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RESEARCH ON SUPPLY CHAIN MANAGEMENT AND ORDERING
STRATEGIES FOR PERISHABLE GOODS IN FARMERS’ MARKETS

Yuchi Li1,⋆ , Zhanli Li2,⋆, Lili Xia1,*, Jiqing Sun1, Jianhao Li1 and Yuting Xu1

Abstract. Given the uncertainty in market demand and the complexity of supply chain management
for perishable vegetable products, traditional demand forecasting and pricing strategies face substantial
challenges in practical applications. To address these issues, this study proposes a KAN-LSTM-based
framework for demand forecasting and ordering optimization. By integrating the nonlinear represen-
tation capability of KAN with the long-term dependency modeling ability of LSTM, the proposed
framework provides an effective approach for forecasting perishable vegetable sales and procurement
prices. In addition, a multivariate stepwise regression model is employed to estimate price elasticity
and support pricing decisions. The ordering strategy is then optimized using the McCormick envelope
method combined with the SLSQP algorithm. Experimental results show that the KAN-LSTM model
achieves high forecasting accuracy and stable performance in both sales and price prediction tasks.
Compared with xLSTM, TCN, and Transformer models, KAN-LSTM demonstrates favorable predic-
tive performance for the dataset considered in this study. The optimization results further indicate that
the proposed framework is effective in improving profit and cost control, highlighting its practical value
for perishable goods supply chain management in farmers’ markets.
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1. Introduction

Demand forecasting and price optimization are pivotal components of modern retail operations, exerting
a decisive influence on inventory management efficiency and profit maximization [26, 27]. As market environ-
ments become increasingly complex – particularly in the domain of perishable goods – accurately capturing
demand dynamics and formulating scientifically grounded pricing strategies have emerged as focal issues for
both academia and industry [2, 16,18].

In recent years, as market conditions have continued to evolve, time series models have been widely applied
to inventory management tasks. Regarding traditional time series approaches, Li et al. [24] employed SARIMA
to forecast demand for medical devices within healthcare supply chain management; however, the study fell
short in effectively handling data characterized by complex nonlinearities and long-range dependencies [24].
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Mirčetić et al. [32] proposed and compared optimal-combination hierarchical time series forecasting methods.
Through simulation and empirical analyses, they found that the optimal-combination approach delivers superior
accuracy and coherence in multi-echelon supply chain networks relative to alternative methods. Nevertheless,
the omission of exogenous factors limits the model’s adaptability in real-world applications [32].

For deep learning-based time series methods, Gong [15] introduced an AI-driven optimization framework
for cross-border e-commerce (CBEC) supply chain management that integrates neural networks, fuzzy logic,
and auction theory to address the reactivity shortcomings of traditional supply chain systems; yet the system
is relatively complex and demands substantial computational resources and data support [15]. Zabraoui et al.
[40] proposed a hybrid framework combining deep learning, evolutionary search, and reinforcement learning for
inventory optimization. Using the Walmart M5 dataset to benchmark multiple optimization strategies, they
incorporated a genetic algorithm and a deep Q-network (GA–DQN), achieving a substantial improvement in
service levels (from 61% to 94%) while reducing inventory costs. Despite its effectiveness in improving inventory
accuracy, the approach’s high computational complexity and stability concerns may constrain its deployment
in certain real-world scenarios [40].

Long short-term memory networks (LSTM) have garnered attention for their capacity to capture, to some
extent, both long-term dependencies and short-term fluctuations [17]. For example, LSTM models have achieved
notable success in electric load forecasting [38], stock price prediction [14], and meteorological data analysis [11].
Nevertheless, despite strong performance across many applications, conventional LSTMs face several limitations:
when dealing with time series exhibiting complex nonlinear features, they struggle to simultaneously model
long-range memory and short-term volatility [22]. Their performance is particularly sensitive to input data
quality and hyperparameter settings in multifactor forecasting tasks [9]. To address these issues, numerous
variants have been proposed, such as BiLSTM [38], xLSTM [3], and CNN-LSTM [38], in an effort to enhance
modeling of long-range dependencies and complex features. However, while these methods yield improvements
in specific contexts, they do not fundamentally overcome the intrinsic limitation of traditional LSTMs in jointly
capturing long-term memory and short-term fluctuations; both standard LSTMs and their variants still exhibit
shortcomings in modeling intricate nonlinear dynamics.

To address these challenges, this study proposes an innovative enhanced model, KAN-LSTM, which inte-
grates the strengths of Kolmogorov–Arnold Networks (KAN) with LSTM, thereby overcoming the limitations
of conventional LSTM in processing multi-level time series data [13, 19]. Leveraging KAN’s nonlinear mapping
capabilities, the model augments LSTM’s performance in handling complex interactive features, enabling more
effective capture of intricate nonlinear relationships among factors [7]. Specifically, the KAN-LSTM model not
only effectively captures long-term memory but also accurately models short-term fluctuations, thereby deliv-
ering high-precision forecasts of sales and procurement prices for perishable vegetables under volatile market
conditions.

Price elasticity and cross elasticity are essential theoretical tools for formulating retail pricing strategies [10].
Price elasticity reflects the sensitivity of demand to changes in a product’s price, while cross elasticity measures
the spillover effects of price changes among related products [8,29]. Although traditional regression models are
widely used for estimating elasticity parameters, they struggle to capture complex nonlinear dynamic relation-
ships among multiple products [5, 34]. To address this, this paper employs a multivariate stepwise regression
model to quantitatively analyze product price elasticity and cross elasticity, enhancing the model’s interpretabil-
ity and predictive power, and laying the groundwork for subsequent pricing and inventory optimization [20,37].

In terms of optimization methods, algorithms for solving nonlinear constrained problems have continued to
evolve. Traditional Sequential Least Squares Programming (SLSQP) [4] performs well on constrained optimiza-
tion but exhibits low computational efficiency on large-scale nonlinear problems. Global optimization algorithms
such as Simulated Annealing (SA) [35], Particle Swarm Optimization (PSO) [12], Genetic Algorithms (GA) [30],
and Simulated Annealing (SA) [39] demonstrate strong global search capabilities. For example, PSO excels in
various engineering optimization tasks, where its particle collaboration-based global search strategy can sig-
nificantly improve the efficiency of solving complex problems [12]; GA, by simulating biological evolution, is
well-suited for high-dimensional nonlinear problems [28]; and SA, known for its ability to avoid local optima, has
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been widely applied across domains [31]. Despite their strong performance in many applications, these meta-
heuristic algorithms are often sensitive to initial parameters and can be inefficient when dealing with complex
constraints and large-scale problems. Accordingly, this paper proposes solving with the McCormick envelope
method combined with SLSQP, thereby overcoming the tendency of traditional gradient-based methods to get
trapped in local optima and significantly improving solution quality and computational efficiency.

Accordingly, the main contributions of this paper can be summarized as follows:

– KAN-LSTM framework for long time series: We propose a deep learning framework based on KAN-LSTM
that fuses long-term memory with short-term fluctuation information, effectively capturing complex dynamic
features in time series and achieving high-accuracy forecasting for demand and procurement prices of per-
ishable vegetable products.

– Ablation and comparative experiments validating KAN-LSTM’s forecasting performance: Through system-
atic ablation and comparative experiments, we evaluate the forecasting performance of the KAN-LSTM
model in long-horizon tasks. The results show that, for the dataset considered in this study, KAN-LSTM
provides competitive performance in capturing long-range dependencies and improving prediction accuracy.

– Elasticity parameter estimation via multivariate stepwise regression: We employ multivariate stepwise regres-
sion to estimate price elasticity and cross elasticity parameters, providing theoretical support and empirical
evidence for constructing pricing strategies and inventory management models.

– Construction and solution of a multi-constraint nonlinear programming model: We develop a multi-constraint
nonlinear programming model for determining future order quantities and price markup rates. Under a
simplified setting, the curvature properties of the objective can be analytically characterized. For the general
interdependent case, we employ McCormick envelope relaxations to handle the nonlinear terms and transform
the problem into a form that can be efficiently solved by SLSQP.

– Validation of the proposed optimization strategy: Through computational experiments, we verify the effi-
ciency and stability of the proposed solution strategy in handling the multi-constraint ordering problem,
demonstrating its practical effectiveness for the decision scenario considered in this study.

2. Data and methods

2.1. Data sources and description

2.1.1. Data sources

The study uses official data from real-world farmers’ markets, covering six major categories of perishable
vegetables: Cauliflower, Leafy Greens, Peppers, Solanaceous Vegetables, Mushrooms, and Aquatic Roots and
Tubers. The dataset spans three years, from July 2020 to June 2023, and records transactional information.
Considering that formulating ordering and pricing strategies for individual perishable vegetable items in farmers’
markets is overly complex, this paper focuses on the six categories above. By analyzing key indicators such as
their aggregate historical sales, wholesale prices, loss rates, and retail prices, we construct integrated forecasting
models and optimization strategies to improve category-level ordering and pricing decisions.

2.1.2. Descriptive analysis

This study examines the relationship between sales and costs for perishable vegetable products, with an
emphasis on sales performance and price fluctuations across different categories of perishable vegetables. By
plotting line charts of sales and replenishment prices for each category, we present their temporal trends. In
addition, we visualize the correlation matrix of category sales to reveal the inter-category relationships in sales.

Figure 1A illustrates the trend of replenishment prices across different categories of perishable vegetables.
Overall, the replenishment prices for Aquatic Roots and Tubers are significantly higher than those of other
categories and exhibit greater volatility, indicating higher uncertainty and complexity in replenishment costs. In
contrast, the replenishment prices for Cauliflower, Leafy Greens, Peppers, Solanaceous Vegetables, and Mush-
rooms are relatively stable, suggesting more consistent pricing within the supply chain for these categories.
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Figure 1. Descriptive analysis. (A) Sales trend. (B) Replenishment price trend. (C) Sales
correlation coefficients.

Figure 1B shows the sales trends of each perishable vegetable category, which display pronounced cyclical
fluctuations, likely related to consumer habits and supply chain cycles. Among them, Leafy Greens and Peppers
have much higher sales than other categories, indicating stronger market demand, whereas Aquatic Roots and
Tubers have the lowest sales, which may be associated with their higher costs.

Figure 1C presents the Pearson correlation coefficient matrix of sales across categories. The results reveal
certain positive correlations among categories; for example, the correlations between Cauliflower and Leafy
Greens, as well as Peppers, are relatively high (𝑝 < 0.05), suggesting potential linkage in consumer demand or
supply chain processes. In contrast, some category pairs (such as Mushrooms and Aquatic Roots and Tubers)
exhibit weaker correlations, reflecting a degree of independence in market demand.

2.2. Methods for forecasting sales and replenishment prices

2.2.1. LSTM model

Long Short-Term Memory (LSTM) networks are a special type of recurrent neural network proposed by
Hochreiter and Schmidhuber in 1997, designed to address the long-term dependency problem in traditional
RNNs [15].

An LSTM unit consists of several key components, including the input gate, forget gate, output gate, and
cell state [15]. Through its gating mechanism, the LSTM dynamically determines, at each time step, which
information to retain, which to forget, and what to output [15]. Let 𝑥𝑡 denote the input vector at time step
𝑡, ℎ𝑡−1 the hidden state at time step 𝑡 − 1, and 𝐶𝑡 the cell state at time step 𝑡. The updates of the LSTM
components are computed as follows:

𝑓𝑡 = 𝜎(𝑊𝑓𝑥𝑡 + 𝑈𝑓ℎ𝑡−1 + 𝑏𝑓 ) (1)
𝑖𝑡 = 𝜎(𝑊𝑖𝑥𝑡 + 𝑈𝑖ℎ𝑡−1 + 𝑏𝑖) (2)
𝑐𝑡 = tanh(𝑊𝑐𝑥𝑡 + 𝑈𝑐ℎ𝑡−1 + 𝑏𝑐) (3)
𝑐𝑡 = 𝑓𝑡 ⊙ 𝑐𝑡−1 + 𝑖𝑡 ⊙ 𝑐𝑡 (4)
𝑜𝑡 = 𝜎(𝑊𝑜𝑥𝑡 + 𝑈𝑜ℎ𝑡−1 + 𝑏𝑜) (5)
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Figure 2. LSTM working framework.

ℎ𝑡 = 𝑜𝑡 ⊙ tanh(𝑐𝑡). (6)

Where: Equation (1) governs the forget gate, learning which historical information to retain or discard to
enable effective handling of long-term memory. Equation (2) manages the input gate, determining the importance
of newly added information at the current time step for the memory state. Equation (3) updates the candidate
memory cell, preparing the candidate values for the main memory cell based on the current input. Equation (4)
performs the actual update of the memory cell, adjusting and storing the current memory state by combining
the effects of the forget and input gates. Equation (5) controls the output gate, deciding the extent of the model’s
response to the external environment given the memory cell. Finally, equation (6) updates the hidden state,
ensuring the model can adapt to and predict future state changes when processing time series data (Fig. 2).

2.2.2. KAN-LSTM model

Kolmogorov–Arnold Networks (KAN) are a neural network architecture grounded in the Kolmogorov–Arnold
representation theorem, whose core idea is to approximate any multivariate continuous function via sums and
compositions of univariate functions [13, 19]. Unlike traditional neural networks that use fixed activation func-
tions (e.g., ReLU, tanh), the nonlinear functions 𝜑𝑞,𝑝(·) in a KAN layer are learnable and can adapt during
training, thereby achieving stronger nonlinear fitting capacity with a limited number of parameters. The deriva-
tion of this architecture is provided in Appendix A. To combine the nonlinear expressive power of KAN with
the long- and short-term memory capability of LSTM, we propose a KAN-LSTM model. The model framework
is shown in Figure 3.

(1) Input transformation via the KAN layer

The Kolmogorov–Arnold representation theorem states that any multivariate continuous function can be
represented by sums and compositions of univariate functions. Even in univariate time series forecasting, the true
dynamics are often highly nonlinear (e.g., nonlinear demand sensitivity to price, holiday effects, and volatility
clustering), which are difficult to capture with simple linear transforms or fixed activation functions. Therefore,
we introduce a KAN layer at the input stage:

𝑥̃𝑡,𝑞 =
𝑛∑︁

𝑝=1

𝜑𝑞,𝑝(𝑊𝑥,𝑝𝑥𝑡,𝑝 + 𝑏𝑥,𝑝), 𝑥𝑡 ∈ R𝑛. (7)

Here, 𝑥𝑡 denotes the input feature vector at time 𝑡, representing the historical observations used for forecasting,
such as sales or replenishment price data. 𝜑𝑞,𝑝(·) denotes a learnable univariate nonlinear function based on
B-splines. During training, its parameters are optimized jointly with the neural network weights 𝑊𝑥,𝑝 and biases
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𝑏𝑥,𝑝. Unlike fixed activation functions such as ReLU or Sigmoid, KAN adaptively learns nonlinear mappings
from the data, providing greater flexibility for modeling complex temporal patterns.

In univariate time series forecasting, the input 𝑥𝑡 is the historical observation at time 𝑡. Through a set of
learnable univariate functions 𝜑𝑞,𝑝, the KAN layer can adaptively uncover nonlinear trends, periodicities, or
abrupt change patterns in the sequence, rather than being confined to the fixed activation functions used in
conventional LSTM. This enables the model to exhibit greater flexibility and expressive power when modeling
complex univariate time series (e.g., rhythmic fluctuations in agricultural product sales).

(2) State update of RKAN (Recurrent KAN)

Extend the KAN layer to time series to form RKAN. It enhances the capture of temporal dependencies
through recursive operations:

ℎKAN
𝑡 =

2𝑛+1∑︁
𝑞=1

Φ𝑞(𝑥̃𝑡,𝑞). (8)

Here, Φ𝑞 are learnable univariate functions. RKAN provides multiple parallel nonlinear channels to capture
patterns at different time scales; for example, some channels can learn short-term daily fluctuations, while
others capture long-term trends. Compared with the single tanh activation in a traditional LSTM, RKAN offers
a more flexible family of functions, enabling the model to fit more complex temporal relationships with fewer
parameters.

(3) Integrating LSTM’s gating mechanism

To strengthen the model’s ability to capture both long- and short-term dependencies, we introduce the LSTM
gating mechanism to update RKAN’s hidden state ℎKAN

𝑡 . The final KAN-LSTM framework is as follows:

𝑓𝑡 = 𝜎
(︀
𝑊𝑓,ℎℎKAN

𝑡−1 + 𝑊𝑓,𝑥𝑥𝑡 + 𝑏𝑓

)︀
(9)

𝑖𝑡 = 𝜎
(︀
𝑊𝑖,ℎℎKAN

𝑡−1 + 𝑊𝑖,𝑥𝑥𝑡 + 𝑏𝑖

)︀
(10)

𝑐𝑡 = tanh
(︀
𝑊𝑐,ℎℎKAN

𝑡−1 + 𝑊𝑐,𝑥𝑥𝑡 + 𝑏𝑐

)︀
(11)

𝑐𝑡 = 𝑓𝑡 ⊙ 𝑐𝑡−1 + 𝑖𝑡 ⊙ 𝑐𝑡 (12)

𝑜𝑡 = 𝜎
(︀
𝑊𝑜,ℎℎKAN

𝑡−1 + 𝑊𝑜,𝑥𝑥𝑡 + 𝑏𝑜

)︀
(13)

ℎKAN
𝑡 = 𝑜𝑡 ⊙ tanh(𝑐𝑡). (14)

Where the forget gate 𝑓𝑡, input gate 𝑖𝑡, and output gate 𝑜𝑡 ensure that the model can selectively retain or
forget information, thereby alleviating the long-term dependency problem. KAN provides richly nonlinear input
features, while the LSTM gating mechanism ensures their proper propagation along the temporal dimension. The
combination allows the model to express complex patterns while effectively modeling long-term dependencies.

The expressive power of a standard LSTM is constrained by its fixed activation functions (sigmoid and
tanh), making it difficult to capture highly nonlinear patterns. In contrast, KAN-LSTM’s learnable functions
𝜑 and Φ can automatically adapt to complex data structures, thereby significantly improving both fitting and
generalization performance in univariate forecasting.

Although Transformers perform well in long-sequence modeling, they have high computational complexity
and rely heavily on large-scale data. In the agricultural market scenario of this study, the data scale is limited
and noise is substantial, making Transformers prone to overfitting. Moreover, Transformer positional encodings
and attention weights are hard to map intuitively to economic meanings, whereas KAN-LSTM’s functions 𝜑
and Φ can be interpreted as nonlinear responses of demand or price, offering greater interpretability.

2.2.3. Model evaluation metrics

To comprehensively assess the discrepancy between predictions and ground truth, this study adopts four
metrics as evaluation criteria: 𝑅2 (coefficient of determination), Mean Absolute Scaled Error (MASE), Mean
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Figure 3. KAN-LSTM working framework.

Absolute Percentage Error (MAPE), and symmetric Mean Absolute Percentage Error (sMAPE). 𝑅2 measures
the model’s ability to explain the variance in the data; values closer to 1 indicate better goodness of fit. MASE
is a scale-independent metric that evaluates whether the model outperforms a “seasonal näıve forecast” by com-
parison; when MASE < 1, the model is superior to the benchmark. MAPE intuitively reflects the percentage of
prediction error relative to the true value. Building on MAPE, sMAPE symmetrizes the denominator, effectively
mitigating excessively large errors when the true value approaches zero. It provides a fairer assessment under
scenarios such as low sales volume and abrupt seasonal shifts. The definitions are as follows:

𝑅2 = 1−
∑︀𝑇

𝑡=1(𝑦𝑡 − 𝑦𝑡)2∑︀𝑇
𝑡=1(𝑦𝑡 − 𝑦)2

,

MASE =
1
𝑇

∑︀𝑇
𝑡=1 |𝑦𝑡 − 𝑦𝑡|

1
𝑇−𝑚

∑︀𝑇
𝑡=𝑚+1 |𝑦𝑡 − 𝑦𝑡−𝑚|

,

MAPE =
100%

𝑇

𝑇∑︁
𝑡=1

⃒⃒⃒⃒
𝑦𝑡 − 𝑦𝑡

𝑦𝑡

⃒⃒⃒⃒
,

sMAPE =
100%

𝑇

𝑇∑︁
𝑡=1

|𝑦𝑡 − 𝑦𝑡|
(|𝑦𝑡|+ |𝑦𝑡|)/2

,

(15)

where 𝑦𝑡 denotes the ground truth, 𝑦𝑡 the prediction, 𝑦 the mean of the ground truth, 𝑇 the length of the time
series, and 𝑚 the seasonal period. In this study, we set 𝑚 = 30 to reflect the monthly sales cycle.

2.3. Optimization and decision-making of ordering strategy

In optimizing the ordering strategy, it is necessary to comprehensively consider factors such as pricing strategy,
demand forecasting, and inventory management, so as to maximize store profit and reduce operating costs. This
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study divides the optimization of the ordering strategy into three components: cost-plus pricing, a demand
regression model, and a planning model.

2.3.1. Cost-plus pricing

Cost-plus pricing forms the basis of the ordering strategy, whose core is to determine the retail price by
applying a markup to the wholesale (replenishment) cost. The pricing formula is:

𝑝𝑖 = 𝑐𝑖 · (1 + 𝑚𝑖). (16)

Here, 𝑝𝑖 denotes the selling price of product 𝑖, 𝑐𝑖 the replenishment cost of product 𝑖, and 𝑚𝑖 the markup
rate of product 𝑖.

A reasonable markup rate 𝑚𝑖 is a key decision variable for the subsequent planning model. To determine the
optimal markup, it must be jointly optimized in conjunction with the demand regression model and planning
objectives.

2.3.2. Demand regression model

The demand 𝐷𝑖 for a product is influenced not only by its own selling price 𝑝𝑖 but also by the prices 𝑝𝑗 and
sales 𝐷𝑗 of other related products, typically exhibiting nonlinear relationships. To comprehensively analyze price
elasticity of demand and cross-sales elasticity, this study constructs a multivariate demand regression model
based on demand elasticity theory. By fitting historical sales data with multiple product prices and sales, we
obtain the following log-demand regression:

ln(𝐷𝑖) = 𝛼− 𝛽𝑖 ln(𝑝𝑖) +
∑︁

𝑗

𝛾𝑗 ln(𝑝𝑗) +
∑︁

𝑗

𝛿𝑗 ln(𝐷𝑗). (17)

Where 𝐷𝑖 is the demand for the target product, 𝑝𝑖 is the selling price of the target product, and 𝑝𝑗 , 𝐷𝑗 , 𝛾𝑗 , and
𝛿𝑗 respectively denote the selling prices and sales of other related products, the cross-price elasticity coefficients,
and the cross-sales elasticity coefficients; 𝛼 is the scale parameter, and 𝛽𝑖 is the own-price elasticity coefficient.
Combining the cost-plus pricing formula 𝑝𝑖 = 𝑐𝑖 · (1 + 𝑚𝑖), demand can be further expressed as:

𝐷𝑖 = 𝑒𝛼 · 𝑝−𝛽𝑖

𝑖 ·
∏︁
𝑗

𝑝
𝛾𝑗

𝑗 ·
∏︁
𝑗

𝐷
𝛿𝑗

𝑗 . (18)

By estimating the parameters 𝛼, 𝛽, 𝛾𝑗 , and 𝛿𝑗 , we can characterize in detail how the demand for the target
product responds to changes in its own price, the prices of related products, and their sales, thereby providing
a scientific basis for optimizing pricing and ordering strategies.

2.3.3. Construction of a nonlinear programming model

Building on cost-plus pricing and the demand regression model, we construct a planning model that takes
the order quantity 𝑄𝑖 and the markup rate 𝑚𝑖 as decision variables, aiming to maximize store profit while
controlling inventory costs. The objective function and constraints are as follows:

(1) Objective function

The store’s total profit consists of sales profit and inventory costs, expressed as:

max
𝑄,𝑚

Profit =
∑︁

𝑖

[(𝑝𝑖 − 𝑐𝑖) ·𝐷𝑖 − ℎ𝑖 · (𝑄𝑖 −𝐷𝑖)]. (19)

Here, (𝑝𝑖− 𝑐𝑖) ·𝐷𝑖 is the sales profit of product 𝑖; ℎ𝑖 · (𝑄𝑖−𝐷𝑖) is the inventory holding cost, where ℎ𝑖 is the
spoilage rate of vegetable product 𝑖, and 𝑄𝑖 is the order quantity of product 𝑖.
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Table 1. Hyperparameter settings.

Parameter Value Parameter Value

Number of hidden layers 2 Optimizer Adam
Hidden units per layer 6 Learning rate 0.001–0.005
Fully connected layer neurons 7 Loss function Mean Squared Error
KAN nonlinear basis B-splines Training epochs 400

(2) Constraints

Constraint 1: Demand-satisfaction constraint. The order quantity must at least meet demand, i.e., inventory
is nonnegative.

𝑄𝑖 ≥ 𝑒𝛼𝑖𝑝−𝛽𝑖

𝑖

∏︁
𝑗

𝑝
𝛾𝑗

𝑗

∏︁
𝑗

𝐷
𝛿𝑗

𝑗 , ∀𝑖. (20)

Constraint 2: Markup bounds. The markup rate must lie within a reasonable range.

𝑚min ≤ 𝑚𝑖 ≤ 𝑚max, ∀𝑖. (21)

(3) Mathematical form of the optimization model

Combining the objective function and the constraints above, the planning model is obtained as:

max
𝑄,𝑚

Profit =
∑︁

𝑖

[(𝑝𝑖 − 𝑐𝑖) ·𝐷𝑖 − ℎ𝑖 · (𝑄𝑖 −𝐷𝑖)],

subject to:

𝑄𝑖 ≥ 𝑒𝛼𝑖𝑝−𝛽𝑖

𝑖

∏︁
𝑗

𝑝
𝛾𝑗

𝑗

∏︁
𝑗

𝐷
𝛿𝑗

𝑗 , ∀𝑖,

𝑚min ≤ 𝑚𝑖 ≤ 𝑚max,

𝐷 = 𝑒𝛼 · [𝑐 · (1 + 𝑚)]−𝛽𝑖 ·
∏︁
𝑗

𝑝
𝛾𝑗

𝑗 ·
∏︁
𝑗

𝐷
𝛿𝑗

𝑗 ,

𝑝𝑖 = 𝑐𝑖 · (1 + 𝑚𝑖).

(22)

3. Computational results

3.1. KAN-LSTM forecasting results

3.1.1. Parameter settings

This study constructs a KAN-LSTM model using historical sales data for six categories of perishable vegeta-
bles, including cauliflower and others. During model training, we first trained according to the hyperparameter
configuration shown in Table 1. To enhance the robustness and generalization of model evaluation, five-fold
temporal cross-validation was employed to assess performance. Each model was run 10 times, and the mean
and 95% confidence interval of the performance metrics were computed. After cross-validation, the model was
retrained on the full dataset using the same optimal hyperparameters to fully leverage all historical information
and to support subsequent sales forecasting.

3.1.2. Iterative curves

Subsequently, based on the specified hyperparameters, five-fold temporal cross-validation training was con-
ducted separately for each dataset, and the evolution of training and validation loss values across epochs was
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Figure 4. Five-fold cross-validation loss curves of the KAN-LSTM model on six vegetable
sales datasets.

recorded. To intuitively illustrate the convergence characteristics, loss curves with mean values and one standard-
deviation shaded bands were plotted (see Figs. 4 and 5), reflecting the model’s stability and consistency across
folds.

Figures 4A–4F correspond to predictions for Cauliflower, Leafy Greens, Peppers, Solanaceous Vegetables,
Mushrooms, and Aquatic Roots and Tubers, respectively. The shaded bands indicate the range of one standard
deviation.

As shown in the Figure 4, the training and validation loss curves under five-fold cross-validation for the KAN-
LSTM model on each vegetable replenishment price dataset exhibit sustained decreases and gradual stabilization,
indicating that the model effectively learns temporal dependencies in the price sequences. The rates of decline
and the amplitudes of fluctuations vary across categories, reflecting differences in price-volatility characteristics
among datasets. Overall, the convergence trends of the training and validation curves are consistent, and the one-
standard-deviation shaded bands are relatively narrow, suggesting high stability across folds, good generalization
capability, satisfactory convergence, and no evident overfitting.

From (A) to (F), the Figure 5 correspond to Cauliflower, Leafy Greens, Peppers, Solanaceous Vegetables,
Mushrooms, and Aquatic Roots and Tubers, respectively. The shaded bands indicate one standard deviation.

From the figure, the training and validation loss curves under five-fold cross-validation for each dataset
generally exhibit a gradual decline with increasing epochs, and the model enters a stabilized phase after relatively
few epochs. This indicates that the KAN-LSTM model quickly captures the key features of the time series and
achieves effective fitting. The magnitudes of loss variation differ across vegetable categories, which is related to
the volatility and temporal dependence characteristics of each dataset. Overall, the gaps between the training
and validation curves under five-fold cross-validation are small, and the shaded bands converge well, suggesting
high stability across folds and no evident overfitting.

3.1.3. Model evaluation and forecasting results

After completing model training and convergence verification, we systematically evaluated the predictive
performance of the KAN-LSTM model on different datasets by conducting five-fold temporal cross-validation
on the sales and replenishment price data for the six vegetable categories. Each dataset experiment was run
independently 10 times to mitigate the impact of random initialization, and the mean and 95% confidence
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Figure 5. Five-fold cross-validation loss curves of the KAN-LSTM model on six vegetable
replenishment price datasets.

Figure 6. Five-fold cross-validation evaluation of the KAN-LSTM model on the replenishment
price datasets. C, L, P, S, M, and A denote Cauliflower, Leafy Greens, Peppers, Solanaceous
Vegetables, Mushrooms, and Aquatic Roots and Tubers, respectively.

Figure 7. Five-fold cross-validation evaluation of the KAN-LSTM model on the sales datasets.
C, L, P, S, M, and A denote Cauliflower, Leafy Greens, Peppers, Solanaceous Vegetables,
Mushrooms, and Aquatic Roots and Tubers, respectively.

interval were computed across runs to enhance robustness and statistical reliability. Figure 6 presents the cross-
validation results on the sales datasets, while Figure 7 shows the corresponding performance on the replenishment
price datasets.

As shown in Figures 6 and 7, the KAN-LSTM model demonstrates high fitting accuracy and good stability
across both the sales and replenishment price datasets for all six vegetable categories. For the sales forecast-
ing task, 𝑅2 remains between 0.93 and 0.98, with Cauliflower at 0.9777 (±0.0199) and Mushrooms at 0.9759
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Figure 8. Forecasting results. (A) Sales forecasts; (B) Replenishment price forecasts.

(±0.0079), indicating strong capability in capturing price dynamics. All sMAPE and MAPE values are within
8%, suggesting similarly high accuracy in price prediction. For replenishment price forecasting, 𝑅2 exceeds 0.90
for all datasets, with Cauliflower and Leafy Greens reaching 0.9611 (±0.0087) and 0.9116 (±0.0278), respec-
tively, indicating that the model effectively captures the temporal characteristics of sales variations. All MASE
values are below 1.0, and sMAPE and MAPE are around 3%, reflecting small prediction errors and good model
fit. Overall, the metrics exhibit narrow variability and short 95% confidence-interval error bars in both tasks,
indicating high consistency across 10 independent runs and five-fold cross-validation, with strong generaliza-
tion and stable time-series forecasting capability. The model’s performance in forecasting future sales and price
trends is shown in Figure 8.

3.2. Ordering strategy

3.2.1. Results of the demand regression model

For the demand regression model, this study employs a stepwise regression approach to solve the nonlinear
specification. By estimating the regression coefficients of each variable and their significance levels (P-values),
we screen explanatory variables that have a significant impact on demand fluctuations [25]. The parameter
estimates and significance results of the final regression models are presented in Table 2.

From Table 2, all models exhibit good overall fit (𝑅2 between 0.567 and 0.853, with relatively high F-
statistics), indicating that the selected explanatory variables jointly have strong explanatory power for demand
volatility. The own-price terms for each category (e.g., Model I 𝑝𝐶 = −0.986***, Model II 𝑝𝐿 = −0.657***, Model
III 𝑝𝑃 = −0.599***, 𝑝𝑀 = −0.346***) are significantly negative, showing typical price inelasticity characteristics.
Meanwhile, several cross-price terms are positive (e.g., Model IV 𝑝𝐶 = 0.573***, Model V 𝑝𝑃 = 0.501***),
reflecting co-movement due to substitution preferences among different categories. Most cross-sales terms are
significantly positive (e.g., Model I 𝐷𝐿 = 0.491***, 𝐷𝑀 = 0.420***), indicating mutually reinforcing effects
across multi-category demand. In summary, the significant negative effect of own price, together with the
mutually reinforcing cross-price and cross-sales effects, jointly explains the demand structure of each category.
Based on the integrated forecasting results, the nonlinear programming model in this paper is formulated as:

max
𝑄,𝑚

Profit =
∑︁

𝑖

[(𝑝𝑖 − 𝑐𝑖) ·𝐷𝑖 − ℎ𝑖 · (𝑄𝑖 −𝐷𝑖)], (23)
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Table 2. Parameter estimates and significance results.

Model I Model II Model III Model IV Model V Model VI

Intercept term 𝑐𝑜𝑛𝑠𝑡 𝑐𝑜𝑛𝑠𝑡 𝑐𝑜𝑛𝑠𝑡 𝑐𝑜𝑛𝑠𝑡 𝑐𝑜𝑛𝑠𝑡 𝑐𝑜𝑛𝑠𝑡
(2.189**) (3.120***) (3.278***) (-2.639***) (−0.413) (−0.943)

Variable 1 𝑝𝐶 𝑝𝐿 𝑝𝑃 𝑝𝐶 𝑝𝑀 𝑝𝐿

(−0.986***) (−0.657***) (−0.599***) (0.573***) (−0.346***) (−1.581***)
Variable 2 𝑝𝑆 𝑝𝐶 𝑝𝑀 𝐷𝑃 𝑝𝑃 𝑝𝑆

(0.591**) (0.306**) (0.270**) (0.675***) (0.501***) (0.797**)
Variable 3 𝐷𝑀 𝐷𝑃 𝐷𝑀 𝐷𝑀 𝐷𝑃 𝐷𝑃

(0.420***) (0.272**) (0.510***) (0.411**) (0.716***) (1.046***)
Variable 4 𝐷𝐿 𝐷𝑀 𝐷𝑆 𝐷𝐿

(0.491***) (0.348***) (0.159***) (0.345***)
Variable 5 𝐷𝐶 𝐷𝐶

(0.207***) (0.107**)
𝑅2 0.771 0.787 0.853 0.638 0.848 0.567
F-statistics 47.246*** 40.530 63.643 33.514 78.172 24.912

Notes: Model I to VI denote the six specifications. Values in parentheses indicate variable coefficients; significance levels
***, **, and * denote significance at the 1%, 5%, and 10% levels, respectively.

subject to:

𝑄𝑖 ≥ 𝑒𝛼𝑖𝑝−𝛽𝑖

𝑖

∏︁
𝑗

𝑝
𝛾𝑗

𝑗

∏︁
𝑗

𝐷
𝛿𝑗

𝑗 , ∀𝑖,

𝑚min ≤ 𝑚𝑖 ≤ 𝑚max,

𝐷𝐶 = 𝑒2.189 · 𝑝−0.986
𝐶 · 𝑝0.591

𝑆 ·𝐷0.420
𝑀 ·𝐷0.491

𝐿 ,

𝐷𝐿 = 𝑒3.120 · 𝑝−0.657
𝐿 · 𝑝0.306

𝐶 ·𝐷0.272
𝑃 ·𝐷0.348

𝑀 ·𝐷0.207
𝐶 ,

𝐷𝑃 = 𝑒3.278 · 𝑝−0.599
𝑃 · 𝑝0.270

𝑀 ·𝐷0.510
𝑀 ·𝐷0.159

𝑆 ·𝐷0.107
𝐶 ,

𝐷𝑆 = 𝑒−2.969 · 𝑝0.573
𝐶 ·𝐷0.675

𝑃 ·𝐷0.411
𝑀 ,

𝐷𝑀 = 𝑒−0.413 · 𝑝−0.346
𝑀 · 𝑝0.501

𝑃 ·𝐷0.716
𝑃 ·𝐷0.345

𝐿 ,

𝐷𝐴 = 𝑒−0.943 · 𝑝−1.581
𝐿 · 𝑝0.797

𝑆 ·𝐷1.046
𝑃 ,

𝑝𝑖 = 𝑐𝑖 · (1 + 𝑚𝑖).

(24)

Here, 𝐷𝐶 , 𝐷𝐿, 𝐷𝑃 , 𝐷𝑆 , 𝐷𝑀 and 𝐷𝐴 denote the sales volumes of Cauliflower, Leafy Greens, Peppers, Solana-
ceous Vegetables, Mushrooms, and Aquatic Roots and Tubers, respectively. 𝑃𝐶 , 𝑃𝐿, 𝑃𝑃 , 𝑃𝑆 , 𝑃𝑀 and 𝑃𝐴 denote
the replenishment prices (including markup rate) for Cauliflower, Leafy Greens, Peppers, Solanaceous Vegeta-
bles, Mushrooms, and Aquatic Roots and Tubers, respectively.

3.2.2. Solving the ordering decisions for the next 15 days in the farmers’ market

To better understand the structure of the optimization problem, we distinguish between a simplified case and
the general interdependent case. In the simplified setting, analytical curvature conditions can be derived for
the one-dimensional markup term. In the general case, however, price and demand interdependencies introduce
coupled nonlinear terms, making a direct proof of global convexity challenging. Therefore, rather than claiming
global convexity for the full model, we employ McCormick envelopes to construct convex relaxations of the
nonlinear terms and solve the resulting problem with the SLSQP algorithm.
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The Case 1: Simplified scenario. In the simplified scenario, let 𝛾𝑗 = 𝛿𝑗 = 0, i.e., the recursive terms 𝑝
𝛾𝑗

𝑗 and

𝐷
𝛿𝑗

𝑗 are omitted. The objective term associated with the markup decision can then be written as:

𝑓𝑖(𝑚𝑖) = (𝑐𝑖𝑚𝑖 + ℎ𝑖)𝑒𝛼𝑝−𝛽𝑖

𝑖 . (25)

For this simplified objective, differentiating with respect to 𝑚𝑖 yields a second-derivative condition charac-
terized by the following expression:

𝑆(𝑚𝑖) = (1− 𝛽𝑖)𝑚𝑖 − (1 + 𝛽𝑖)
ℎ𝑖

𝑐𝑖
+ 2. (26)

The sign pattern of 𝑆(𝑚𝑖) characterizes the local curvature of the simplified one-dimensional objective term
and shows how the markup decision interacts with the elasticity parameter 𝛽𝑖 and the spoilage-cost ratio ℎ𝑖/𝑐𝑖.
This analytical result provides theoretical insight into the structure of the simplified problem, but it is not used
to claim global convexity for the full interdependent optimization model.

The Case 2: General interdependent scenario. In the general scenario, the recursive terms 𝑝
𝛾𝑗

𝑗 and 𝐷
𝛿𝑗

𝑗 are
retained, so the demand function contains coupled nonlinear interactions among prices and demands:

𝐷𝑖 = 𝑒𝛼𝑝−𝛽𝑖

𝑖

∏︁
𝑗

𝑝
𝛾𝑗

𝑗

∏︁
𝑗

𝐷
𝛿𝑗

𝑗 . (27)

Due to the potential non-convexity introduced by price and demand interdependencies, a direct proof of
global convexity is challenging in this general case. To illustrate the complexity of the objective landscape,
we perform a numerical Hessian eigenvalue analysis. The Hessian results are used only as a local curvature
diagnostic: they indicate whether sampled regions are locally convex, locally concave, or indefinite, but they do
not establish global convexity of the original optimization problem.

Given this potential non-convexity, we adopt the McCormick envelope method to handle the nonlinear inter-
action terms. Specifically, McCormick envelopes introduce auxiliary variables and bounding constraints to con-
struct convex relaxations of the nonlinear products, thereby transforming the problem into a form amenable to
gradient-based solvers such as SLSQP.

Consider common product terms in the objective and constraints, such as 𝑝
𝛾𝑗

𝑗 ×𝐷
𝛿𝑗

𝑗 . Under the McCormick
envelope framework, each such product is replaced by an auxiliary variable together with corresponding envelope
constraints. To apply this method, bounds on 𝑝𝑗 and 𝐷𝑗 are required. Suppose their bounds are:

𝑝𝐿
𝑗 < 𝑝𝑗 < 𝑝𝑈

𝑗 , 𝐷𝐿
𝑗 < 𝐷𝑗 < 𝐷𝑈

𝑗 . (28)

These bounds can be obtained from market data or expert estimates. For each product term 𝑧𝑗 = 𝑝
𝛾𝑗

𝑗 ×𝐷
𝛿𝑗

𝑗 ,
the McCormick envelope provides the following bounding constraints to ensure that the auxiliary variable 𝑧𝑗

remains within the admissible range:

𝑧𝑗 ≥ min
(︀
𝑝𝐿

𝑗 ×𝐷𝐿
𝑗 , 𝑝𝐿

𝑗 ×𝐷𝑈
𝑗 , 𝑝𝑈

𝑗 ×𝐷𝐿
𝑗 , 𝑝𝑈

𝑗 ×𝐷𝑈
𝑗

)︀
(29)

𝑧𝑗 ≤ max
(︀
𝑝𝐿

𝑗 ×𝐷𝐿
𝑗 , 𝑝𝐿

𝑗 ×𝐷𝑈
𝑗 , 𝑝𝑈

𝑗 ×𝐷𝐿
𝑗 , 𝑝𝑈

𝑗 ×𝐷𝑈
𝑗

)︀
. (30)

These constraints restrict 𝑧𝑗 within the upper and lower bounds implied by 𝑝
𝛾𝑗

𝑗 ×𝐷
𝛿𝑗

𝑗 , thereby improving the
tractability of the optimization problem in the general interdependent setting.
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Figure 9. Decision results for the next 15 days in the farmers’ market. (A) Pricing markup
decisions. (B) Purchasing quantity decisions. (C) Daily profit of the farmers’ market.

3.3. Solution results

To determine the purchase quantities and markups for the next 15 days, this study leverages the demand
forecasting model and objective function, and performs optimization using the McCormick envelope method
combined with the SLSQP algorithm [4]. Constraints are imposed to ensure solution feasibility, with the goal
of maximizing total profit. The results are shown in Figure 9.

The optimization results indicate that the markup rates range from 0.38 to 0.50. Among them, Solanaceous
vegetables and aquatic roots and tubers have relatively lower markups, while leafy greens are higher. The daily
purchase quantity decisions fluctuate, with leafy greens having the highest purchase volume and aquatic roots
and tubers the lowest. The daily profit ranges from 1169.33 to 1461.37 yuan, with a total profit of 19 151.72
yuan. Overall, profits show a fluctuating upward trend, validating the effectiveness of the optimization strategy.

4. Discussion and comparison

4.1. Ablation study on long-term memory in time series

To evaluate the long-term memory capability of the KAN-LSTM model, we tested different data window
lengths, including 1-year, 2-year, and 3-year windows, and conducted comparative experiments with multiple
models such as LSTM, xLSTM, TCN, Transformer, and CNN-Transformer. To ensure accurate assessment and
model generalization, each experiment was run 10 times with five-fold cross-validation. Moreover, since the
dataset contains six vegetable categories, for each time window we aggregated the prediction results across the
six categories, computing the mean and standard deviation over all runs for each model under that window.
This yields more comprehensive and stable evaluation metrics.

In sales forecasting, Table 3 presents performance comparisons between the KAN-LSTM model and other
models across different time windows (365 days, 730 days, and 1095 days). The results show that KAN-LSTM
performs strongly across all evaluation metrics, particularly in R2, MASE, MAPE, and sMAPE. Specifically,
under the 365-day window, KAN-LSTM achieves an R2 of 0.8858, MASE of 0.0903, MAPE of 8.6640, and
sMAPE of 5.6219. Under the 730-day and 1095-day windows, KAN-LSTM’s performance further improves,
reaching R2 values of 0.9447 and 0.9585, MASE of 0.0727 and 0.0669, MAPE of 6.2943 and 6.6128, and sMAPE
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Table 3. Ablation comparison of KAN-LSTM across different time windows for sales forecasting.

Models Window R2 MASE MAPE sMAPE
Mean Std. Mean Std. Mean Std. Mean Std.

KAN-LSTM [13]
365 0.8858 0.0492 0.0903 0.0456 8.6640 4.8044 5.6219 3.1203
730 0.9447 0.0316 0.0727 0.0256 6.2943 5.4679 4.7846 3.0393
1095 0.9585 0.0289 0.0669 0.0212 6.6128 3.0884 4.8317 1.5986

LSTM [17]
365 0.6221 0.0525 0.3514 0.0378 29.2831 9.2310 20.2814 3.1241
730 0.6943 0.0527 0.3015 0.0365 25.4332 8.4562 18.6350 3.3978
1095 0.7362 0.0613 0.2681 0.0509 20.8095 10.8396 13.6622 3.6938

xLSTM [3]
365 0.8090 0.0655 0.1649 0.0490 13.5229 8.4598 8.9272 3.6890
730 0.7356 0.0638 0.2163 0.0559 17.1387 10.7751 12.7759 4.2535
1095 0.7630 0.0705 0.2075 0.0562 18.8210 7.0131 13.1914 4.3893

TCN [23]
365 0.7856 0.0642 0.1957 0.0337 20.8326 8.3669 14.8660 3.3945
730 0.8114 0.0574 0.1799 0.0433 13.8645 9.7097 8.2518 4.9006
1095 0.8207 0.0652 0.1366 0.0531 12.3527 10.1445 8.3466 4.4981

Transformer [36]
365 0.7369 0.0693 0.2358 0.0426 20.7238 6.8548 16.2435 3.8009
730 0.7669 0.0592 0.2009 0.0440 18.0082 11.1339 14.4270 5.6564
1095 0.8244 0.0697 0.1352 0.0650 16.5298 12.5055 13.0864 7.7784

CNN-Transformer [41]
365 0.7591 0.0614 0.2736 0.0527 19.0598 12.1490 14.1433 4.4618
730 0.8237 0.0681 0.1403 0.0494 11.3362 8.4267 11.6209 5.9797
1095 0.8535 0.0669 0.1019 0.0571 10.4202 6.8513 8.0388 4.1411

Table 4. Ablation comparison of KAN-LSTM across different time windows for replenishment
price forecasting.

Models Window R2 MASE MAPE sMAPE
Mean Std. Mean Std. Mean Std. Mean Std.

KAN-LSTM [13]
365 0.8935 0.0472 0.1501 0.0403 2.0043 0.5988 2.0865 0.6528
730 0.9069 0.0360 0.1227 0.0403 1.9374 0.9910 1.8667 0.8994
1095 0.9191 0.0370 0.1106 0.0434 1.5305 1.0051 1.4805 0.9084

LSTM [17]
365 0.6937 0.0684 0.4322 0.0499 6.3196 0.9702 6.2855 1.0508
730 0.7416 0.0637 0.2906 0.0610 4.0453 1.7162 3.7819 1.4487
1095 0.7098 0.0767 0.3284 0.0806 5.2385 1.4454 5.5066 1.2413

xLSTM [3]
365 0.7820 0.0790 0.2164 0.0502 2.8076 1.0799 2.8026 1.0670
730 0.7273 0.0699 0.2685 0.0742 3.9735 1.7996 3.7983 1.5892
1095 0.7094 0.0699 0.3009 0.0698 4.0865 1.4949 4.0746 1.3199

TCN [23]
365 0.8686 0.0643 0.1630 0.0432 2.3110 0.7698 2.2242 0.7301
730 0.8732 0.0751 0.1934 0.0840 2.0331 1.7211 2.0623 1.5481
1095 0.8540 0.0696 0.2014 0.0603 2.6222 1.8941 2.3729 1.5736

Transformer [36]
365 0.7252 0.0714 0.3246 0.0570 3.9490 0.8832 3.9164 0.8990
730 0.7333 0.0710 0.3145 0.0595 3.7925 2.3715 3.9937 2.1184
1095 0.7501 0.0634 0.2939 0.0893 3.2087 1.7820 3.1001 1.6195

CNN-Transformer [41]
365 0.7320 0.0798 0.3223 0.0686 3.9547 0.8298 3.9491 0.8731
730 0.7508 0.0702 0.2971 0.0640 3.2898 2.2872 3.1934 2.0604
1095 0.7949 0.0774 0.2597 0.0887 3.0886 1.9112 3.0964 1.7030
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Table 5. Hypothesis testing results for sales and replenishment price forecasting performance.

Model Time window Sales dataset Restocking price dataset
t-statistic p-value t-statistic p-value

LSTM [17]
365 28.3891 0.0000 18.6228 0.0000
730 31.5648 0.0000 17.4993 0.0000
1095 25.4081 0.0000 19.0379 0.0000

xLSTM [3]
365 7.2618 0.0000 9.3851 0.0000
730 22.7493 0.0000 17.6936 0.0000
1095 19.8749 0.0000 20.5381 0.0000

TCN [23]
365 9.5957 0.0000 2.4181 0.0187
730 15.7583 0.0000 3.1344 0.0027
1095 14.9667 0.0000 6.3974 0.0000

Transformer [36]
365 13.5709 0.0000 15.2311 0.0000
730 20.5233 0.0000 16.8921 0.0000
1095 13.7665 0.0000 17.8331 0.0000

CNN-Transformer [41]
365 12.4734 0.0000 13.4928 0.0000
730 12.4844 0.0000 15.3265 0.0000
1095 11.1605 0.0000 11.2141 0.0000

of 4.7846 and 4.8317, respectively. In contrast, other models such as LSTM, xLSTM, TCN, Transformer, and
CNN-Transformer generally show weaker performance than KAN-LSTM across the evaluated windows. For
example, the LSTM model under the 365-day window yields an R2 of 0.6221 and MAPE of 29.2831, noticeably
lower than that of KAN-LSTM under the same window.

For replenishment price forecasting in Table 4, the KAN-LSTM model also significantly outperforms other
models, especially on R2 and MAPE. Under the 365-day window, KAN-LSTM achieves an R2 of 0.8935 and
MAPE of 2.0043; under the 730-day and 1095-day windows, R2 further increases to 0.9069 and 0.9191, while
MAPE decreases to 1.9374 and 1.5305, respectively. By comparison, the LSTM model under the 365-day window
attains only an R2 of 0.6937 and MAPE of 6.3196, clearly lower than KAN-LSTM’s performance.

While newer architectures such as efficient Transformers have shown strong performance in large-scale
sequence modeling tasks, the KAN-LSTM adopted in this study provides a favorable balance between non-
linear representation capacity and manageable model complexity for our midsized agricultural dataset, making
it an effective and well-matched choice for this specific forecasting problem. Its learnable nonlinear components
may also offer a useful path toward interpreting market response patterns in future work. By computing the
mean and standard deviation for each model under different windows, we further conduct hypothesis testing to
examine whether KAN-LSTM yields consistently better sMAPE results than the compared models, as shown
in Table 5.

Table 5 presents the hypothesis testing results comparing KAN-LSTM with other models on the sales forecast-
ing and replenishment price forecasting tasks. The results indicate that KAN-LSTM significantly outperforms
the other models across all time windows. In the sales forecasting task, KAN-LSTM’s t-values are far higher
than those of the other models, with p-values all equal to 0.0000, highlighting its advantage in long-term mem-
ory capability. The replenishment price forecasting results are similarly significant: KAN-LSTM’s p-values are
0.0000 across all time windows, indicating more stable performance on this task within the present experimental
setting. Compared with other models, while LSTM and xLSTM perform well in some time windows, their t-
values and p-values are notably inferior to those of KAN-LSTM, especially under longer time windows. Overall,
KAN-LSTM exhibits stronger stability and predictive accuracy when handling forecasting tasks across different
time windows.
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Figure 10. Comparison results of demand regression models.

4.2. Comparison of demand regression models

In the comparison of demand regression models, we adopted three methods: stepwise regression, LASSO
regression, and ridge regression, and performed multiple resampling of the time series data using the Moving
Block Bootstrap (MBB). The MBB method generates samples of varying lengths by randomly drawing multiple
consecutive data blocks from the time series, thereby simulating different data scenarios. For each resample, we
use the Bayesian Information Criterion (BIC) to evaluate model performance. The BIC is given by:

BIC = 𝑛 log
(︂

RSS
𝑛

)︂
+ 𝑘 log(𝑛) (31)

where 𝑛 is the sample size, RSS is the residual sum of squares, and 𝑘 is the number of model parameters. BIC
balances model goodness-of-fit and complexity, with smaller BIC values indicating a better model. Using this
approach, we can comprehensively compare the performance of different models under different data sampling
ratios, with results shown in Figure 10.

Figure 10 presents the comparative results of the demand regression models under different methods. The
stepwise regression method can effectively select variables that are significantly associated with demand fluctu-
ations and eliminate redundant features, preventing model overfitting. In contrast, although LASSO and ridge
regression provide regularization, they still have limitations in feature selection and complexity control, espe-
cially when inter-variable effects are relatively complex. Therefore, in this study, stepwise regression is the more
suitable choice. By applying the BIC criterion to screen for the optimal model, it provides more accurate and
stable forecasting results.

4.3. Discussion of ordering strategies

To further analyze the advantages of solving this paper’s non-convex optimization problem using the
McCormick envelope method combined with SLSQP, we selected several global optimization methods – Sim-
ulated Annealing (SA) [35], Particle Swarm Optimization (PSO) [21], Genetic Algorithm (GA) [1], and Tabu
Search (TS) [33] – and conducted comparative analyses against the McCormick envelope + SLSQP approach.
Algorithm parameters are provided in Appendix A. By optimizing the inbound quantities and markups for the
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Figure 11. Optimization results. Panels (A)–(F) correspond to the results of the McCormick
envelope + SLSQP method, the McCormick envelope + spatial branch-and-bound method, SA,
PSO, GA, and TS, respectively.

next 15 days, we evaluate differences in optimization outcomes among algorithms when tackling multi-constraint
nonlinear programming problems. The results are shown in Figure 11.

According to Figure 11, the McCormick envelope method combined with SLSQP achieves a good balance
between optimization effectiveness and computational efficiency. Its computation time is only 0.20 s, with a total
profit of 19 151.72 yuan, demonstrating its practical advantages. The performances of SA, PSO, GA, and TS
vary to some extent. The McCormick envelope method combined with spatial branch-and-bound takes 4.07 s,
achieving the same total profit of 19 151.72 yuan, though with a slightly longer runtime. Among heuristic search
algorithms, SA requires 12.52 s with a total profit of 19 151.72 yuan, which is relatively time-consuming. PSO
delivers a poorer optimization outcome, with a total profit of 19 066.73 yuan and a runtime of 7.74 s. GA attains
a relatively good result – total profit of 19 148.56 yuan – but has the longest runtime at 1644 s (about 27 min).
TS has the shortest computation time at just 0.16 s, but the worst optimization effect, with a total profit of
18 967.33 yuan.

Overall, the McCormick envelope method combined with SLSQP offers solid computational efficiency and
stable optimization performance, making it suitable for real-world scenarios with stringent computational time
requirements.

5. Conclusion

This paper proposes a decision-making framework based on demand forecasting and optimization to address
the optimization of procurement quantities and pricing strategies for perishable vegetables. In the demand
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forecasting stage, we employ a KAN-LSTM deep learning model. Through five-fold time-series cross-validation
and multiple experiments, the model demonstrates strong predictive capability and robustness, with notable
advantages in capturing time-series characteristics of sales and handling forecasting tasks across different time
windows. The KAN-LSTM model achieves R2 values above 0.90 across different datasets and exhibits low
prediction errors in both sales forecasting and replenishment price forecasting, highlighting its superiority in
dealing with complex time-series data.

In the optimization stage, we combine the McCormick envelope method with SLSQP to optimize inbound
quantities and markups for the next 15 days, with the goal of maximizing total market profit. The optimization
results show that this approach not only improves computational efficiency but also ensures the rationality
and accuracy of the solutions. Compared with other global optimization methods (such as particle swarm
optimization and genetic algorithms), the McCormick envelope method combined with SLSQP demonstrates
higher computational efficiency and stable optimization performance in practical applications. The findings
provide a scientific basis for procurement and pricing strategies in agricultural markets and open new avenues
for applying demand forecasting and optimization algorithms in complex real-world scenarios.

Despite offering an effective framework for optimizing procurement and pricing strategies for perishable
vegetables, this study still has some limitations. The model’s predictive performance depends on the accuracy
and completeness of historical data, while sales of perishable vegetables are influenced by seasonality and market
fluctuations, factors that may not be fully captured in the data. Although the KAN-LSTM model performs
well on time-series data, deep learning models typically require substantial data volume and computational
resources, which may lead to performance bottlenecks when data are limited or computing power is constrained.
The McCormick envelope method used in the optimization stage relies on certain assumptions about market
conditions and cost parameters, which may vary in practice, potentially affecting the adaptability of the results.
Future research could consider more dynamic market changes and a broader set of optimization algorithms to
further enhance the model’s applicability and accuracy.
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Appendix A.

The Kolmogorov–Arnold Representation Theorem states that any multivariate continuous function 𝑓(𝑥1, 𝑥2, . . . , 𝑥𝑛)
can be represented as a sum and composition of univariate functions [7], namely:

𝑓(𝑥1, . . . , 𝑥𝑛) =

2𝑛+1∑︁

𝑞=1

Φ𝑞

(︃
𝑛∑︁

𝑝=1

𝜑𝑞,𝑝(𝑥𝑝)

)︃

(A.1)

where 𝜑𝑞,𝑝 : [0, 1] → R are univariate mapping functions, and Φ𝑞 : R → R are another set of univariate mapping functions.
The KAN network architecture is shown in Figure A.1. Leveraging this theorem, KAN learns activation functions at

the connections of the neural network, rather than using traditional fixed activations (such as ReLU or Sigmoid). In a
KAN network, the computation at each layer is given by:

𝑥𝑙+1,𝑗 =

𝑛𝑙∑︁

𝑖=1

𝜑𝑙,𝑗,𝑖(𝑥𝑙,𝑖). (A.2)
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Figure A.1. KAN working framework.

That is:
𝑥𝑙+1 = Φ𝑙𝑥𝑙 (A.3)

where Φ𝑙 denotes the function matrix of the KAN network. The overall computation of a KAN network can be expressed
as:

KAN(𝑥) = (Φ𝐿 ∘ Φ𝐿−1 ∘ · · · ∘ Φ1 ∘ Φ0)𝑥. (A.4)

This construction endows KAN with stronger nonlinear modeling capacity and superior function-approximation prop-
erties.

Appendix B

This appendix analyzes the curvature properties of the proposed optimization model under a simplified setting and a
general interdependent setting. In the simplified case, analytical second-derivative conditions can be derived for the one-
dimensional markup term. In the general case, however, price and demand interdependencies introduce coupled nonlinear
terms, making a direct proof of global convexity challenging. Therefore, the numerical Hessian analysis reported below
is used only to illustrate local curvature features of the objective landscape, while McCormick envelope relaxations are
adopted in the computational phase to handle the nonlinear terms.

To facilitate the analysis, we use the following lemmas.

Lemma 1. Preservation of curvature under positive weighted linear combinations. If 𝑓𝑖(𝑥) are convex functions, then
their positive weighted linear combination

∑︀
𝑖 𝑎𝑖𝑓𝑖(𝑥), where 𝑎𝑖 > 0, is also convex. Likewise, if 𝑓𝑖(𝑥) are concave

functions, then
∑︀

𝑖 𝑎𝑖𝑓𝑖(𝑥), where 𝑎𝑖 > 0, is also concave.

Lemma 2. Curvature preservation under subtraction of a linear function. Given a function 𝑔(𝑥) and a linear function
ℎ(𝑥) = 𝑎𝑥 + 𝑏, if 𝑔(𝑥) is concave, then 𝑓(𝑥) = 𝑔(𝑥)− ℎ(𝑥) is also concave; if 𝑔(𝑥) is convex, then 𝑓(𝑥) = 𝑔(𝑥)− ℎ(𝑥) is
also convex [6].

The objective function is:

max
𝑄,𝑚

Profit =
∑︁

𝑖

[(𝑝𝑖 − 𝑐𝑖)𝐷𝑖 − ℎ𝑖(𝑄𝑖 −𝐷𝑖)]. (A.5)

Since only 𝑄𝑖 and 𝑚𝑖 are decision variables in the objective, it can be rewritten as:

max
𝑄,𝑚

Profit =
∑︁

𝑖

[(𝑝𝑖 − 𝑐𝑖)𝐷𝑖 − ℎ𝑖(𝑄𝑖 −𝐷𝑖)]

=
∑︁

𝑖

[(𝑐𝑖 + 𝑐𝑖𝑚𝑖 − 𝑐𝑖)𝐷𝑖 − ℎ𝑖𝑄𝑖 + ℎ𝑖𝐷𝑖]

=
∑︁

𝑖

[𝑐𝑖𝑚𝑖𝐷𝑖 − ℎ𝑖𝑄𝑖 + ℎ𝑖𝐷𝑖]

=
∑︁

𝑖

(𝑐𝑖𝑚𝑖 + ℎ𝑖)𝐷𝑖 −
∑︁

𝑖

ℎ𝑖𝑄𝑖.

(A.6)
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According to Lemmas 1 and 2, the curvature of the objective depends on the term (𝑐𝑖𝑚𝑖 + ℎ𝑖)𝐷𝑖. Let

𝑓𝑖(𝑚𝑖) = (𝑐𝑖𝑚𝑖 + ℎ𝑖)𝐷𝑖. (A.7)

Case 1: Simplified setting

Assume 𝛾𝑗 = 𝛿𝑗 = 0, i.e., the recursive terms 𝑝
𝛾𝑗

𝑗 and 𝐷
𝛿𝑗

𝑗 are omitted. Then:

𝐷𝑖 = 𝑒𝛼𝑝−𝛽𝑖
𝑖 , (A.8)

𝑓𝑖(𝑚𝑖) = (𝑐𝑖𝑚𝑖 + ℎ𝑖)𝑒
𝛼𝑝−𝛽𝑖

𝑖 . (A.9)

Since 𝑝𝑖 = 𝑐𝑖(1 + 𝑚𝑖), we have:
𝑑𝑝𝑖

𝑑𝑚𝑖
= 𝑐𝑖. (A.10)

Let 𝑢(𝑚𝑖) = 𝑐𝑖𝑚𝑖 + ℎ𝑖 and 𝑣(𝑚𝑖) = 𝑝−𝛽𝑖
𝑖 . Then

𝑓𝑖(𝑚𝑖) = 𝑒𝛼𝑢(𝑚𝑖)𝑣(𝑚𝑖). (A.11)

Using the product rule,
𝑓 ′𝑖(𝑚𝑖) = 𝑒𝛼[︀𝑢′(𝑚𝑖)𝑣(𝑚𝑖) + 𝑢(𝑚𝑖)𝑣

′(𝑚𝑖)
]︀
. (A.12)

For the two parts,
𝑢′(𝑚𝑖) = 𝑐𝑖, (A.13)

𝑣′(𝑚𝑖) = −𝛽𝑖𝑐
−𝛽𝑖
𝑖 (1 + 𝑚𝑖)

−𝛽𝑖−1. (A.14)

Substituting back gives

𝑓 ′𝑖(𝑚𝑖) = 𝑒𝛼
[︁
𝑐−𝛽𝑖+1

𝑖 (1 + 𝑚𝑖)
−𝛽𝑖 + (𝑐𝑖𝑚𝑖 + ℎ𝑖)(−𝛽𝑖)𝑐

−𝛽𝑖
𝑖 (1 + 𝑚𝑖)

−𝛽𝑖−1
]︁

=
𝑒𝛼

𝑐𝛽𝑖
𝑖 (1 + 𝑚𝑖)𝛽𝑖+1

[𝑐𝑖(1 + 𝑚𝑖)− 𝛽𝑖(𝑐𝑖𝑚𝑖 + ℎ𝑖)].
(A.15)

Define 𝑔(𝑚𝑖) = (1 + 𝑚𝑖)
−𝛽𝑖−1 and 𝑊 (𝑚𝑖) = 𝑐𝑖(1 + 𝑚𝑖)− 𝛽𝑖(𝑐𝑖𝑚𝑖 + ℎ𝑖). Then

𝑓 ′𝑖(𝑚𝑖) =
𝑒𝛼

𝑐𝛽𝑖
𝑖

𝑔(𝑚𝑖)𝑊 (𝑚𝑖). (A.16)

Differentiating again,

𝑓 ′′𝑖 (𝑚𝑖) =
𝑒𝛼

𝑐𝛽𝑖
𝑖

[︀
𝑔′(𝑚𝑖)𝑊 (𝑚𝑖) + 𝑔(𝑚𝑖)𝑊

′(𝑚𝑖)
]︀
. (A.17)

The derivatives are:
𝑔′(𝑚𝑖) = −(𝛽𝑖 + 1)(1 + 𝑚𝑖)

−𝛽𝑖−2, (A.18)

𝑊 ′(𝑚𝑖) = 𝑐𝑖(1− 𝛽𝑖). (A.19)

Substituting into the second derivative yields

𝑓 ′′𝑖 (𝑚𝑖) =
𝑒𝛼

𝑐𝛽𝑖
𝑖 (1 + 𝑚𝑖)𝛽𝑖+2

[−2𝛽𝑖𝑐𝑖(1 + 𝑚𝑖) + (𝛽𝑖 + 1)𝛽𝑖(𝑐𝑖𝑚𝑖 + ℎ𝑖)]

=
𝑒𝛼𝛽𝑖

𝑐𝛽𝑖
𝑖 (1 + 𝑚𝑖)𝛽𝑖+2

[−2𝑐𝑖(1 + 𝑚𝑖) + (𝛽𝑖 + 1)(𝑐𝑖𝑚𝑖 + ℎ𝑖)]

=
−𝑒𝛼𝛽𝑖𝑐𝑖

𝑐𝛽𝑖−1
𝑖 (1 + 𝑚𝑖)𝛽𝑖+2

[︂
(1− 𝛽𝑖)𝑚𝑖 − (1 + 𝛽𝑖)

ℎ𝑖

𝑐𝑖
+ 2

]︂
.

(A.20)
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Figure A.2. Eigenvalues of the Hessian matrix.

Since 𝑒𝛼 > 0, 𝛽𝑖 > 0, 𝑐𝛽𝑖−1
𝑖 > 0, and (1 + 𝑚𝑖)

𝛽𝑖+2 > 0, the sign of the second derivative is determined by

𝑆(𝑚𝑖) = (1− 𝛽𝑖)𝑚𝑖 − (1 + 𝛽𝑖)
ℎ𝑖

𝑐𝑖
+ 2. (A.21)

Therefore, the sign pattern of 𝑆(𝑚𝑖) characterizes the local curvature of the simplified one-dimensional objective
term. In particular, when 𝑆(𝑚𝑖) > 0, we have 𝑓 ′′𝑖 (𝑚𝑖) < 0, indicating local concavity of the simplified term; when
𝑆(𝑚𝑖) < 0, the term is locally convex. This result provides analytical insight into how the curvature depends on the
elasticity parameter 𝛽𝑖, the markup decision 𝑚𝑖, and the spoilage-cost ratio ℎ𝑖/𝑐𝑖. However, this analysis applies only to
the simplified setting and should not be interpreted as a proof of global convexity for the full interdependent optimization
model.

Case 2: General interdependent setting

Assume 𝛾𝑗 ̸= 0 and 𝛿𝑗 ̸= 0, so that the recursive terms 𝑝
𝛾𝑗

𝑗 and 𝐷
𝛿𝑗

𝑗 are retained. Then:

𝐷𝑖 = 𝑒𝛼𝑝−𝛽𝑖
𝑖

∏︁

𝑗

𝑝
𝛾𝑗

𝑗

∏︁

𝑗

𝐷
𝛿𝑗

𝑗 . (A.22)

In this general setting, price and demand interdependencies introduce coupled nonlinear terms into the objective,
substantially increasing the model complexity. As a result, a direct proof of global convexity is challenging. To illustrate
the local structure of the objective landscape, we employ numerical Hessian eigenvalue analysis. Specifically, the Hessian
matrix is defined as

𝐻𝑓 (𝑚𝑖) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

𝜕2𝑓

𝜕𝑚2
1

𝜕2𝑓
𝜕𝑚1𝜕𝑚2

· · · 𝜕2𝑓
𝜕𝑚1𝜕𝑚𝑛

𝜕2𝑓
𝜕𝑚2𝜕𝑚1

𝜕2𝑓

𝜕𝑚2
2

· · · 𝜕2𝑓
𝜕𝑚2𝜕𝑚𝑛

...
...

. . .
...

𝜕2𝑓
𝜕𝑚𝑛𝜕𝑚1

𝜕2𝑓
𝜕𝑚𝑛𝜕𝑚2

· · · 𝜕2𝑓
𝜕𝑚2

𝑛

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

. (A.23)

Here, 𝑓 denotes the objective function, 𝑚𝑖 = (𝑚1, 𝑚2, . . . , 𝑚𝑛) is the decision-variable vector, and 𝐻𝑓 (𝑚𝑖) is the
Hessian evaluated at that point. The eigenvalue results of the Hessian matrices computed at 100 randomly sampled
decision-variable vectors are shown in Figure A.2.

As shown in Figure A.2, the minimum and maximum eigenvalues vary across sampled points, and many regions
exhibit indefinite Hessians. This indicates that the objective may display locally convex, locally concave, or saddle-
type behavior in different parts of the decision space. Therefore, the Hessian analysis is used only as a local curvature
diagnostic to illustrate the structural complexity of the general problem; it does not establish global convexity of the
original optimization model.

Given this potential non-convexity, the computational strategy adopted in this study is based on McCormick envelope
relaxations. Specifically, auxiliary variables and envelope constraints are introduced for the nonlinear interaction terms
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to construct convex relaxations, thereby transforming the original problem into a form amenable to gradient-based
solvers such as SLSQP. This relaxation-based treatment improves tractability and numerical stability for the general
interdependent setting.

Appendix C

The hyperparameters of Simulated Annealing (SA) [35], Particle Swarm Optimization (PSO) [21], Genetic Algorithm
(GA) [1], and Tabu Search (TS) [33] are shown in Table A.1:

Table A.1. Hyperparameter settings.

Algorithm Parameter Default value

Tabu Search

Maximum Iterations 100
Tabu List Tenure 5
Neighborhood Size 5
Step Range −0.1 to 0.1
Initial Solution (Quantity) 10% of sales volume
Initial Solution (Markup) 0.1

Simulated Annealing

Maximum Iterations 1000
Initial Temperature 1.0
Minimum Temperature 0.0001
Step Size 0.1
Neighborhood Size 10

Particle Swarm Optimization
Swarm Size 100
Maximum Iterations 1000
Initial Solution 10% of sales volume

Genetic Algorithm

Swarm Size 100
Maximum Iterations 1000
Mutation Probability 0.1
Crossover Probability 0.8
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