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SATURATION NUMBERS FOR LINEAR FORESTS 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2

Renying Chang1,* and Xueliang Li2,3

Abstract. We say that 𝐺 is 𝐹 -𝑠𝑎𝑡𝑢𝑟𝑎𝑡𝑒𝑑 if 𝐺 contains no copy of 𝐹 and for all 𝑒 ∈ 𝐸(𝐺̄) the graph
𝐺 + 𝑒 does contain a copy of 𝐹 . The saturation number, denote by sat(𝑛, 𝐹 ), is the minimum size of a
graph with order 𝑛 in all 𝐹 -saturated graphs. In this paper, we determine the saturation numbers for
linear forests 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 and characterize the extremal graphs.
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1. Introduction

All graphs considered in this paper are simple, finite and undirected. Throughout we use the terminology
and notation of [3].

Let 𝐺 and 𝐻 be graphs. If 𝑉 (𝐻) ⊂ 𝑉 (𝐺) and 𝐸(𝐻) ⊂ 𝐸(𝐺), we say that 𝐻 is a 𝑠𝑢𝑏𝑔𝑟𝑎𝑝ℎ of 𝐺. If 𝐻 is a
subgraph of 𝐺 such that 𝐸(𝐻) = {𝑢𝑣 | 𝑢, 𝑣 ∈ 𝑉 (𝐻) and 𝑢𝑣 ∈ 𝐸(𝐺)}, we say that 𝐻 is an induced subgraph
of 𝐺 and we may write 𝐻 = 𝐺[𝑉 (𝐻)]. We say that two graphs 𝐺 and 𝐻 are 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 if there exists an
adjacency-preserving bijection between their vertex sets and we write 𝐺 ∼= 𝐻. If there exists a subset 𝑉 ′ ⊂ 𝑉 (𝐺)
and a subset 𝐸′ ⊂ 𝐸(𝐺) such that 𝐻 is isomorphic to the subgraph 𝐻 ′ = (𝑉 ′, 𝐸′), we say that 𝐺 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑎
𝑐𝑜𝑝𝑦 of 𝐻. Note that by our definition above, when we say that 𝐺 contains a copy of 𝐻, the subgraph 𝐻 ′ of 𝐺
such that 𝐻 ∼= 𝐻 ′ need not be an induced subgraph of 𝐺. 𝑃𝑛, 𝐾𝑛 denote the path on 𝑛 vertices, the complete
graph on 𝑛 vertices.

We say that 𝐺 is 𝐹 -𝑠𝑎𝑡𝑢𝑟𝑎𝑡𝑒𝑑 if 𝐺 contains no copy of 𝐹 and for any 𝑒 ∈ 𝐸(𝐺̄) the graph 𝐺+𝑒 does contain a
copy of 𝐹 . Denote by SAT(𝑛, 𝐹 ) the set of all 𝐹 -saturated graphs of order 𝑛. The maximum number of edges in
an 𝑛-vertex 𝐹 -𝑠𝑎𝑡𝑢𝑟𝑎𝑡𝑒𝑑 graph is the well known as the 𝑇𝑢𝑟𝑎́𝑛 number [17] and is usually denoted by 𝑒𝑥(𝑛, 𝐹 ).
The minimum number of edges in an 𝑛-vertex 𝐹 -𝑠𝑎𝑡𝑢𝑟𝑎𝑡𝑒𝑑 graph is called 𝑠𝑎𝑡𝑢𝑟𝑎𝑡𝑖𝑜𝑛 𝑛𝑢𝑚𝑏𝑒𝑟, denoted by
sat(𝑛, 𝐹 ) [9]. That is,

sat(𝑛, 𝐹 ) = min{|𝐸(𝐺)| : 𝐺 ∈ SAT(𝑛, 𝐹 )}.

The set of all 𝐹 -saturated graphs of order n having size sat(𝑛, 𝐹 ) is denoted SAT(𝑛, 𝐹 ).
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The original paper established sat(𝑛, 𝐾𝑘) and the uniqueness of the graph in SAT(𝑛, 𝐾𝑘) by 𝐸𝑟𝑑𝑜𝑠, Hajnal
and Moon in [9]. In 1986 𝐾𝑎́𝑠𝑧𝑜𝑛𝑦𝑖 and Tuza [14] found the best known general upper bound for sat(𝑛, 𝐹 ),
where 𝐹 is a class of forbidden graphs. Since then, sat(𝑛, 𝐹 ) and SAT(𝑛, 𝐹 ) have been investigated for a range of
graphs 𝐹 , including unions of cliques [2], complete bipartite graphs [13], nearly complete graphs [11], tripartite
graphs [15], cycles [6, 16] and paths [5, 10,12]. For a summary of known results see [8].

Bushaw et al. [4] gave the Tur𝑎́n number for equibipartite forest. Corresponding to that, Chen et al. focused
on the saturation numbers for linear forests in [7]. They obtained the following results about the saturation
number for linear forests 𝑃𝑘 ∪ 𝑡𝑃2.

Theorem 1.1 ([7]).

(i) For 𝑛 sufficiently large, sat(𝑛, 𝑃3 ∪ 𝑡𝑃2) = 3𝑡 and 𝑡𝐾3 ∪ (𝑛− 3𝑡)𝐾1 ∈ SAT(𝑛, 𝑃3 ∪ 𝑡𝑃2).
(ii) For 𝑛 sufficiently large, sat(𝑛, 𝑃4 ∪ 𝑡𝑃2) = 3𝑡 + 7 and

𝐾5 ∪ (𝑡− 1)𝐾3 ∪ (𝑛− 3𝑡− 2)𝐾1 ∈ SAT(𝑛, 𝑃4 ∪ 𝑡𝑃2).

(iii) For 𝑛 sufficiently large, sat(𝑛, 𝑃5 ∪ 𝑃2) = 15 and 𝐾6 ∪ (𝑛− 6)𝐾1 ∈ SAT(𝑛, 𝑃5 ∪ 𝑃2).

In this paper, we prove the following theorem. In the following, let 𝑉𝑖(𝐺) be the set of vertices of 𝐺 with
degree 𝑖.

Theorem 1.2. Let 𝑛 and 𝑡 be positive integers.

(i) For 1 ≤ 𝑡 ≤ 2 and 𝑛 sufficiently large, sat(𝑛, 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2) = 3𝑡 + 42 and SAT(𝑛, 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2) =
𝐾10 ∪ (𝑡− 1)𝐾3 ∪ (𝑛− 3𝑡− 7)𝐾1.

(ii) sat(𝑛, 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2) = 3𝑡 + 21 and SAT(𝑛, 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2) = 3𝐾5 ∪ (𝑡− 3)𝐾3 ∪ (𝑛− 3𝑡− 6)𝐾1, where 𝑡 ≥ 3
and 𝑛 ≥ 6𝑡 + 44.

2. Preliminaries

Lemma 2.1 (The Berge–Tutte Formula, [1]). For a graph 𝐺,

𝛼′(𝐺) =
1
2

min{|𝑉 (𝐺)|+ |𝑉 (𝑋)| − 𝑜(𝐺−𝑋) : 𝑋 ⊆ 𝑉 (𝐺)},

where 𝑜(𝐺) denotes the number of odd components of 𝐺 and 𝛼′(𝐺) denotes the number of edges in a maximum
matching of 𝐺.

Lemma 2.2 ([7]). Let 𝑘1, . . . , 𝑘𝑚 ≥ 2 be 𝑚 integers and 𝐺 be a (𝑃𝑘1 ∪ 𝑃𝑘2 ∪ . . . ∪ 𝑃𝑘𝑚
)-saturated graph. Let 𝑥

be a degree 2 vertex in 𝐺 and 𝑢, 𝑣 be the neighbors of 𝑥. Then 𝑢𝑣 ∈ 𝐸(𝐺).

Lemma 2.3 ([10]). Let 𝐺 be a (𝑃5∪𝑡𝑃2)-saturated and 𝐻 be the graph spanned by all the nontrivial components
𝐻1, . . . ,𝐻𝑘 of 𝐺, where 𝑘 is the number of components of 𝐺. If |𝑉 (𝐻)| ≥ 2𝑡 + 5, 𝛿(𝐻) ≥ 2 and |𝑉 (𝐻𝑖)| ≥ 5 for
1 ≤ 𝑖 ≤ 𝑘, then 𝐺 is (𝑡 + 2)𝑃2-saturated and |𝐸(𝐺)| > 3𝑡 + 12 if 𝑉0(𝐺) ̸= ∅ where 𝑉0(𝐺) is the set of isolated
vertices of 𝐺.

Now we discuss some properties of (𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2)-saturated graphs.

Lemma 2.4. Let 𝐺 be a (𝑃5∪𝑃4∪ 𝑡𝑃2)-saturated graph, where 𝑡 is a positive integer. Then 𝐺 has the following
properties.

(i) If |𝑉0(𝐺)| > 0, then 𝑉1(𝐺) = ∅.
(ii) If |𝑉0(𝐺)| > 0, for any 𝑥 ∈ 𝑉 (𝐺)− 𝑉0(𝐺),

we have 𝑁𝐺(𝑥) ∪ {𝑥, 𝑦} ⊆ 𝑉 (𝐹 ) where 𝐹 is a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 in 𝐺 + 𝑥𝑦 and 𝑦 ∈ 𝑉0(𝐺).
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Proof. (i) If 𝑉1(𝐺) ̸= ∅, let 𝑥1 be one vertex in 𝑉1(𝐺) and 𝑥1𝑥2 be the edge incident to 𝑥1 (𝑑𝐺(𝑥2) ≥ 1). Then
the graph 𝐺 + 𝑥2𝑥3 contains a copy 𝐹 of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 where 𝑥3 ∈ 𝑉0(𝐺) (obviously 𝑥1 /∈ 𝑉 (𝐹 )). By replacing
the edge 𝑥2𝑥3 with 𝑥1𝑥2, we get a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 in 𝐺, a contradiction. Therefore, 𝑉1(𝐺) = ∅.

(ii) If there is one vertex 𝑥 ∈ 𝑉 (𝐺) − 𝑉0(𝐺) satisfying 𝑁𝐺(𝑥) ∪ {𝑥, 𝑦} * 𝑉 (𝐹 ) where 𝐹 is any copy of
𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 in 𝐺 + 𝑥𝑦 and 𝑦 ∈ 𝑉0(𝐺), then there exists a vertex 𝑥′ ∈ 𝑁𝐺(𝑥) such that 𝑥′ ∈ 𝑁𝐺(𝑥) − 𝑉 (𝐹 ).
Since 𝐺 is a 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2-saturated graph, 𝐺 + 𝑥𝑦 contains a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2, say 𝐹 . Thus 𝑥𝑦 ∈ 𝐸(𝐹 ).
Then by replacing the edge 𝑥𝑦 with 𝑥𝑥′ in 𝐹 , we obtain a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 in 𝐺, a contradiction. �

Lemma 2.5. Let 𝐺 be (𝑃5∪𝑃4∪𝑡𝑃2)-saturated with |𝑉0(𝐺)| ≥ 2 and 𝐻 be the graph spanned by all the nontrivial
components 𝐻1, . . . ,𝐻𝑘 of 𝐺, where 𝑘 is the number of components of 𝐺. If |𝑉 (𝐻)| ≥ 2𝑡 + 9, 𝛿(𝐻) ≥ 2 and
|𝑉 (𝐻𝑖)| ≥ 5 for 1 ≤ 𝑖 ≤ 𝑘, then 𝐺 is (𝑃5 ∪ (𝑡 + 2)𝑃2)-saturated.

Proof. Since 𝐺 is a (𝑃5 ∪𝑃4 ∪ 𝑡𝑃2)-saturated graph, the additional edge 𝑒 /∈ 𝐸(𝐺) will result in a 𝑃5 ∪ (𝑡 + 2)𝑃2

in 𝐺 + 𝑒. Meanwhile, 𝐺 contains a copy of 𝑃5 ∪ 𝑃4 ∪ (𝑡− 1)𝑃2 since |𝑉0(𝐺)| ≥ 2.
By the contrary, if 𝐺 is not (𝑃5 ∪ (𝑠 + 2)𝑃2)-saturated, 𝐺 contains a copy of 𝑃5 ∪ (𝑠 + 2)𝑃2. Let 𝑀 be a copy

of 𝑃5 ∪ (𝑠 + 2)𝑃2 in 𝐺 with 𝐸(𝑀) = {𝜔1𝜔2, 𝜔2𝜔3, 𝜔3𝜔4, 𝜔4𝜔5} ∪ {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} which satisfies the
following:

(i) 𝑠 is as large as possible, and

(ii) Subject to (i),
𝑠+2∑︀
𝑖=1

(𝑑𝐺(𝑢𝑖) + 𝑑𝐺(𝑣𝑖)) is maximality.

Observe that 𝑠 ≥ 𝑡. By the choice of 𝑀 , 𝑉 (𝐻)− 𝑉 (𝑀) is an independent set or an empty set. Without loss
of generality, we may assume {𝜔1, 𝜔2, 𝜔3, 𝜔4, 𝜔5} ⊆ 𝑉 (𝐻1). Since 𝐺 is (𝑃5 ∪𝑃4 ∪ 𝑡𝑃2)-saturated, 𝐺 has no copy
of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2, we have

𝐺[𝑉 (𝑀)∖{𝜔1, 𝜔2, 𝜔3, 𝜔4, 𝜔5}] ∼= (𝑠 + 2)𝑃2. (1)

Since 𝐻 is the graph spanned by all the nontrivial components 𝐻1, . . . ,𝐻𝑘 of 𝐺 with 𝛿(𝐻) ≥ 2 and |𝑉 (𝐻𝑖)| ≥
5, we obtain that 𝑘 = 1, otherwise 𝐺 has a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2, a contradiction.

Claim 1. For each 1 ≤ 𝑖 ≤ 𝑠 + 2, we have 𝑁𝐺({𝑢𝑖, 𝑣𝑖}) ∩ {𝜔1, 𝜔2, 𝜔3, 𝜔4, 𝜔5} ̸= ∅ where 𝑁𝐺({𝑢𝑖, 𝑣𝑖}) is the
set of neighbors of {𝑢𝑖, 𝑣𝑖}.

Proof. Assume that there exists some 𝑖 ∈ {1, 2, . . . , 𝑠+ 2} such that 𝑁𝐺({𝑢𝑖, 𝑣𝑖})∩{𝜔1, 𝜔2, 𝜔3, 𝜔4, 𝜔5} = ∅. This
together with (1) implies that

𝑁𝐺(𝑢𝑖) ∩ 𝑉 (𝑀) = {𝑣𝑖} and 𝑁𝐺(𝑣𝑖) ∩ 𝑉 (𝑀) = {𝑢𝑖}. (2)

Since 𝛿(𝐻) ≥ 2, it follows from (2) that there exist 𝑥, 𝑦 ∈ 𝑉 (𝐻) − 𝑉 (𝑀) such that 𝑥𝑢𝑖 ∈ 𝐸(𝐻) and
𝑦𝑣𝑖 ∈ 𝐸(𝐻). If 𝑥 ̸= 𝑦, we replace the edge 𝑢𝑖𝑣𝑖 in 𝐸(𝑀) by 𝑥𝑢𝑖, 𝑢𝑖𝑣𝑖 and 𝑦𝑣𝑖, then 𝐺 has a copy of 𝑃5∪𝑃4∪ 𝑡𝑃2,
a contradiction. Therefore 𝑥 = 𝑦 and 𝑑𝐺(𝑢𝑖) = 𝑑𝐺(𝑣𝑖) = 2. It is obvious that 𝑥 is not adjacent with any vertex in
{𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2}−{𝑢𝑖𝑣𝑖} since 𝐺 has no copy of 𝑃5 ∪𝑃4 ∪ 𝑡𝑃2. Then 𝑁𝐺(𝑥)∩{𝜔1, 𝜔2, 𝜔3, 𝜔4, 𝜔5} ≠ ∅.

That is, 𝑑𝐺(𝑥) ≥ 3. Then we replace the edge 𝑢𝑖𝑣𝑖 in 𝐸(𝑀) by 𝑥𝑢𝑖,
𝑠+2∑︀

𝑗=1,𝑗 ̸=𝑖

(𝑑𝐺(𝑢𝑗)+𝑑𝐺(𝑣𝑗))+𝑑𝐺(𝑥)+𝑑𝐺(𝑢𝑖) >

𝑠+2∑︀
𝑗=1

(𝑑𝐺(𝑢𝑗) + 𝑑𝐺(𝑣𝑗)), which contradicts the choice of 𝑀 . Claim 1 is true. �

Now we consider the following cases.

Case 1. There exist 1 ≤ 𝑖, 𝑗 ≤ 𝑠 + 2(𝑖 ̸= 𝑗), 𝑁𝐺({𝑢𝑖, 𝑣𝑖}) ∩ {𝜔1, 𝜔2} ≠ ∅ and 𝑁𝐺({𝑢𝑗 , 𝑣𝑗}) ∩ {𝜔3, 𝜔4, 𝜔5} ≠ ∅.
Since 𝐺 has no copy of 𝑃5∪𝑃4∪𝑡𝑃2, we only consider that 𝑁𝐺({𝑢𝑖, 𝑣𝑖})∩{𝜔1, 𝜔2} = {𝜔2} and 𝑁𝐺({𝑢𝑗 , 𝑣𝑗})∩

{𝜔3, 𝜔4, 𝜔5} = {𝜔4} for 1 ≤ 𝑖, 𝑗 ≤ 𝑠 + 2 (𝐺 has a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 in other situations, a contradiction).
Without loss of generality, we may assume that 𝜔2𝑢𝑖 ∈ 𝐸(𝐻) and 𝜔4𝑢𝑗 ∈ 𝐸(𝐻).
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Since 𝐺 has no copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2, 𝜔1 is not incident with any edge in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} and
𝜔1 is not adjacent to 𝜔3, 𝜔5 or any vertex in 𝑉 (𝐻) − 𝑉 (𝑀). By the symmetry, 𝜔5 is not incident with any
edge in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} and 𝜔5 is not adjacent to 𝜔1, 𝜔3 or any vertex in 𝑉 (𝐻) − 𝑉 (𝑀). Then
𝜔1𝜔4, 𝜔2𝜔5 ∈ 𝐸(𝐻) since 𝛿(𝐻) ≥ 2. Also 𝜔3 is not adjacent to any vertex in 𝑉 (𝐻) − 𝑉 (𝑀), we obtain that
𝑑𝐺(𝜔3) = 2, it follows that 𝜔2𝜔4 ∈ 𝐸(𝐺) by Lemma 2.2.

If there exists 𝑥 ∈ 𝑉 (𝐻) − 𝑉 (𝑀) such that 𝑁𝐺(𝑥) ∩ {𝑢𝑖, 𝑣𝑖} ≠ ∅. If 𝑣𝑖𝑥 ∈ 𝐸(𝐻), then 𝑃5 = 𝜔1𝜔2𝑢𝑖𝑣𝑖𝑥,
𝑃4 = 𝜔3𝜔4𝑢𝑗𝑣𝑗 and the edges in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} − {𝑢𝑖𝑣𝑖, 𝑢𝑗𝑣𝑗} contain a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2,
a contradiction. Hence 𝑣𝑖𝑥 /∈ 𝐸(𝐻). That is, 𝑢𝑖𝑥 ∈ 𝐸(𝐻). Similarly, 𝜔2𝑣𝑖 /∈ 𝐸(𝐻). Then 𝑣𝑖𝜔4 ∈ 𝐸(𝐻) for
𝛿(𝐻) ≥ 2. That is, 𝑑𝐺(𝑣𝑖) = 2, it follows that 𝑢𝑖𝜔4 ∈ 𝐸(𝐺) by Lemma 2.2. Since 𝛿(𝐻) ≥ 2, 𝑥 is adjacent to 𝜔2 or
𝜔4. If 𝑥𝜔2 ∈ 𝐸(𝐻), 𝑃5 = 𝜔1𝜔2𝑥𝑢𝑖𝑣𝑖, 𝑃4 = 𝜔3𝜔4𝑢𝑗𝑣𝑗 and the edges in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} − {𝑢𝑖𝑣𝑖, 𝑢𝑗𝑣𝑗}
contain a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2, a contradiction. So 𝑥𝜔4 ∈ 𝐸(𝐻). And if there exists other edge 𝑢𝑘𝑣𝑘 ∈
{𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} such that 𝑁𝐺({𝑢𝑘, 𝑣𝑘}) ∩ {𝜔1, 𝜔2} = {𝜔2} for 𝑘 ̸= 𝑖, 𝑘 ̸= 𝑗, we may assume that
𝜔2𝑢𝑘 ∈ 𝐸(𝐺), then 𝑃5 = 𝜔5𝜔4𝑥𝑢𝑖𝑣𝑖, 𝑃4 = 𝜔1𝜔2𝑢𝑘𝑣𝑘 and the edges in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} − {𝑢𝑖𝑣𝑖, 𝑢𝑘𝑣𝑘}
contain a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2, a contradiction. Now we consider 𝑥𝜔4 ∈ 𝐸(𝐻) and there only exists one edge
𝑢𝑖𝑣𝑖 ∈ {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} such that 𝑁𝐺({𝑢𝑖, 𝑣𝑖}) ∩ {𝜔1, 𝜔2} = {𝜔2}. Then for 1 ≤ 𝑗 ≤ 𝑠 + 2, 𝑗 ̸= 𝑖,
𝑁𝐺({𝑢𝑗 , 𝑣𝑗}) ∩ {𝜔1, 𝜔2} = ∅ and 𝑁𝐺({𝑢𝑗 , 𝑣𝑗}) ∩ {𝜔3, 𝜔4, 𝜔5} = {𝜔4}. We may assume that 𝜔4𝑢𝑗 ∈ 𝐸(𝐻). By
the symmetry, we obtain that there does not exist 𝑦 ∈ 𝑉 (𝐻) − 𝑉 (𝑀) such that 𝑁𝐺(𝑦) ∩ {𝑢𝑗 , 𝑣𝑗} ≠ ∅ for
𝑢𝑗𝑣𝑗 ∈ {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} (𝑗 ̸= 𝑖). If 𝜔4𝑣𝑗 /∈ 𝐸(𝐻), then𝐺 + 𝜔4𝑣𝑗 has no copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2, a
contradiction. Hence 𝜔4𝑣𝑗 ∈ 𝐸(𝐻). Choose 𝑧 ∈ 𝑉0(𝐺), then 𝐺 + 𝑤4𝑧 has no copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 based on the
structure of 𝐺, a contradiction. Therefore there does not exist 𝑥 ∈ 𝑉 (𝐻)−𝑉 (𝑀) such that 𝑁𝐺(𝑥)∩{𝑢𝑖, 𝑣𝑖} ≠ ∅
for 1 ≤ 𝑖 ≤ 𝑠 + 2.

Now if 𝜔2𝑣𝑖 /∈ 𝐸(𝐻), 𝐺 + 𝜔2𝑣𝑖 has no copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2, a contradiction. Therefore, 𝜔2𝑣𝑖 ∈ 𝐸(𝐻).
Similarly, 𝜔4𝑢𝑖 ∈ 𝐸(𝐻), 𝜔4𝑣𝑖 ∈ 𝐸(𝐻). By the symmetry, 𝜔2𝑢𝑗 ∈ 𝐸(𝐻), 𝜔2𝑣𝑗 ∈ 𝐸(𝐻) and 𝜔4𝑣𝑗 ∈ 𝐸(𝐻).
That is, for each 1 ≤ 𝑖 ≤ 𝑠 + 2, 𝑁𝐺({𝑢𝑖, 𝑣𝑖}) ∩ {𝜔1, 𝜔2} = {𝜔2} (𝜔2𝑢𝑖 ∈ 𝐸(𝐻) and 𝜔2𝑣𝑖 ∈ 𝐸(𝐻)) and
𝑁𝐺({𝑢𝑖, 𝑣𝑖}) ∩ {𝜔3, 𝜔4, 𝜔5} = {𝜔4} (𝜔4𝑢𝑖 ∈ 𝐸(𝐻) and 𝜔4𝑣𝑖 ∈ 𝐸(𝐻)). If 𝑉 (𝐻) − 𝑉 (𝑀) ̸= ∅, then for each
𝑥 ∈ 𝑉 (𝐻) − 𝑉 (𝑀), 𝑥𝜔2 ∈ 𝐸(𝐻) and 𝑥𝜔4 ∈ 𝐸(𝐻) since 𝛿(𝐻) ≥ 2. If 𝐺 + 𝜔4𝑧 has some copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2

for 𝑧 ∈ 𝑉0(𝐺), then 𝐺 contains one copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 by replacing 𝑧 with 𝜔5, a contradiction.

Case 2. For each 1 ≤ 𝑖 ≤ 𝑠 + 2, 𝑁𝐺({𝑢𝑖, 𝑣𝑖}) ∩ {𝜔1, 𝜔2, 𝜔3, 𝜔4, 𝜔5} = {𝜔3}.
In this case, 𝜔1 is not incident with any edge in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2}. And 𝜔1 is not adjacent to 𝜔4, 𝜔5

to avoid a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 in 𝐺. If there exists 𝑥 ∈ 𝑉 (𝐻) − 𝑉 (𝑀) such that 𝑥𝜔1 ∈ 𝐸(𝐻), then 𝑥 is not
incident with any edge in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} and 𝑥 is not adjacent to 𝜔4, 𝜔5. Moreover, 𝑥 is not adjacent
to any vertex in 𝑉 (𝐻)− 𝑉 (𝑀) by the choice of 𝑀 . That is, 𝑥𝜔2 ∈ 𝐸(𝐻) or 𝑥𝜔3 ∈ 𝐸(𝐻) since 𝛿(𝐻) ≥ 2. And
there does not exist 𝑦 ∈ 𝑉 (𝐻)−𝑉 (𝑀) such that 𝑦𝜔2 ∈ 𝐸(𝐻) for 𝑦 ̸= 𝑥, otherwise 𝐺 has a copy of 𝑃5∪𝑃4∪ 𝑡𝑃2,
a contradiction. By the symmetry, this situation holds true for 𝜔5.

Similarly, 𝜔2 is not incident with any edge in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2}. And 𝜔2 is not adjacent to 𝜔4,
𝜔5. If there exists 𝑧 ∈ 𝑉 (𝐻) − 𝑉 (𝑀) such that 𝑧𝜔2 ∈ 𝐸(𝐻), then 𝑧 is not incident with any edge in
{𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} and 𝑧 is not adjacent to 𝜔4, 𝜔5. Moreover, 𝑧 is not adjacent to any vertex in
𝑉 (𝐻)−𝑉 (𝑀). That is, 𝑧𝜔1 ∈ 𝐸(𝐻) or 𝑧𝜔3 ∈ 𝐸(𝐻) since 𝛿(𝐻) ≥ 2. And there does not exist 𝑧′ ∈ 𝑉 (𝐻)−𝑉 (𝑀)
such that 𝑧′𝜔1 ∈ 𝐸(𝐻) for 𝑧′ ̸= 𝑧, otherwise 𝐺 has a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2, a contradiction. By the symmetry,
this situation holds true for 𝜔4.

By the above arguments,we can not obtain any copy of 𝑃5 ∪ 𝑃4 ∪ (𝑡− 1)𝑃2 in 𝐺, a contradiction.

Case 3. For 1 ≤ 𝑖, 𝑗 ≤ 𝑠 + 2, 𝑁𝐺({𝑢𝑖, 𝑣𝑖}) ∩ {𝜔1, 𝜔2} ≠ ∅ and 𝑁𝐺({𝑢𝑗 , 𝑣𝑗}) ∩ {𝜔1, 𝜔2} ≠ ∅.

Subcase 3.1. 𝑁𝐺({𝑢𝑖, 𝑣𝑖}) = {𝜔1, 𝜔2}, 𝑁𝐺({𝑢𝑗 , 𝑣𝑗}) ⊆ {𝜔1, 𝜔2}.
First we consider 𝑁𝐺(𝑢𝑖) ∩ {𝜔1, 𝜔2} ≠ ∅ and 𝑁𝐺(𝑣𝑖) ∩ {𝜔1, 𝜔2} ≠ ∅. Without loss of generality, we may

assume 𝑢𝑖𝜔1 ∈ 𝐸(𝐻) and 𝑣𝑖𝜔2 ∈ 𝐸(𝐻).
If 𝜔1 ∈ 𝑁𝐺({𝑢𝑗 , 𝑣𝑗}), and we may assume that 𝜔1𝑢𝑗 ∈ 𝐸(𝐻), then 𝑃5 = 𝑣𝑖𝑢𝑖𝜔1𝑢𝑗𝑣𝑗 , 𝑃4 = 𝜔2𝜔3𝜔4𝜔5} and

the edges in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} − {𝑢𝑖𝑣𝑖, 𝑢𝑗𝑣𝑗} contain a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2, a contradiction. Hence,
we just consider 𝑁𝐺({𝑢𝑗 , 𝑣𝑗}) ∩ {𝜔1, 𝜔2, 𝜔3, 𝜔4, 𝜔5} = {𝜔2} for 𝑗 ̸= 𝑖. And we may assume that 𝜔2𝑢𝑗 ∈ 𝐸(𝐻)
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for 𝑗 ̸= 𝑖. Thus 𝜔1 is not incident with any edge in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} − {𝑢𝑖𝑣𝑖}. And in order to avoid
a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 in 𝐺, 𝜔1 is not adjacent to 𝜔3, 𝜔4 or 𝜔5. Moreover, 𝜔1 is not adjacent to any vertex in
𝑉 (𝐻)− 𝑉 (𝑀). Similarly, 𝜔3 ( and 𝜔5) is not adjacent any vertex in 𝑉 (𝐻)− 𝑉 (𝑀). Together with Case 1, 𝜔3

(and 𝜔5) is not incident with any edge in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2}. Then 𝜔2𝜔5 ∈ 𝐸(𝐻) or 𝜔3𝜔5 ∈ 𝐸(𝐻) since
𝛿(𝐻) ≥ 2. And if there exists 𝑧 ∈ 𝑉 (𝐻) − 𝑉 (𝑀) such that 𝑁𝐺(𝑧) ∩ {𝑢𝑖, 𝑣𝑖} ≠ ∅, then 𝐺[𝑧, 𝑢𝑖, 𝑣𝑖, 𝜔1] does not
contain a copy of 𝑃4.

If 𝜔4 is adjacent to some vertex 𝑥 ∈ 𝑉 (𝐻) − 𝑉 (𝑀), then 𝑥 is not incident with any edge in
{𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} to avoid a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 in 𝐺. Thus 𝜔2𝑥 ∈ 𝐸(𝐻) since 𝛿(𝐻) ≥ 2. If
𝜔3𝜔5 ∈ 𝐸(𝐻), then 𝑃5 = 𝑣𝑗𝑢𝑗𝜔2𝑢𝑘𝑣𝑘 (𝑘 ̸= 𝑗, 𝑘 ̸= 𝑖), 𝑃4 = 𝑥𝜔4𝜔3𝜔5 and the edges in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2}−
{𝑢𝑗𝑣𝑗 , 𝑢𝑘𝑣𝑘} contain a copy of 𝑃5 ∪𝑃4 ∪ 𝑡𝑃2, a contradiction. Therefore we have 𝜔3𝜔5 /∈ 𝐸(𝐻) in this situation.
Now we consider 𝜔2𝜔5 ∈ 𝐸(𝐻), which means 𝑑(𝜔3) = 2. Then 𝜔2𝜔4 ∈ 𝐸(𝐻) by Lemma 2.2. However, 𝐺 has no
copy of 𝑃5 ∪𝑃4 ∪ (𝑡− 1)𝑃2 based on the discussion of the structure of the graph 𝐺, a contradiction. Thus, there
does not exist 𝑥 ∈ 𝑉 (𝐻)− 𝑉 (𝑀) such that 𝜔4𝑥 ∈ 𝐸(𝐻), which means 𝑑(𝜔4) = 2. It follows that 𝜔3𝜔5 ∈ 𝐸(𝐻)
by Lemma 2.2. Whether 𝜔2𝜔5 ∈ 𝐸(𝐻) or not, 𝐺 has no copy of 𝑃5 ∪ 𝑃4 ∪ (𝑡− 1)𝑃2 based on the discussion of
the structure of the graph 𝐺, a contradiction.

Therefore now we consider 𝑁𝐺(𝑢𝑖) ∩ {𝜔1, 𝜔2} = ∅ or 𝑁𝐺(𝑣𝑖) ∩ {𝜔1, 𝜔2} = ∅. Without loss of generality, we
may assume that 𝑁𝐺(𝑣𝑖)∩ {𝜔1, 𝜔2} = ∅ and 𝜔1𝑢𝑖 ∈ 𝐸(𝐻), 𝜔2𝑢𝑖 ∈ 𝐸(𝐻). Together with Case 1, we obtain that
𝑣𝑖 is not adjacent to 𝜔3, 𝜔4, 𝜔5. Thus 𝑣𝑖 is adjacent to some vertex 𝑦 ∈ 𝑉 (𝐻)− 𝑉 (𝑀) since 𝛿(𝐻) ≥ 2.

If 𝜔2 ∈ 𝑁𝐺({𝑢𝑗 , 𝑣𝑗}), and we may assume that 𝜔2𝑢𝑗 ∈ 𝐸(𝐻), then 𝑃5 = 𝑣𝑗𝑢𝑗𝜔2𝜔3𝜔4, 𝑃4 = 𝑦𝑣𝑖𝑢𝑖𝜔1, and
the edges in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} − {𝑢𝑖𝑣𝑖, 𝑢𝑗𝑣𝑗} contain a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2, a contradiction. Hence,
𝑁𝐺({𝑢𝑗 , 𝑣𝑗}) ∩ {𝜔1, 𝜔2, 𝜔3, 𝜔4, 𝜔5} = {𝜔1} for 𝑗 ̸= 𝑖 and we assume that 𝜔1𝑢𝑗 ∈ 𝐸(𝐻). Now 𝑃5 = 𝑣𝑗𝑢𝑗𝜔1𝑢𝑖𝑣𝑖,
𝑃4 = 𝜔2𝜔3𝜔4𝜔5 and the edges in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} − {𝑢𝑖𝑣𝑖, 𝑢𝑗𝑣𝑗} contain a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2, a
contradiction.

Subcase 3.2. For each 1 ≤ 𝑖 ≤ 𝑠 + 2, |𝑁𝐺({𝑢𝑖, 𝑣𝑖}) ∩ {𝜔1, 𝜔2}| = 1.
If there exits 1 ≤ 𝑖 ≤ 𝑠 + 2 such that 𝑁𝐺({𝑢𝑖, 𝑣𝑖})∩ {𝜔1, 𝜔2} = {𝜔1}, and we may assume that 𝜔1𝑢𝑖 ∈ 𝐸(𝐻),

then any edge 𝑢𝑗𝑣𝑗 ∈ {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} − {𝑢𝑖𝑣𝑖} is only incident to 𝜔2 in order to avoid a copy of
𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 in 𝐺. And we assume that 𝜔2𝑢𝑗 ∈ 𝐸(𝐻) for 𝑗 ̸= 𝑖. Combined with Case1, now we consider 𝑣𝑖

is not adjacent to 𝜔2, 𝜔3, 𝜔4, 𝜔5. If 𝑣𝑖𝜔1 /∈ 𝐸(𝐻), then 𝑣𝑖 is adjacent to some vertex 𝑥 ∈ 𝑉 (𝐻) − 𝑉 (𝑀) since
𝛿(𝐻) ≥ 2. Now 𝑃5 = 𝑣𝑗𝑢𝑗𝜔2𝜔3𝜔4, 𝑃4 = 𝑥𝑣𝑖𝑢𝑖𝜔1 and the edges in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} − {𝑢𝑖𝑣𝑖, 𝑢𝑗𝑣𝑗}
contain a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2, a contradiction. So we consider 𝑣𝑖𝜔1 ∈ 𝐸(𝐻). It follows that 𝑢𝑖(and 𝑣𝑖) is
not adjacent to any vertex 𝑥 ∈ 𝑉 (𝐻) − 𝑉 (𝑀). In order to avoid a 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 in 𝐺, 𝜔1 is not adjacent to
𝜔3, 𝜔5 and 𝜔1 is not adjacent to any vertex in 𝑉 (𝐻) − 𝑉 (𝑀). Similarly, 𝜔3 (and 𝜔5) is not adjacent to any
vertex in 𝑉 (𝐻)− 𝑉 (𝑀). And in this case, 𝜔3 (𝜔5) is not incident with any edge in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2}.
Therefore 𝜔3𝜔5 ∈ 𝐸(𝐻) or 𝜔2𝜔5 ∈ 𝐸(𝐻) since 𝛿(𝐻) ≥ 2. If 𝜔3𝜔5 ∈ 𝐸(𝐻), then 𝜔4 is not adjacent to any
vertex in 𝑉 (𝐻) − 𝑉 (𝑀) in order to avoid a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 in 𝐺. And in this case 𝜔4 is not incident
with any edge in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2}. If 𝜔1𝜔4 ∈ 𝐸(𝐻), then 𝑃5 = 𝑣𝑗𝑢𝑗𝜔2𝑢𝑘𝑣𝑘, 𝑃4 = 𝜔1𝜔4𝜔3𝜔5 and the
edges in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} − {𝑢𝑗𝑣𝑗 , 𝑢𝑘𝑣𝑘} for 𝑘, 𝑗 ̸= 𝑖 contain a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2, a contradiction.
Thus we consider 𝜔1𝜔4 /∈ 𝐸(𝐻) in this situation. However, we will not obtain a copy of 𝑃5 ∪ 𝑃4 ∪ (𝑡 − 1)𝑃2

in 𝐺, a contradiction. If 𝜔2𝜔5 ∈ 𝐸(𝐻), then 𝜔4 is not incident with any edge in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2}. If
𝜔1𝜔4 ∈ 𝐸(𝐻), then 𝑃5 = 𝑣𝑖𝑢𝑖𝜔1𝜔4𝜔5, 𝑃4 = 𝑣𝑗𝑢𝑗𝜔2𝜔3 and the edges in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2}−{𝑢𝑖𝑣𝑖, 𝑢𝑗𝑣𝑗}
contain a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2, a contradiction. Thus we obtain 𝜔1𝜔4 /∈ 𝐸(𝐻) in this situation. And we will
not obtain a copy of 𝑃5 ∪ 𝑃4 ∪ (𝑡− 1)𝑃2 in 𝐺, a contradiction.

Now we consider 𝑁𝐺({𝑢𝑖, 𝑣𝑖}) ∩ {𝜔1, 𝜔2} = {𝜔2} for each 1 ≤ 𝑖 ≤ 𝑠 + 2. Without loss of generality, we may
assume 𝑢𝑖𝜔2 ∈ 𝐸(𝐻).

If 𝜔1 is adjacent to some vertex 𝑥 ∈ 𝑉 (𝐻) − 𝑉 (𝑀), then 𝑥 is not incident with any edge in
{𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2} and 𝑥 is not adjacent to 𝜔3, 𝜔4 or 𝜔5 in order to avoid a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2

in 𝐺. Thus 𝜔2𝑥 ∈ 𝐸(𝐻). Similarly, 𝜔1 is not adjacent to 𝜔3, 𝜔4 or 𝜔5. And in this case 𝜔3 (and 𝜔5) is not
incident with any edge in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2}. Meanwhile, 𝜔3 (and 𝜔5) is not adjacent to any vertex
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in 𝑉 (𝐻) − 𝑉 (𝑀). Therefore 𝜔3𝜔5 ∈ 𝐸(𝐻) or 𝜔2𝜔5 ∈ 𝐸(𝐻) since 𝛿(𝐻) ≥ 2. If 𝜔3𝜔5 ∈ 𝐸(𝐻), then 𝜔4 is not
adjacent to any vertex in 𝑉 (𝐻) − 𝑉 (𝑀) and 𝜔4 is not incident with any edge in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2}.
However, we will not obtain a copy of 𝑃5 ∪ 𝑃4 ∪ (𝑡 − 1)𝑃2 in 𝐺, a contradiction. It follows that 𝜔3𝜔5 /∈ 𝐸(𝐻).
We consider 𝜔2𝜔5 ∈ 𝐸(𝐻) in this situation. Meanwhile, 𝐺 does not contain a copy of 𝑃5 ∪ 𝑃4 ∪ (𝑡 − 1)𝑃2, a
contradiction.

Therefore 𝜔1 is not adjacent to any vertex 𝑥 ∈ 𝑉 (𝐻)− 𝑉 (𝑀). Thus 𝜔1 is only adjacent to 𝜔4. And 𝜔3 (and
𝜔5) is not adjacent to any vertex in 𝑉 (𝐻) − 𝑉 (𝑀) in order to avoid a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 in 𝐺. In this
case, 𝜔3 (and 𝜔5) is not incident with any edge in {𝑢1𝑣1, 𝑢2𝑣2, . . . , 𝑢𝑠+2𝑣𝑠+2}. Furthermore, 𝜔3𝜔5 /∈ 𝐸(𝐻). Thus
𝜔2𝜔5 ∈ 𝐸(𝐻) since 𝛿(𝐻) ≥ 2. And 𝜔2𝜔4 ∈ 𝐸(𝐻) since 𝑑(𝜔3) = 2 by Lemma 2.2. However, we will not obtain a
copy of 𝑃5 ∪ 𝑃4 ∪ (𝑡− 1)𝑃2 in 𝐺, a contradiction.

Hence, Lemma 2.5 is true. �

Lemma 2.6. Let 𝐺 be (𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2)-saturated with |𝑉0(𝐺)| ≥ 2 (𝑡 ≥ 1) and 𝐻 be the graph spanned by all
the nontrivial components 𝐻1, . . . ,𝐻𝑘 of 𝐺, where 𝑘 is the number of components of 𝐺. If |𝑉 (𝐻)| ≥ 2𝑡 + 9,
𝛿(𝐻) ≥ 2 and |𝑉 (𝐻𝑖)| ≥ 5 for 1 ≤ 𝑖 ≤ 𝑘, then |𝐸(𝐺)| > 3𝑡 + 21 for 𝑡 > 3, |𝐸(𝐺)| ≥ 3𝑡 + 21 for 𝑡 = 3, and
|𝐸(𝐺)| > 3𝑡 + 42 for 1 ≤ 𝑡 ≤ 2.

Proof. Assume that |𝐸(𝐺)| ≤ 3𝑡 + 21 for 𝑡 ≥ 4 and |𝐸(𝐺)| ≤ 3𝑡 + 20 for 𝑡 = 3. It follows from Lemma 2.5
that 𝐺 is (𝑃5 ∪ (𝑡 + 2)𝑃2)-saturated. And 𝐺 contains a copy of 𝑃5 ∪ 𝑃4 ∪ (𝑡 − 1)𝑃2 since |𝑉0(𝐺)| ≥ 2. Hence
𝛼′(𝐺) = 𝛼′(𝐻) ≥ 𝑡 + 3. If 𝛼′(𝐻) ≥ 𝑡 + 4, since 𝛿(𝐻) ≥ 2 and |𝑉 (𝐻𝑖)| ≥ 5 for 1 ≤ 𝑖 ≤ 𝑘, then 𝐻 contains a copy
of (𝑃5∪ (𝑡+ 2)𝑃2), which contradicts 𝐺 is (𝑃5∪ (𝑡+ 2)𝑃2)-saturated. Therefore, we have 𝛼′(𝐺) = 𝛼′(𝐻) = 𝑡+ 3.
By the Berge-Tutte Formula, we have

𝑡 + 3 =
1
2

min{|𝑉 (𝐻)|+ |𝑉 (𝑋)| − 𝑜(𝐻 −𝑋) : 𝑋 ⊆ 𝑉 (𝐻)}. (3)

Choose a maximal subset 𝑆 of 𝑉 (𝐻) such that

𝑡 + 3 =
1
2

(|𝑉 (𝐻)|+ |𝑉 (𝑆)| − 𝑜(𝐻 − 𝑆)). (4)

Let 𝐻 ′
1, . . . ,𝐻

′
𝑝 be the components of 𝐻 − 𝑆. We have the following claims.

Claim 1. For 1 ≤ 𝑖 ≤ 𝑝, 𝐻[𝑆 ∪ 𝑉 (𝐻 ′
𝑖)] is a complete graph.

Proof. On the contrary, assume that there exist two distinct vertices 𝑥, 𝑦 ∈ 𝑆 ∪ 𝑉 (𝐻 ′
𝑖) such that 𝑥𝑦 /∈ 𝐸(𝐻).

Set 𝐻 ′ = 𝐻 + 𝑥𝑦. Then |𝐻 ′| = |𝐻| and 𝑜(𝐻 ′ − 𝑆) = 𝑜(𝐻 − 𝑆). By (4), we have

𝑡 + 3 =
1
2

(|𝑉 (𝐻 ′)|+ |𝑉 (𝑆)| − 𝑜(𝐻 ′ − 𝑆)). (5)

By the Berge-Tutte Formula, we have 𝛼′(𝐻 ′) ≤ 𝑡 + 3, which implies that 𝐺 + 𝑥𝑦 has no copy of (𝑡 + 4)𝑃2,
contrary to 𝐺 is (𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2)-saturated. Claim 1 is true. �

Claim 2. 𝑆 ̸= ∅.

Proof. If 𝑆 = ∅, then 𝐻 ′
1, . . . ,𝐻

′
𝑝 are all components 𝐻1, . . . ,𝐻𝑘 of 𝐻 with 𝑝 = 𝑘. By Claim 1, 𝐻𝑖 is a complete

graph of order at least 5 for 1 ≤ 𝑖 ≤ 𝑘. It follows that 𝛿(𝐻) ≥ 4 and

2|𝐸(𝐻)| =
∑︁

𝑥∈𝑉 (𝐻)

𝑑𝐻(𝑥) ≥ 4|𝑉 (𝐻)|. (6)

If 𝑡 > 3, then |𝐸(𝐻)| = |𝐸(𝐺)| ≤ 3𝑡 + 21. This together with |𝑉 (𝐻)| ≥ 2𝑡 + 9 implies that 𝑡 ≤ 3, a
contradiction.
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If 𝑡 = 3, then |𝐸(𝐻)| = |𝐸(𝐺)| ≤ 3𝑡 + 20. This together with |𝑉 (𝐻)| ≥ 2𝑡 + 9 implies that 𝑡 ≤ 2, a
contradiction.

If 𝑡 = 1, then |𝑉 (𝐻)| ≥ 11. And 𝐻𝑖 is a complete graph of order at least 5, hence 𝛼′(𝐻)| ≥ 5 > 𝑡 + 3, a
contradiction. If 𝑡 = 2, then |𝑉 (𝐻)| ≥ 13. Similarly, we obtain that 𝛼′(𝐻)| ≥ 6 > 𝑡 + 3 in this situation, a
contradiction. This completes the proof of Claim 2. �

Combining Claim 1 with Claim 2, 𝑁𝐻(𝑥) = 𝑉 (𝐻)−{𝑥} for 𝑥 ∈ 𝑆. For 𝑦 ∈ 𝑉0(𝐺), we have {𝑥, 𝑦}∪𝑁𝐻(𝑥) ⊆
𝑉 (𝐹 ), where 𝐹 is a copy of 𝑃5∪𝑃4∪𝑡𝑃2 in 𝐺+𝑥𝑦 by Lemma 2.4. And 2𝑡+10 ≤ |𝑉 (𝐻)|+1 = |{𝑥, 𝑦}∪𝑁𝐻(𝑥)| ≤
|𝑉 (𝐹 )| = 2𝑡 + 9, a contradiction. This completes the proof of Lemma 2.6. �

3. Proof of Theorem 1.2

Proof. Let 𝐺 be a (𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2)-saturated graph. Consider the graph 𝐺′ obtained from 𝐺 by deleting all the
components of order 3 and the components of order 4, we have 𝐺 ∼= 𝐺′ ∪ 𝑎𝐾3 ∪ 𝑏𝐾4 where 𝑎 is the number of
components of order 3 and 𝑏 is the number of components of order 4 in 𝐺. Clearly, all components of order 3
or 4 are complete.

Since |𝑉0(𝐺′)| = |𝑉0(𝐺)| ≥ 2, it follows that 𝑉1(𝐺) = ∅ and 𝐺 contains a copy of 𝑃5 ∪ 𝑃4 ∪ (𝑡 − 1)𝑃2. If
𝑏 = 1, then 𝐺−𝐾4 − 𝑎𝐾3 contains a copy of 𝑃5 ∪ (𝑡− 1− 𝑎)𝑃2 and contains no copy of 𝑃5 ∪ (𝑡− 𝑎)𝑃2. Thus,
𝐺−𝐾4−𝑎𝐾3 is (𝑃5∪(𝑡−𝑎)𝑃2)-saturated. It follows that 𝐺−𝐾4−𝑎𝐾3 is (𝑡−𝑎+2)𝑃2-saturated by Lemma 2.3.
However, 𝐺 + 𝑥𝑦 contains a copy of 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2 for 𝑥 ∈ 𝑉 (𝐾4) and 𝑦 ∈ 𝑉0(𝐺). It implies that 𝐺−𝐾4 − 𝑎𝐾3

contains a copy of 𝑃4 ∪ (𝑡− 𝑎)𝑃2, then 𝐺−𝐾4− 𝑎𝐾3 contains a copy of (𝑡− 𝑎 + 2)𝑃2, a contradiction. If 𝑏 ≥ 2,
let 𝐻1 and 𝐻2 be two components of order 4, then 𝐺 + 𝑥𝑦 contains no copy of 𝑃5 ∪𝑃4 ∪ 𝑡𝑃2 for 𝑥 ∈ 𝑉 (𝐻1) and
𝑦 ∈ 𝑉 (𝐻2), a contradiction. Therefore 𝑏 = 0.

(i) For 1 ≤ 𝑡 ≤ 2, 𝐾10 ∪ (𝑡− 1)𝐾3 ∪ (𝑛− 3𝑡− 7)𝐾1 ∈ SAT(𝑛, 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2). Let 𝐺 ∈ SAT(𝑛, 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2),
then |𝐸(𝐺)| ≤ 3𝑡 + 42. Since 𝑛 is sufficiently large (𝑛 ≥ 6𝑡 + 86), we obtain that |𝑉0(𝐺)| ≥ 2. And 𝐺 contains a
copy of 𝑃5 ∪ 𝑃4 ∪ (𝑡− 1)𝑃2. Then 𝑎 ≤ 𝑡− 1.

Set 𝐺′ = 𝐺−𝑎𝐾3. As 𝐺 ∈ SAT(𝑛, 𝑃5∪𝑃4∪𝑡𝑃2), 𝐺′ ∈ SAT(𝑛′, 𝑃5∪𝑃4∪𝑡′𝑃2) where 𝑛′ = 𝑛−3𝑎 and 𝑡′ = 𝑡−𝑎.
Then 𝑡′ ≥ 1. Suppose 𝐻 ′ is a graph spanned by all nontrivial components of 𝐺′. Clearly, any component in
𝐻 ′ has order at least 5. Since |𝐸(𝐺)| ≤ 3𝑡 + 42, |𝐸(𝐺′)| = |𝐸(𝐺)| − 3𝑎 ≤ 3𝑡′ + 42. And |𝑉0(𝐺′)| ≥ 2, we have
|𝑉 (𝐻 ′)| ≤ 2𝑡′ + 8 by Lemma 2.6. It follows that 𝐻 ′ = 𝐾2𝑡′+8 and |𝐸(𝐺′)| = |𝐸(𝐻 ′)| = (2𝑡′+8)(2𝑡′+7)

2 ≤ 3𝑡′ + 42,
which implies that 𝑡′ = 1 and 𝐻 ′ ∼= 𝐾10. Thus 𝐺′ ∼= 𝐾10 ∪ (𝑛′ − 10)𝐾1. It follows that 𝑎 = 𝑡 − 1 and
𝐺 ∼= 𝐾10 ∪ (𝑡− 1)𝐾3 ∪ (𝑛− 3𝑡− 7)𝐾1.

Hence, Theorem 1.2(i) is true.
(ii) For 𝑡 ≥ 3, 3𝐾5 ∪ (𝑡− 3)𝐾3 ∪ (𝑛− 3𝑡− 6)𝐾1 ∈ SAT(𝑛, 𝑃5 ∪𝑃4 ∪ 𝑡𝑃2). Let 𝐺 ∈ SAT(𝑛, 𝑃5 ∪𝑃4 ∪ 𝑡𝑃2), then

|𝐸(𝐺)| ≤ 3𝑡 + 21. Since 𝑛 is sufficiently large (𝑛 ≥ 6𝑡 + 44), we obtain hat |𝑉0(𝐺)| ≥ 2. By Lemma 2.2, we have
𝑉1(𝐺) = ∅. And 𝐺 contains a copy of 𝑃5 ∪ 𝑃4 ∪ (𝑡− 1)𝑃2. That is, 𝑎 ≤ 𝑡− 1.

Set 𝐺 ∼= 𝐺′∪𝑎𝐾3. As 𝐺 ∈ SAT(𝑛, 𝑃5∪𝑃4∪𝑡𝑃2), 𝐺′ ∈ SAT(𝑛′, 𝑃5∪𝑃4∪𝑡′𝑃2) where 𝑛′ = 𝑛−3𝑎 and 𝑡′ = 𝑡−𝑎.
Then 𝑡′ ≥ 1. Suppose 𝐻 ′ is a graph spanned by all nontrivial components of 𝐺′. Clearly, any component in 𝐻 ′

has order at least 5. If |𝐸(𝐺)| < 3𝑡 + 21, then |𝐸(𝐺′)| = |𝐸(𝐺)| − 3𝑎 < 3𝑡′ + 21. Since |𝑉0(𝐺′)| ≥ 2, we have
|𝑉 (𝐻 ′)| ≤ 2𝑡′+8. It follows that 𝐻 ′ = 𝐾2𝑡′+8 and |𝐸(𝐺′)| = |𝐸(𝐻 ′)| = (2𝑡′+8)(2𝑡′+7)

2 > 3𝑡′+21, a contradiction.
Therefore |𝐸(𝐺′)| = |𝐸(𝐻 ′)| = 3𝑡′+21 and |𝐸(𝐺)| = 3𝑡′+21+3𝑎 = 3𝑡+21. That is, sat(𝑛, 𝑃5∪𝑃4∪𝑡𝑃2) = 3𝑡+21.

Let 𝐺 ∈ SAT(𝑛, 𝑃5 ∪ 𝑃4 ∪ 𝑡𝑃2). Then |𝐸(𝐺)| = 3𝑡 + 21. Set 𝐺 ∼= 𝐺′ ∪ 𝑎𝐾3 for 𝑎 ≤ 𝑡− 1.
If 𝑎 = 𝑡 − 1, then 𝐺′ is (𝑃5 ∪ 𝑃4 ∪ 𝑃2)-saturated, and |𝐸(𝐺′)| > 3 × 1 + 42 = 45 by Lemma 2.6 and

|𝐸(𝐺)| = |𝐸(𝐺′)|+ 3(𝑡− 1) > 3𝑡 + 42, a contradiction.
If 𝑎 = 𝑡 − 2, then 𝐺′ is (𝑃5 ∪ 𝑃4 ∪ 2𝑃2)-saturated, then |𝐸(𝐺′)| > 3 × 2 + 42 = 48 by Lemma 2.6 and

|𝐸(𝐺)| = |𝐸(𝐺′)|+ 3(𝑡− 2) > 3𝑡 + 42, a contradiction.
If 𝑎 < 𝑡 − 3, then 𝐺′ is (𝑃5 ∪ 𝑃4 ∪ (𝑡 − 𝑎)𝑃2)-saturated. Since 𝑡 − 𝑎 > 3, then |𝐸(𝐺′)| > 3(𝑡 − 𝑎) + 21 by

Lemma 2.6 and |𝐸(𝐺)| = |𝐸(𝐺′)|+ 3𝑎 > 3𝑡 + 21, a contradiction.
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If 𝑎 = 𝑡− 3, then 𝐺′ is (𝑃5 ∪ 𝑃4 ∪ 3𝑃2)-saturated and |𝐸(𝐺′)| = 30. Since 𝛼′(𝐺′) = 3 + 3 = 6 by Lemma 2.6.
And each nontrivial component 𝐻 ′

𝑖 of 𝐺′ has order at least 5 with 𝛿(𝐻 ′
𝑖) ≥ 2, we have 𝛼′(𝐻 ′

𝑖) ≥ 2 and each 𝐻 ′
𝑖

contains a copy of 𝑃5. Then the number of nontrivial components of 𝐺′ is at most 3.
If the number of nontrivial components of 𝐺′ is 3, we may assume that the three nontrivial components are

𝐻 ′
1, 𝐻 ′

2 and 𝐻 ′
3. Then 𝛼′(𝐻 ′

𝑖) = 2 for 1 ≤ 𝑖 ≤ 3. If there exists 𝐻 ′
𝑖 such that |𝑉 (𝐻 ′

1)| ≥ 6, we may assume
that |𝑉 (𝐻 ′

1)| ≥ 6. Then 𝐺′ + 𝑥𝑦 contains a copy of 𝑃5 ∪ 𝑃4 ∪ 3𝑃2 for 𝑥𝑦 /∈ 𝐸(𝐻 ′
1), 𝑥, 𝑦 ∈ 𝑉 (𝐻 ′

1). Since each
component contains a copy of 𝑃5, 𝐻 ′

1 + 𝑥𝑦 is selected as 𝑃5 ∪𝑃2, 𝑃4 ∪𝑃2 or 3𝑃2 in some copy of 𝑃5 ∪𝑃4 ∪ 3𝑃2.
If 𝐻 ′

1 +𝑥𝑦 is selected as 𝑃5∪𝑃2, then 𝐺′−𝐻 ′
1 contains a copy of 𝑃4∪2𝑃2. It implies that 𝐺′−𝐻 ′

1 is (𝑃4∪3𝑃2)-
saturated and |𝐸(𝐺′ −𝐻 ′

1)| ≥ 3× 3 + 7 = 16 by Theorem 1.1. Meanwhile, 𝐺−𝐻 ′
2 −𝐻 ′

3 is (𝑃5 ∪ 𝑃2)-saturated,
|𝐸(𝐻 ′

1)| ≥ 3× 1 + 12 = 15 by Lemma 2.3. Then |𝐸(𝐺′)| ≥ 16 + 15 > 30, a contradiction. If 𝐻 ′
1 + 𝑥𝑦 is selected

as 𝑃4 ∪𝑃2, then 𝐺′−𝐻 ′
1 contains a copy of 𝑃5 ∪ 2𝑃2. It implies that 𝐺′−𝐻 ′

1 is (𝑃5 ∪ 3𝑃2)-saturated. We obtain
that |𝐸(𝐺′ − 𝐻 ′

1)| ≥ 3 × 3 + 12 = 21 by Lemma 2.3. Meanwhile, we obtain that 𝐺′ − 𝐻 ′
2 − 𝐻 ′

3 is (𝑃4 ∪ 𝑃2)-
saturated and the number of edges is at least 3 × 1 + 7 = 10 by Theorem 1.1. Hence |𝐸(𝐺′)| ≥ 21 + 10 > 30,
a contradiction. If 𝐻 ′

1 + 𝑥𝑦 is selected as 3𝑃2, then 𝐺′ −𝐻 ′
1 contains a copy of 𝑃5 ∪ 𝑃4. Similarly, 𝐺′ −𝐻 ′

1 is
(𝑃5 ∪ 𝑃4 ∪ 𝑃2)-saturated. Then |𝐸(𝐺′ −𝐻 ′

1)| ≥ 3× 1 + 42 > 30 by Theorem 1.2(i). Therefore, |𝐸(𝐺′)| > 30, a
contradiction. So the order of each 𝐻 ′

𝑖 is 5 and 𝐻 ′
𝑖
∼= 𝐾5. Therefore 𝐺 ∼= 3𝐾5 ∪ (𝑡− 3)𝐾3 ∪ (𝑛− 3𝑡− 6)𝐾1.

If the number of nontrivial components of 𝐺′ is 2, we may assume that the two nontrivial components are
𝐻 ′

1, 𝐻 ′
2, respectively. Then 𝛼′(𝐻 ′

1) = 2, 𝛼′(𝐻 ′
2) = 4 or 𝛼′(𝐻 ′

1) = 3, 𝛼′(𝐻 ′
2) = 3. If 𝛼′(𝐻 ′

1) = 2, 𝛼′(𝐻 ′
2) = 4.

We also obtain contradictions through discussions similar to the above. Now we consider 𝛼′(𝐻 ′
1) = 𝛼′(𝐻 ′

2) = 3.
If there exists some component 𝐻 ′

𝑖 such that |𝑉 (𝐻 ′
𝑖)| = 6, we may assume that |𝑉 (𝐻 ′

1)| = 6. Then 𝐻 ′
1
∼= 𝐾6

and |𝑉 (𝐻 ′
2)| ≥ 9. It implies that 𝐻 ′

2 is (𝑃5 ∪ 2𝑃2)-saturated and |𝐸(𝐻 ′
2)| ≥ 3 × 2 + 12 = 18 by Lemma 2.3.

Then |𝐸(𝐺′)| ≥ 18 + 15 > 30, a contradiction. If there exists some component 𝐻 ′
𝑖 such that |𝑉 (𝐻 ′

𝑖)| = 7, we
may assume that |𝑉 (𝐻 ′

1)| = 7. Then 𝐻 ′
1
∼= 𝐾7 and |𝑉 (𝐻 ′

2)| ≥ 8. It implies that 𝐻 ′
2 is (𝑃4 ∪ 2𝑃2)-saturated and

|𝐸(𝐻 ′
2)| ≥ 3 × 2 + 7 = 13 by Theorem 1.1. Then |𝐸(𝐺′)| ≥ 13 + 21 > 30, a contradiction. If there exists some

component 𝐻 ′
𝑖 such that |𝑉 (𝐻 ′

𝑖)| = 8, we may assume that |𝑉 (𝐻 ′
1)| = 8. Then |𝑉 (𝐻 ′

2)| ≥ 8. If |𝑉 (𝐻 ′
2)| ≥ 9,

then 𝐻 ′
2 is (𝑃5 ∪ 2𝑃2)-saturated and |𝐸(𝐻 ′

2)| ≥ 3× 2 + 12 = 18 by Lemma 2.3, 𝐻 ′
2 is (𝑃4 ∪ 2𝑃2)-saturated and

|𝐸(𝐻 ′
1)| ≥ 3× 2 + 7 = 13 by Theorem 1.1, Then |𝐸(𝐺′)| ≥ 18 + 13 > 30, a contradiction. If |𝑉 (𝐻 ′

2)| = 8, then
𝐺′ + 𝑥𝑦 contains no copy of 𝑃5 ∪ 𝑃4 ∪ 3𝑃2 for 𝑥𝑦 /∈ 𝐸(𝐻 ′

2), a contradiction.
If the number of nontrivial components of 𝐺′ is 1, we may assume that the nontrivial component is 𝐻 ′

1.
Then 𝛼′(𝐻 ′

1) = 6. Let 𝑀 = {𝑢1𝑣1, 𝑢2𝑣2, 𝑢3𝑣3, 𝑢4𝑣4, 𝑢5𝑣5, 𝑢6𝑣6} be a maximum matching of 𝐻 ′
1. Since 𝐺′ has

copy of 𝑃5 ∪ 𝑃4 ∪ 2𝑃2, we may assume that 𝑃5 = 𝑥𝑢1𝑣1𝑢2𝑣2 for some 𝑥 ∈ 𝑉 (𝐻 ′
1) − 𝑉 (𝑀), 𝑃4 = 𝑢3𝑣3𝑢4𝑣4

and 2𝑃2 = {𝑢5𝑣5, 𝑢6𝑣6}. The subgraph induced by 𝑉 (𝐺′) − {𝑢3, 𝑣3, 𝑢4, 𝑣4, 𝑢5, 𝑣5, 𝑢6, 𝑣6} is 𝑃4 ∪ 𝑃2-saturated
and the number of edges is at least 3 × 1 + 7 = 10 by Theorem 1.1. Similarly, the subgraph induced by
𝑉 (𝐺′) − {𝑢1, 𝑣1, 𝑢2, 𝑣2, 𝑢5, 𝑣5, 𝑢6, 𝑣6} is 𝑃4 ∪ 𝑃2-saturated and the number of edges is at least 10. Meanwhile,
the subgraph induced by 𝑉 (𝐺′) − {𝑢1, 𝑣1, 𝑢2, 𝑣2, 𝑢3, 𝑣3, 𝑢4, 𝑣4} is (𝑃4 ∪ 𝑃2)-saturated and the number of edges
is at least 10. Since he number of nontrivial components of 𝐺′ is 1 and |𝑉 (𝐻 ′

1) − 𝑉 (𝑀)| ≥ 3, then |𝐸(𝐺′)| ≥
30 + 1 > 30, a contradiction.

Hence, Theorem 1.2(ii) is true. �
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