 across with 50 or 100 Monte Carlo replications). Then for the particular
combination of (𝑛𝐹 , 𝑛𝑇 ), the most effective 𝒫ACS(𝑐, 𝑝, 𝑘) penalty function to approximate the mean traversal
cost of the benchmark algorithm can be estimated. In some instances, the results (not presented) closely matched
the mean benchmark values, with the largest deviation observed showed an average heuristic traversal cost with
a percentage error under 1.5%. However, all this hinges on the possibly unrealistic assumption of knowing the
actual numbers of true and false obstacles, together with 𝜆 value which is usually unavailable a priori.

6. Discussion and conclusions

The current greedy algorithms for NAVA utilize a heuristic incorporating penalty functions for disambiguation
of the obstacles. We proposed new penalty function families, with a goal to enhance and approximate the
currently used penalty functions, and hence study and understand them better. Specifically, for any given
disambiguation cost 𝑐, the penalty functions of the RD, AP, and DT algorithms – 𝒫RD(𝑐, 𝑝), 𝒫AP(𝑐, 𝑝), and
𝒫DT(𝑐, 𝑝, 𝑑𝑡) – can be effectively approximated by the penalty function 𝒫ACS(𝑐, 𝑝, 𝑘) with respective optimal
𝑘 values (see Tab. 2). Moreover, the ACS(𝑘) algorithm which computes heuristic traversal costs based on
𝒫ACS(𝑐, 𝑝, 𝑘) penalty function, can approximate the mean traversal costs realized by RD, AP, and DT algorithms,
although optimal 𝑘 for the penalty approximation and traversal cost approximation may not be identical (see
Prop. 4.2 and Rem. 4.1). As 𝑘 increases beyond 5, the penalty function 𝒫ACS(𝑐, 𝑝, 𝑘) tends to assign higher edge
weights, leading ACS(𝑘) to adopt a more risk-averse approach, minimizing the number of disambiguations during
NAVA’s traversal. This characteristic aligns with the behavior of the DT algorithm, which, unlike RD and AP,
predominantly avoids disambiguations when encountering true obstacles, thereby favoring a zero-disambiguation
path or paths with minimal disambiguations, as illustrated in Figure 7. Our Monte Carlo simulations suggest
that in special circumstances such as the true-obstacle-only or false-obstacle-only cases the benchmark value
(computed by the algorithm B) can be approximated by choosing the larger or smaller 𝑘 values, respectively.
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Figure 18. Comparison of mean traversal costs estimated by the benchmark and MTACS(𝜅)
algorithms (with 𝑚 = 100) for (a) 𝑛𝐹 = 25, (b) 𝑛𝐹 = 50, (c) 𝑛𝐹 = 75, and (d) 𝑛𝐹 = 100
with 𝑛𝑇 = 25, 50, 75, 100. The 95% confidence intervals for the benchmark and MTACS mean
traversal estimates are also provided. Optimal 𝜅 values are used for each (𝑛𝐹 , 𝑛𝑇 ) pair (as
described in the text).

The performance evaluation in this paper relies primarily on Monte Carlo simulation. This is inherent to the
SOS/CTP setting: outside of special graph topologies, global optimality characterizations remain unavailable,
and traversal cost depends on coupled stochastic elements including obstacle placement, sensor marks, and
dynamic rerouting decisions. In such settings, analytical comparison of heuristic policies is generally intractable.
Our conclusions should therefore be interpreted as empirical but structurally motivated. The simulation study is
designed to isolate the effect of penalty growth behavior under controlled variations of sensor accuracy, obstacle
density, and disambiguation cost. While numerical performance levels depend on parameter choices, several
qualitative observations remain robust across regimes: (i) additive penalty structures reduce over-disambiguation
when 𝑐 is small, (ii) steeper penalty growth favors conservative routing under high sensor uncertainty, and (iii)
the ACS(𝑘) family interpolates smoothly between risk-seeking and risk-averse behaviors. We emphasize that the
proposed algorithms remain heuristic, and simulation results do not constitute optimality guarantees. Rather,
they provide comparative guidance on structural penalty design under uncertainty. We also note that the relative
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ordering of algorithms is stable across moderate perturbations of the Beta sensor parameters and obstacle counts,
indicating that the observed performance differences are not driven solely by fine parameter tuning.

We investigate the dependence of NAVA’s traversal performance on the sensor accuracy, cost of disambigua-
tion, and also the number of obstacles. Based on our stochastic ordering results in Proposition 5.1, we see that
the estimated traversal risk computed by the ACS(𝑘) algorithm ℛACS(𝑘, 𝜆,𝒳 ) tends to be smaller for higher
accuracy of NAVA’s sensor (i.e., as 𝜆 increases), and as 𝑘 increases (i.e., as the penalty for disambiguation
increases), the estimated risk tends to be larger. The disambiguation cost (𝑐) significantly influences the mean
traversal cost derived from various heuristic algorithms. It’s noted that an increase in 𝑐 leads to an increase in
the mean traversal cost, continuing until the point where the algorithm opts for a zero-disambiguation path,
avoiding disambiguations entirely. With higher disambiguation costs, NAVA tends to perform fewer disambigua-
tions, which result in longer traversal paths and also the disambiguations incur higher costs, increasing the total
traversal cost. A similar trend occurs when the number of obstacles gets larger. We also provide convergence
results as sensor accuracy tends to be perfect (i.e., as 𝜆 → 4) and as 𝑘 →∞.

To get closer to the benchmark algorithm’s performance (which is the ideal in our setting), we consider
various adaptations of the ACS(𝑘) algorithm. The first adaptation we consider is a disambiguation strategy
based on a threshold parameter 𝛼. Here, disambiguation of a disk-shaped obstacle is performed if its probability
of being a true obstacle 𝑝 is less than 𝛼; otherwise, the obstacle is bypassed without risk. Utilizing this concept,
we defined the penalty function 𝒫TACS(𝑐, 𝑝, 𝛼) and demonstrated performance of TACS(𝛼 = 0.5) algorithm
(using the 𝒫TACS(5, 𝑝, 0.5) penalty function) depends on the composition of the obstacles (with more true
obstacles, we observe shorter traversal costs, and with more false obstacles, the mean traversal cost tends
to get higher compared to ACS(𝑘) algorithm. A key limitation of 𝒫TACS(5, 𝑝, 0.5) is its rigid differentiation
between true and false obstacles based on the set threshold 𝛼 = 0.5. In the specific problem context discussed
in Section 4.2.2, altering the threshold 𝛼 – either by decreasing or increasing it – could result in the loss of
important information about either true or false obstacles. Such changes have the potential to negatively impact
the algorithm’s stability and performance. To address this limitation, we introduce a finer partitioning of the
probability marks 𝑝 and use different 𝑘 values for each partition grid for 𝑝. This led to the creation of a new
penalty function 𝒫MTACS(𝑐, 𝑝, 𝜅) and the corresponding MTACS(𝜅) algorithm (see Algorithm 3). Our findings
demonstrate that, in many instances, the benchmark value can be approximated very closely by employing the
MTACS(𝜅) algorithm with suitable choices of 𝜅 (see Fig. 18).

Based on our simulations, we suggest the use of ACS(𝑘) algorithm if the number of false and true obstacles
and the obstacle patterns are known. Because in this case, one can perform pilot Monte Carlo simulations to
determine the optimal 𝑘 for this setting. On the other hand, if the number of false and true obstacles and
the obstacle patterns are not known (which is more realistic), one can employ the MTACS(𝜅) algorithm with
𝑚 = 100.

In our future research, we aim to improve our algorithms or introduce new algorithms to achieve even more
accurate approximations of the benchmark value. These heuristic algorithms, which have been developed and
examined within the context of our problem setting, possess broader applicability. In particular, they can be
applied to settings including, but not limited to, the Canadian traveler’s problem [19], the discrete SOS problem
[2], the discretized OPD [4], the repeated-task CTP [11], and the CTP-Tree [16]. Additionally, we intend to
explore the field of competitive analysis of heuristic algorithms, where the ratio of heuristic performance to
worst-case performance is investigated [12]. Previous works, such as those by Westphal [23] and Xu et al. [25],
have delved into competitive analyses related to our problem. We plan to conduct similar analyses for existing
algorithms like RD, AP, and DT, as well as for our heuristic algorithms ACS(𝑘) and MTACS(𝜅). This will
further our understanding of their competitiveness and performance in various scenarios.
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Appendix A. Decision-theoretic formulation of the executed walk

In this section, we adopt a decision-theoretic approach to express NAVA’s traversal cost as opposed to the ones in
equations (5) and (6). This approach involves making sequential decisions (actions) based on the current understanding
of the environment (obstacle disambiguation and traversal choices) and adapting with new information acquired during
navigation.

Let Π(𝑣, 𝑡) denote the sets of all possible paths from a vertex 𝑣 to the target 𝑡,

Π(𝑣, 𝑡) = {𝜋(𝑣, 𝑡) : a path from 𝑣 to 𝑡 }.

Define the optimal path (i.e., the path with the minimum estimated risk) from 𝑣 to 𝑡 as

𝜋*(𝑣, 𝑡) = arg min𝜋∈Π(𝑣,𝑡)ℛ(𝜋).

However, as described before, the realized or observed walk, denoted 𝜔obs(𝑣, 𝑡), might differ from the optimal estimated
path. Let the first edge in this walk be represented by 𝑒1(𝜔).

The traversal process can be more practically described through a sequence of actions, 𝒜, as follows:

𝒜 = (𝑎1, 𝑎2, . . . , 𝑎𝑛), with 𝑎𝑖 ∈ {traversal, disambiguation},

where each 𝑎𝑖 is the action taken by NAVA at step 𝑖. We can further refine the disambiguation action as disambiguation
of an obstacle to be true or false, i.e.,

𝑎𝑖 =

⎧
⎪⎨

⎪⎩

𝑒, if the action is traversal over edge 𝑒

𝑑𝑇 , if the action is disambiguation of an obstacle to be true

𝑑𝐹 , if the action is disambiguation of an obstacle to be false.

The sequence of edges in the observed walk 𝜔obs(𝑣, 𝑡) is given by (𝑒1, 𝑒2, . . . , 𝑒𝑘obs−1), corresponding to the vertex
sequence (𝑣1 = 𝑠, 𝑣2, . . . , 𝑣𝑘obs = 𝑡) such that 𝑒𝑖 = 𝑣𝑖𝑣𝑖+1 for 𝑖 = 1, 2, . . . , 𝑘obs − 1. Thus, 𝑘obs =

∑︀𝑛
𝑖=1 𝐼(𝑎𝑖 = 𝑒).

Here, each traversal action occurs over an edge 𝑒 = 𝑢𝑣 and each disambiguation occurs at a vertex 𝑢 if an edge 𝑣 is
adjacent to 𝑢 and 𝑣 the first edge in the optimal path 𝜋*(𝑢, 𝑡) (as found by the 𝐴* navigation algorithm). Thus, each
action is associated with an edge and we can associate an edge sequence, denoted ℰ , to the action sequence as:

𝒜 = (𝑎1, 𝑎2, . . . , 𝑎𝑛) and ℰ = (𝑒𝑎
1 , 𝑒𝑎

2 , . . . , 𝑒𝑎
𝑛).

So,

https://github.com/Li-Z27/sos-pathfinding
mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o
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if 𝑎𝑖 = 𝑒, then 𝑒𝑎
𝑖 = 𝑒𝑗 for some 𝑗 = 1, 2, . . . , 𝑘obs − 1,

if 𝑎𝑖 = 𝑑𝐹 , then 𝑒𝑎
𝑖 = 𝑒𝑎

𝑖+1 = 𝑒𝑗 for some 𝑗 = 1, 2, . . . , 𝑘obs − 1, and
if 𝑎𝑖 = 𝑑𝑇 , then 𝑒𝑎

𝑖 ̸= 𝑒𝑗 for all 𝑗 = 1, 2, . . . , 𝑘obs − 1.

Sequences of indices for traversal and disambiguation actions are defined as 𝐼𝑒 = {𝑖 : 𝑎𝑖 = 𝑒}, 𝐼𝑑 = {𝑖 : 𝑎𝑖 =
disambiguation}, 𝐼𝐹

𝑑 = {𝑖 : 𝑎𝑖 = 𝑑𝐹 }, and 𝐼𝑇
𝑑 = {𝑖 : 𝑎𝑖 = 𝑑𝑇 }.

Then the sequence of edges constituting the observed walk from vertex 𝑣 to the target 𝑡 is

𝜔obs(𝑣, 𝑡) = (𝑒1, 𝑒2, . . . , 𝑒𝑘obs−1) =
(︁
𝑒𝑎

𝑖(1)
, 𝑒𝑎

𝑖(2)
, . . . , 𝑒𝑎

𝑖(𝑘obs−1)

)︁

where 𝑒𝑎
𝑖(𝑗)

is the 𝑗-th entry (or index) in 𝐼𝑒, identified through the observed action sequence 𝒜obs. Because of the way
the navigation algorithms work,

𝑒𝑖 = 𝑒1(𝜋
*
𝑛𝑜(𝑣𝑖, 𝑡))

that is, 𝑒𝑖 is the first edge on a path starting at 𝑣𝑖 ending at 𝑡 with the minimum estimated risk and not crossing a
previously disambiguated true obstacle. More precisely,

𝜋*𝑛𝑜(𝑣𝑖, 𝑡) = arg min𝜋∈Π𝑛𝑜(𝑣𝑖,𝑡)ℛ(𝜋)

where
Π𝑛𝑜(𝑣𝑖, 𝑡) = {𝜋 ∈ Π(𝑣𝑖, 𝑡) : 𝐸(𝜋) ∩ 𝐸𝑇

𝑖 = ∅}

denotes the set of all paths from 𝑣𝑖 to 𝑡 that do not intersect with any edge identified as part of 𝐸𝑇
𝑖 , where 𝐸𝑇

𝑖 = {𝑒𝑎
𝑗 :

𝑎𝑗 = 𝑑𝑇 , 𝑗 = 1, 2, . . . , 𝑖′, and 𝑒𝑎
𝑖′ = 𝑒𝑖} denotes the set of edges that have been identified through disambiguation actions

as intersecting true obstacles up to the 𝑖-th step or action. Letting 𝒞(𝒜obs,𝒳 ) be the cost associated with the action
sequence 𝒜obs. Then

𝒞(𝒜obs,𝒳 ) =

𝑛∑︁

𝑖=1

𝑘obs−1∑︁

𝑗=1

ℓ(𝑒𝑗) 𝐼(𝑎𝑖 = 𝑒) +

𝑛∑︁

𝑖=1

𝑐× 𝐼(𝑎𝑖 = 𝑑)

=

𝑘obs−1∑︁

𝑗=1

ℓ(𝑒𝑗) +

𝑛∑︁

𝑖=1

𝑐× 𝐼(𝑎𝑖 = 𝑑) =
∑︁

𝑒∈𝐸(𝜔obs)

ℓ(𝑒) + 𝑐× |𝐼𝑑|,

where |𝐼𝑑| stands for length of (the index vector) 𝐼𝑑. Note that for 𝑖 ∈ 𝐼𝑇
𝑑 , 𝑒1(𝜋

*(𝑣𝑖− , 𝑡)) = 𝑒𝑎
𝑖 and 𝑒𝑎

𝑖 ∩ 𝒳𝑇 ̸= ∅, where
𝑖− is the rank (i.e., order index) of max{𝑗 : 𝑎𝑗 = 𝑒𝑗 , 𝑗 = 1, 2, . . . , 𝑖} in 𝐼𝑒. We also observe that

{𝑒𝑎
𝑖 : 𝑖 ∈ 𝐼𝐹

𝑑 } ⊆ {𝑒𝑎
𝑖 : 𝑖 ∈ 𝐼𝑒} and {𝑒𝑎

𝑖 : 𝑖 ∈ 𝐼𝑇
𝑑 } ∩ {𝑒𝑎

𝑖 : 𝑖 ∈ 𝐼𝑒} = ∅.

In the true-obstacle-only case (i.e., 𝒳 = 𝒳𝑇 ), we have 𝐼𝐹
𝑑 = ∅, so 𝑎𝑖 ∈ {𝑒, 𝑑𝑇 } and 𝐼𝑑 = 𝐼𝑇

𝑑 . Also, we have 𝑒𝑖 =
𝑒1(𝜋

*
𝑛𝑜(𝑣𝑖, 𝑡)) as above and

𝒞(𝒜obs,𝒳𝑇 ) =
∑︁

𝑒∈𝐸(𝜔obs)

ℓ(𝑒) + 𝑐×
⃒⃒
⃒𝐼𝑇

𝑑

⃒⃒
⃒ .

The above formulation simplifies when there are only false obstacles, or no obstacles in the traversal window.

False-obstacle-only case: 𝒳 = 𝒳𝐹

In this case, 𝐼𝑇
𝑑 = ∅, so 𝑎𝑖 ∈ {𝑒, 𝑑𝐹 } and 𝐼𝑑 = 𝐼𝐹

𝑑 . Also, we have 𝑒𝑖 = 𝑒1(𝜋
*(𝑣𝑖, 𝑡)) leading to 𝜔obs = 𝜋*. Then,

𝒞(𝒜obs,𝒳𝐹 ) =

𝑘obs−1∑︁

𝑗=1

ℓ(𝑒𝑗) +
𝑛∑︁

𝑖=1

𝑐× 𝐼(𝑎𝑖 = 𝑑𝐹 ) =

𝑘obs−1∑︁

𝑗=1

ℓ(𝑒𝑗) +

𝑘obs−1∑︁

𝑗=1

𝑐× 𝐼(𝑒𝑗 ∩ 𝒳𝐹 ̸= ∅)

=

𝑘obs−1∑︁

𝑗=1

(ℓ(𝑒𝑗) + 𝑐× 𝐼(𝑒𝑗 ∩ 𝒳𝐹 ̸= ∅)) =
∑︁

𝑒∈𝐸(𝜋*)

ℓ(𝑒) + 𝑐×
⃒⃒
⃒𝐼𝐹

𝑑

⃒⃒
⃒ .

Observe that 𝒞(𝒜obs,𝒳𝐹 ) = 𝒞𝐹 (see Eq. 6).
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No obstacle case: 𝒳 = ∅
In this case, 𝐼𝑑 = ∅, so 𝑎𝑖 = 𝑒 for all 𝑖 and 𝑒𝑖 = 𝑒1(𝜋

*(𝑣𝑖, 𝑡)) where 𝜋*(𝑣𝑖, 𝑡) is the path of minimum Euclidean length
from 𝑣𝑖 to 𝑡. This implies 𝜔obs = 𝜋* which is the minimum length path from 𝑠 to 𝑡 Thus,

𝒞(𝒜obs,𝒳 = ∅) =

𝑘obs−1∑︁

𝑗=1

ℓ(𝑒𝑗).

Here, we see that 𝒞(𝒜obs,𝒳 = ∅) = ℓ*𝑖𝑗 which is the sum of lengths of edges in 𝜋* (see Eq. 6).
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