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SATURATION NUMBERS FOR LINEAR FORESTS P; U Py UtP;

RENYING CHANGY* AND XUELIANG L1%3

Abstract. We say that G is F-saturated if G contains no copy of F and for all e € E(G) the graph
G + e does contain a copy of F. The saturation number, denote by sat(n, F), is the minimum size of a
graph with order n in all F-saturated graphs. In this paper, we determine the saturation numbers for
linear forests Ps U Py UtP» and characterize the extremal graphs.
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1. INTRODUCTION

All graphs considered in this paper are simple, finite and undirected. Throughout we use the terminology
and notation of [3].

Let G and H be graphs. If V(H) C V(G) and E(H) C E(G), we say that H is a subgraph of G. If H is a
subgraph of G such that E(H) = {ww | u,v € V(H) and wv € E(G)}, we say that H is an induced subgraph
of G and we may write H = G[V(H)]. We say that two graphs G and H are isomorphic if there exists an
adjacency-preserving bijection between their vertex sets and we write G = H. If there exists a subset V' C V(G)
and a subset E' C E(G) such that H is isomorphic to the subgraph H' = (V'  E’), we say that G contains a
copy of H. Note that by our definition above, when we say that G contains a copy of H, the subgraph H' of G
such that H = H' need not be an induced subgraph of G. P,, K, denote the path on n vertices, the complete
graph on n vertices.

We say that G is F-saturated if G contains no copy of F and for any e € E(G) the graph G +e does contain a
copy of F. Denote by SAT(n, F') the set of all F-saturated graphs of order n. The maximum number of edges in
an n-vertex F-saturated graph is the well known as the Turdn number [17] and is usually denoted by ex(n, F).
The minimum number of edges in an n-vertex F-saturated graph is called saturation number, denoted by
sat(n, F) [9]. That is,

sat(n, F') = min{|E(G)| : G € SAT(n, F)}.
The set of all F-saturated graphs of order n having size sat(n, F') is denoted SAT(n, F').
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The original paper established sat(n, Kj) and the uniqueness of the graph in SAT(n, K) by Erdds, Hajnal
and Moon in [9]. In 1986 Kdszonyi and Tuza [14] found the best known general upper bound for sat(n, F),
where F' is a class of forbidden graphs. Since then, sat(n, F') and SAT(n, F') have been investigated for a range of
graphs F', including unions of cliques [2], complete bipartite graphs [13], nearly complete graphs [11], tripartite
graphs [15], cycles [6,16] and paths [5,10,12]. For a summary of known results see [8].

Bushaw et al. [4] gave the Turdn number for equibipartite forest. Corresponding to that, Chen et al. focused
on the saturation numbers for linear forests in [7]. They obtained the following results about the saturation
number for linear forests P U tPs.

Theorem 1.1 ([7]).
(i) For n sufficiently large, sat(n, Ps UtPy) = 3t and tK3 U (n — 3t)K; € SAT(n, P UtP).
(ii) For n sufficiently large, sat(n, Py UtPy) = 3t + 7 and
K;U(t—1)K3U(n—3t—2)K; € SAT(n, P, UtPs).
(iii) For n sufficiently large, sat(n, Ps U Py) =15 and K¢ U (n — 6)K; € SAT(n, Ps U P).

In this paper, we prove the following theorem. In the following, let V;(G) be the set of vertices of G with
degree i.

Theorem 1.2. Let n and t be positive integers.

(i) For 1 <t < 2 and n sufficiently large, sat(n,Ps U Py UtP;) = 3t + 42 and SAT(n,Ps U Py U tP,) =
Kipu (t - 1)K3 @] (’I’L — 3t — 7)K1

(ll) sat(n, P5 U P4 U tPQ) =3t+21 and SAJ(TL, P5 U P4 U tPQ) = 3K5 U (t — 3)K3 U (n — 3t — G)Kl, where t Z 3
and n > 6t + 44.

2. PRELIMINARIES

Lemma 2.1 (The Berge-Tutte Formula, [1]). For a graph G,
1
/(@) = gmin{[V(G)| + [V(X)] - o(G = X) : X CV(G)},

where o(G) denotes the number of odd components of G and o (G) denotes the number of edges in a mazimum
matching of G.

Lemma 2.2 ([7]). Let k1,...,km > 2 be m integers and G be a (P, U Py, U...U Py, )-saturated graph. Let x
be a degree 2 vertex in G and u,v be the neighbors of x. Then uwv € E(G).

Lemma 2.3 ([10]). Let G be a (PsUtPy)-saturated and H be the graph spanned by all the nontrivial components
Hy,...,Hy of G, where k is the number of components of G. If |V(H)| > 2t+5, 6(H) > 2 and |V (H;)| > 5 for
1 <i <k, then G is (t + 2)Py-saturated and |E(G)| > 3t + 12 if Vo(G) # 0 where Vo(G) is the set of isolated
vertices of G.

Now we discuss some properties of (P U Py U tPs)-saturated graphs.

Lemma 2.4. Let G be a (PsUP,UtPy)-saturated graph, where t is a positive integer. Then G has the following
properties.

() If [Vo(G)| > 0, then Vi(G) = 0.
(i) If Vo(G)| > 0, for any x € V(G) — Vo(G),

we have Ng(x) U {x,y} C V(F) where F is a copy of Ps UPyUtPy in G+ xy and y € Vo(G).
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Proof. (i) If V1(G) # 0, let 21 be one vertex in V1(G) and z1x2 be the edge incident to z1 (dg(x2) > 1). Then
the graph G + 225 contains a copy F of Ps U Py UtP, where x3 € V5(G) (obviously 1 ¢ V(F)). By replacing
the edge zoxs with x122, we get a copy of Ps U Py UtP; in GG, a contradiction. Therefore Vi(G) =

(ii) If there is one vertex x € V(G) — Vo(G) satistying Ng(z) U {z,y} € V(F) where F is any copy of
Ps UPyUtPy in G+ xy and y € V(G), then there exists a vertex 2/ € Ng(z) such that 2’ € Ng(z) — V(F).
Since G is a Ps U Py U tPy-saturated graph, G + xy contains a copy of Ps U Py U tPs, say F. Thus zy € E(F).
Then by replacing the edge xy with z2’ in F, we obtain a copy of Ps U Py UtP; in G, a contradiction. (]

Lemma 2.5. Let G be (PsUPyUtP,)-saturated with |Vo(G)| > 2 and H be the graph spanned by all the nontrivial
components Hy, ..., Hy of G, where k is the number of components of G. If [V(H)| > 2t + 9, 6(H) > 2 and
|[V(H;)| > 5 for1 <i<k, then G is (Ps U (t + 2) P2)-saturated.

Proof. Since G is a (P; U Py UtP;)-saturated graph, the additional edge e ¢ E(G) will result in a P; U (t 4+ 2) P
in G + e. Meanwhile, G contains a copy of Ps U Py U (t — 1) P» since |Vo(G)| > 2.

By the contrary, if G is not (Ps U (s + 2) P»)-saturated, G contains a copy of Ps U (s+ 2)P,. Let M be a copy
of PsU (s+2)P; in G with E(M) = {wiws, waws, wsws, waws } U {ugv1, usva, ..., usto2vst2} which satisfies the
following:

(i) s is as large as possible, and

542

(ii) Subject to (i), i (dg(ui) + dg(vy)) is maximality.

i=1

Observe that s > t. By the choice of M, V(H) — V(M) is an independent set or an empty set. Without loss
of generality, we may assume {w1, ws,ws,ws,ws} C V(H;). Since G is (P5s U Py UtPs)-saturated, G has no copy
of Ps U Py UtP,, we have

G[V(M)\{wl,w27w3,w4,w5}} = (S + 2)P2 (1)

Since H is the graph spanned by all the nontrivial components Hy, ..., H of G with §(H) > 2 and |V (H;)| >
5, we obtain that k = 1, otherwise G has a copy of Ps U Py UtP,, a contradiction.

Claim 1. For each 1 <4 < s+ 2, we have Ng({u;,v;}) N{w1,ws,ws,ws,ws} # O where Ng({u;,v;}) is the
set of neighbors of {u;,v;}.

Proof. Assume that there exists some i € {1,2,...,s+2} such that Ng({u;, v;}) N{w1,ws, w3, ws,ws} = 0. This
together with (1) implies that

Ng(u;) NV(M) = {v;} and Ng(v;) N V(M) = {u;}. (2)

Since 6(H) > 2, it follows from (2) that there exist x,y € V(H) — V(M) such that zu; € F(H) and
yv; € E(H). If « # y, we replace the edge u;v; in E(M) by xu;, u;v; and yv;, then G has a copy of PsUP,UtPs,
a contradiction. Therefore x = y and dg (u;) = dg(v;) = 2. It is obvious that z is not adjacent with any vertex in
{u1v1, usva, . .., usovsy2} — {u;v;} since G has no copy of PsU Py UtPy. Then Ng(x) N{wy,ws,ws, ws, ws} # 0.

s+2
That is, de(x) > 3. Then we replace the edge u;v; in E(M) by zu;, Y. (dg(uj)+da(vy))+da(z) +da(u;) >

J=T,#i
5+2
> (dg(uj) + da(v;)), which contradicts the choice of M. Claim 1 is true. O
j=1

Now we consider the following cases.

Case 1. There exist 1 <i,5 < s+ 2(i # j), Na({ui,v;i}) N {w1, w2} # 0 and N ({uj,v;}) N{ws, wa, ws} # 0.

Since G has no copy of P; UPyUtP,, we only consider that Ng({u;, v;}) N{w1,wa} = {wa} and Ng({u;,v;})N
{ws,wa,ws}t = {ws} for 1 <i,j < s+ 2 (G has a copy of P; U Py UtP, in other situations, a contradiction).
Without loss of generality, we may assume that wou; € E(H) and wau; € E(H).
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Since G has no copy of Ps U Py UtP,, wy is not incident with any edge in {ujv1, ugvs, ..., usy2vs12} and
wy is not adjacent to ws, ws or any vertex in V(H) — V(M). By the symmetry, ws is not incident with any
edge in {ujvy, ugve, ..., ustavs12} and ws is not adjacent to wy, ws or any vertex in V(H) — V(M). Then
wiwg, waws € E(H) since 6(H) > 2. Also w3 is not adjacent to any vertex in V(H) — V(M), we obtain that
dg(ws) = 2, it follows that wowy € E(G) by Lemma 2.2.

If there exists x € V(H) — V(M) such that Ng(z) N {u;,v;} # 0. If v,z € E(H), then Ps = wiwouv;z,
P, = wswqujv; and the edges in {uqv1, ugva, ..., UstaVsta} — {U;v;,u; v} contain a copy of Ps U Py U tP,
a contradiction. Hence v,z ¢ FE(H). That is, u;x € E(H). Similarly, wav; ¢ E(H). Then v,wy € E(H) for
d(H) > 2. That is, dg(v;) = 2, it follows that w;wy € E(G) by Lemma 2.2. Since §(H) > 2, z is adjacent to wa or
wy. If zwy € E(H), Py = wiwazuv;, Py = wswaujv; and the edges in {uiv1, ugvs, ..., Ust2Vs12} — {wivi, ujv;}
contain a copy of Ps U Py U tP,, a contradiction. So 2wy € E(H). And if there exists other edge upvy €
{u1v1, ugva, . .., usyovsy2} such that Ng({ug,vi}) N {wi,wa} = {wa} for k # i,k # j, we may assume that
woug € E(G), then Ps = wswazu;v;, Py = wiwaugvy and the edges in {ujvy, ugve, ..., usyovsia} — {uvs, ugvg }
contain a copy of Ps U Py U tPs, a contradiction. Now we consider zws € E(H) and there only exists one edge
wv; € {ugvy, ugva, ..., Ust2Vst2} such that Ng({u;,v;}) N {wi, w2} = {wa}. Then for 1 < j < 542, j # i,
Ne({uj,v;}) N{wi,w2} = 0 and Ng({u;,v;}) N {ws,ws,ws} = {ws}. We may assume that wsu; € E(H). By
the symmetry, we obtain that there does not exist y € V(H) — V(M) such that Ng(y) N {uj,v;} # 0 for
ujv; € {uivi, ugva, ..., UsyoUsyo} (§ # 0). If wav; ¢ E(H), thenG + wyv; has no copy of Ps U Py UtPs, a
contradiction. Hence wyv; € E(H). Choose z € V(G), then G + w4z has no copy of Ps U Py UtP, based on the
structure of G, a contradiction. Therefore there does not exist x € V(H) — V(M) such that Ng(x) N{u;,v;} # 0
forl1 <i<s-+2.

Now if wov; ¢ E(H), G + wav; has no copy of Ps U Py U tP,, a contradiction. Therefore, wov; € E(H).
Similarly, wsu; € E(H), wav;, € E(H). By the symmetry, wou; € E(H), wov; € E(H) and wyv; € E(H).
That is, for each 1 < i < s+ 2, Na({u;,v;}) N {wi,wo} = {w2} (wou; € E(H) and wov; € E(H)) and
Ne({ui,vi}) N{ws,wy, w5} = {wa} (wau; € E(H) and wgv; € E(H)). If V(H) — V(M) # 0, then for each
xeV(H)—-V(M), zwy € E(H) and 2wy € E(H) since 6(H) > 2. If G + waz has some copy of Ps U Py UtP,
for z € V5(G), then G contains one copy of Ps U Py UtP, by replacing z with ws, a contradiction.

Case 2. For each 1 <i < s+ 2, Ng({us,v;}) N{wi,ws,ws,ws,ws} = {ws}.

In this case, w is not incident with any edge in {ujv1, ugvs, ..., usyovs2}. And wy is not adjacent to wy, ws
to avoid a copy of Ps U P, UtP; in G. If there exists ¢ € V(H) — V(M) such that zw; € E(H), then x is not
incident with any edge in {ujv1, ugva, .. ., ust2vs12} and x is not adjacent to wy, ws. Moreover, x is not adjacent

to any vertex in V(H) — V(M) by the choice of M. That is, 2wy € E(H) or aws € E(H) since 6(H) > 2. And
there does not exist y € V(H) —V (M) such that ywy € E(H) for y # x, otherwise G has a copy of PsUPyUtPs,
a contradiction. By the symmetry, this situation holds true for ws.

Similarly, wo is not incident with any edge in {ujvy,usva,. .., ust2vsi2}. And we is not adjacent to wy,
ws. If there exists z € V(H) — V(M) such that zws € FE(H), then z is not incident with any edge in
{u1v1, usgva, ..., usovs2} and z is not adjacent to wyg, ws. Moreover, z is not adjacent to any vertex in
V(H)—V(M). That is, zw; € E(H) or zw3 € E(H) since 6(H) > 2. And there does not exist 2’ € V(H)—-V (M)
such that z'wy € E(H) for 2’ # z, otherwise G has a copy of Ps U Py UtP,, a contradiction. By the symmetry,
this situation holds true for wy.

By the above arguments,we can not obtain any copy of Ps U Py U (t — 1)P, in G, a contradiction.

Case 3. For 1 <1i,j < s+ 2, Ng({u;,v;}) N{wi, w2} # 0 and Ng({u;,v;}) N{wr,wa} # 0.

Subcase 3.1. N¢({u;,v;i}) = {wi, w2}, Na({u;,v;}) C {wi,ws}.

First we consider Ng(u;) N {w1,wa} # 0 and Ng(v;) N {wi,ws} # 0. Without loss of generality, we may
assume u;,w; € E(H) and vjwy € E(H).

If w1 € Ne({uj,v;}), and we may assume that wiu; € E(H), then P5 = v;u;wiu;vj, Py = wowswaws} and
the edges in {u1v1, ugvs, ..., UsyaVst2} — {Uu;v5, u;v;} contain a copy of Ps U Py UtPs, a contradiction. Hence,
we just consider Ng({uj,v;}) N {wi,ws,ws, wa,ws} = {wa} for j # i. And we may assume that wou; € E(H)
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for j # i. Thus wy is not incident with any edge in {ujvy,ugvs, ..., us12vs12}+ — {w;v;}. And in order to avoid
a copy of Ps U Py UtPs in G, wy is not adjacent to ws, wy or ws. Moreover, wy is not adjacent to any vertex in
V(H) — V(M). Similarly, ws ( and ws) is not adjacent any vertex in V(H) — V(M). Together with Case 1, w3
(and ws) is not incident with any edge in {ujv1, usvs, ..., usovsy2}. Then wows € E(H) or wsws € E(H) since
§(H) > 2. And if there exists z € V(H) — V(M) such that Ng(z) N {u;,v;} # 0, then G[z, u;,v;,w1] does not
contain a copy of Pj.

If wy is adjacent to some vertex xz € V(H) — V(M), then x is not incident with any edge in
{u1v1, ugva, ..., Usy20s12} to avoid a copy of Ps U Py UtPy in G. Thus wex € E(H) since 6(H) > 2. If
wsws € E(H), then P; = vjujwourvy (k # j,k # 1), P4 = zwawsws and the edges in {uiv1, uova, . .., UsyoUsio}—
{ujv;, urvy} contain a copy of Ps U P, UtP,, a contradiction. Therefore we have wsws ¢ E(H) in this situation.
Now we consider wows € E(H ), which means d(ws) = 2. Then wowy € E(H) by Lemma 2.2. However, G has no
copy of P; U P, U(t—1)P, based on the discussion of the structure of the graph G, a contradiction. Thus, there
does not exist x € V(H) — V(M) such that wyx € E(H), which means d(w,) = 2. It follows that wsws € E(H)
by Lemma 2.2. Whether wows € E(H) or not, G has no copy of Ps U P, U (t — 1) P, based on the discussion of
the structure of the graph G, a contradiction.

Therefore now we consider Ng(u;) N {wi,ws} = 0 or Ng(v;) N {wr,w2} = 0. Without loss of generality, we
may assume that Ng(v;) N {wi,ws} =0 and wyu; € E(H), wau; € E(H). Together with Case 1, we obtain that
v; is not adjacent to ws, wy,ws. Thus v; is adjacent to some vertex y € V(H) — V(M) since 6(H) > 2.

If wy € Ng({uj,v;}), and we may assume that wou; € E(H), then P5s = vjujwowsws, Py = yv;uwi, and
the edges in {uqv1, ugvg, ..., UstaVsta} — {Uu;v;, u;v;} contain a copy of Ps U Py UtPs, a contradiction. Hence,
Ne({uj,v;}) N{wr, w2, ws,wa,ws} = {wi} for j # i and we assume that wiu; € E(H). Now Ps = v;ujwiu;v;,
P, = wowswaws and the edges in {uqv1, ugvg, ..., Ust2Vst2} — {w;vi, ujv;} contain a copy of Ps U Py UtPs, a
contradiction.

Subcase 3.2. For each 1 <i < s+ 2, |[Ng({w;, v;}) N{w1,wa}| = 1.

If there exits 1 <4 < s+ 2 such that Ng({u;, vi}) N{w1,w2} = {w1}, and we may assume that wyu; € E(H),
then any edge ujv; € {u1v1,u2v2,. .., Usr2Vs12} — {w;v;} is only incident to wy in order to avoid a copy of
P; UP,UtP, in G. And we assume that wou; € E(H) for j # i. Combined with Casel, now we consider v;
is not adjacent to we,ws,ws,ws. If v,w1 ¢ E(H), then v; is adjacent to some vertex € V(H) — V(M) since
d(H) > 2. Now P5 = vjujwowsws, Py = zv;u;wy and the edges in {ujvi, ugve, ..., ustovspa} — {uvs, ujv5}
contain a copy of Ps U Py U tPs, a contradiction. So we consider v;w; € E(H). It follows that u;(and v;) is
not adjacent to any vertex x € V(H) — V(M). In order to avoid a Ps U Py UtP; in G, w; is not adjacent to
w3, ws and wy is not adjacent to any vertex in V(H) — V(M). Similarly, ws (and ws) is not adjacent to any
vertex in V(H) — V(M). And in this case, w3 (ws) is not incident with any edge in {uyvy, ugva, ..., Ust2Vs12}.
Therefore wsws € F(H) or wews € E(H) since 6(H) > 2. If wsws € E(H), then wy is not adjacent to any
vertex in V(H) — V(M) in order to avoid a copy of Ps U Py UtP, in G. And in this case wy is not incident
with any edge in {ujvy, ugva, ..., us12vs12}. If wiwy € E(H), then Ps = VU Wl Vk, Py = wiwawsws and the
edges in {ujv1,ugve, ..., Ust2Vsy2} — {Uu;v;, upvy } for k, j # i contain a copy of Ps U Py UtP,, a contradiction.
Thus we consider wiwy ¢ E(H) in this situation. However, we will not obtain a copy of Ps U Py U (t — 1) P,
in G, a contradiction. If wows € E(H), then wy is not incident with any edge in {ujvy, usva, ..., ustovsia}. If
wiwg € E(H), then P5 = vu,wiwiws, Py = vjujwews and the edges in {ujvr, ugvs, . .., usyovsia}t — {wivi, ujv;}
contain a copy of P; U Py U tPs, a contradiction. Thus we obtain wijwy ¢ E(H) in this situation. And we will
not obtain a copy of Ps U Py U (t — 1)P, in G, a contradiction.

Now we consider Ng({u;,v;}) N {w1, w2} = {wa} for each 1 <14 < s+ 2. Without loss of generality, we may
assume u;we € E(H).

If w; is adjacent to some vertex z € V(H) — V(M), then x is not incident with any edge in
{u1v1, ugva, ..., usy20s12} and x is not adjacent to ws, wy or ws in order to avoid a copy of Ps U Py U tP;
in G. Thus wex € E(H). Similarly, w; is not adjacent to ws, wy or ws. And in this case ws (and ws) is not
incident with any edge in {ujv1, usvs,. .., usiovst2}. Meanwhile, w3 (and ws) is not adjacent to any vertex
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in V(H) — V(M). Therefore wsws € E(H) or wews € E(H) since 6(H) > 2. If wyws € E(H), then wy is not
adjacent to any vertex in V(H) — V(M) and wy is not incident with any edge in {ujv1, usva,. .., UsioVsio}.
However, we will not obtain a copy of Ps U P4 U (t — 1)P» in G, a contradiction. It follows that wsws ¢ E(H).
We consider wows € E(H) in this situation. Meanwhile, G does not contain a copy of Ps U Py U (t — 1)Ps, a
contradiction.

Therefore wy is not adjacent to any vertex € V(H) — V(M). Thus w; is only adjacent to wy. And w3 (and
ws) is not adjacent to any vertex in V(H) — V(M) in order to avoid a copy of Ps U Py UtP, in G. In this
case, ws (and ws) is not incident with any edge in {ujv1, ugve, ..., usy2vst2}. Furthermore, wsws ¢ E(H). Thus
wows € E(H) since 6(H) > 2. And wowy € E(H) since d(ws) = 2 by Lemma 2.2. However, we will not obtain a
copy of PsUP;U(t —1)P, in G, a contradiction.

Hence, Lemma 2.5 is true. ]

Lemma 2.6. Let G be (Ps U Py U tPs)-saturated with |Vo(G)| > 2 (t > 1) and H be the graph spanned by all
the nontrivial components Hy, ..., Hy of G, where k is the number of components of G. If |V(H)| > 2t + 9,
0(H) > 2 and |V(H;)| > 5 for 1 < i <k, then |E(G)| > 3t + 21 for t > 3, |E(G)| > 3t + 21 fort = 3, and
|E(G)| > 3t+42 for 1 <t < 2.

Proof. Assume that |E(G)| < 3t + 21 for ¢ > 4 and |E(G)| < 3t + 20 for ¢ = 3. It follows from Lemma 2.5
that G is (P5 U (t + 2) Py)-saturated. And G contains a copy of Ps U Py U (t — 1) Py since |Vo(G)| > 2. Hence
o(G)=a(H)>t+3.If &/ (H) > t+4, since 6(H) > 2 and |V(H;)| > 5 for 1 < i < k, then H contains a copy
of (PsU(t+2)P,), which contradicts G is (Ps U (t + 2) P;)-saturated. Therefore, we have o/ (G) = o/(H) =t + 3.
By the Berge-Tutte Formula, we have

43— %min{\V(H)\ HIV(X)| = ofH = X): X C V(H)}. 3)
Choose a maximal subset S of V/(H) such that
143 = SV +IV(S)] ~ olH — 5)). )

Let Hy,..., HI’, be the components of H —.S. We have the following claims.
Claim 1. For 1 <¢ <p, H[SUV(H])] is a complete graph.

Proof. On the contrary, assume that there exist two distinct vertices z, y € S UV (H/) such that zy ¢ E(H).
Set H = H + zy. Then |H'| = |H| and o(H' — S) = o(H — 5). By (4), we have

1
t+3=S(VH)+[V(S)| - olH' - 5)). ()
By the Berge-Tutte Formula, we have o/(H') < t + 3, which implies that G + xy has no copy of (¢t + 4)Ps,
contrary to G is (Ps U Py U tPs)-saturated. Claim 1 is true. O
Claim 2. S # 0.

Proof. f S =0, then Hy, ..., Hz/> are all components Hy, ..., H; of H with p = k. By Claim 1, H; is a complete
graph of order at least 5 for 1 < i < k. It follows that §(H) > 4 and

AB(H)| = Y du(x)>4[V(H)|. (6)
eV (H)

If t > 3, then |E(H)| = |E(G)| < 3t + 21. This together with |V(H)| > 2t + 9 implies that t < 3, a
contradiction.
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If t = 3, then |E(H)| = |E(G)| < 3t + 20. This together with |V(H)| > 2t + 9 implies that t < 2, a
contradiction.

If t =1, then |V(H)| > 11. And H; is a complete graph of order at least 5, hence o/ (H)| > 5 > t+ 3, a
contradiction. If ¢ = 2, then |V(H)| > 13. Similarly, we obtain that o/(H)| > 6 > ¢t + 3 in this situation, a
contradiction. This completes the proof of Claim 2.

O

Combining Claim 1 with Claim 2, Ny (z) = V(H) — {z} for € S. For y € V3(G), we have {z,y} UNg(x) C
V(F), where F'is a copy of PsUP;UtP, in G+xy by Lemma 2.4. And 2t+10 < |V(H)|+1 = {z,y}UNg(z)| <
|[V(F)| =2t+9, a contradiction. This completes the proof of Lemma 2.6. O

3. PROOF OF THEOREM 1.2

Proof. Let G be a (Ps U Py UtPy)-saturated graph. Consider the graph G’ obtained from G by deleting all the
components of order 3 and the components of order 4, we have G = G’ U aK3 U bK4 where a is the number of
components of order 3 and b is the number of components of order 4 in G. Clearly, all components of order 3
or 4 are complete.

Since |Vo(G)| = |Vo(G)| > 2, it follows that V4 (G) = @ and G contains a copy of Ps U Py U (t — 1)P,. If
b =1, then G — K4 — aK3 contains a copy of Ps U (t — 1 — a)P, and contains no copy of Ps U (t — a) P». Thus,
G—K4—aK3 is (PsU(t—a)Py)-saturated. It follows that G — Ky —aK3 is (t — a+2) Py-saturated by Lemma 2.3.
However, G + xy contains a copy of Ps U Py UtP, for € V(K,) and y € Vo(G). It implies that G — K4 — aK3
contains a copy of Py U (t — a) Py, then G — K4 — aK3 contains a copy of (t —a+ 2)P,, a contradiction. If b > 2,
let H; and Hs be two components of order 4, then G + xy contains no copy of Ps U Py UtPs for x € V(H;) and
y € V(Hz), a contradiction. Therefore b = 0.

(1) For 1 S t S 2, KlOU(tf 1)K3U(7’L*3t*7)K1 S SAT(?’L,P5UP4UtP2) Let G GM(H7P5UP4UtP2),
then |E(G)| < 3t + 42. Since n is sufficiently large (n > 6t + 86), we obtain that |V5(G)| > 2. And G contains a
copy of PsUP,U(t —1)P,. Then a <t — 1.

Set G’ = G—aKs. As G € SAT (n, PsUP,UtP,), G' € SAT(n', PsUP,Ut' Py) where n’ =n—3a and t’ = t—a.
Then ¢’ > 1. Suppose H' is a graph spanned by all nontrivial components of G’. Clearly, any component in
H' has order at least 5. Since |E(G)| < 3t + 42, |[E(G')| = |E(G)| — 3a < 3t' + 42. And |Vo(G’)| > 2, we have
[V(H')| < 2t' + 8 by Lemma 2.6. It follows that H' = Ky g and |E(G")| = |E(H)| = @EBEED < 37 4 g9
which implies that ¢ = 1 and H' = Kjo. Thus G’ & Ko U (0’ — 10)K;. It follows that « = ¢t — 1 and
G=KjyU (t - 1)K3 U (n— 3t — 7)K1

Hence, Theorem 1.2(i) is true.

(11) For ¢ Z 3, 3K5U(t73)K3U(n—3t—6)K1 S SAT(TL,P5UP4UtP2) Let G EM(R,P5UP4UtP2), then
|E(G)| < 3t+21. Since n is sufficiently large (n > 6t + 44), we obtain hat |Vy(G)| > 2. By Lemma 2.2, we have
V1(G) = 0. And G contains a copy of Ps U Py U (t —1)P. That is, a < t — 1.

Set G 2 G'UaK3. As G € SAT(n, PsUP,UtPR,), G' € SAT(n', PsUP,Ut' P;) where n’ =n—3a and t’ = t—a.
Then ¢’ > 1. Suppose H' is a graph spanned by all nontrivial components of G’. Clearly, any component in H’
has order at least 5. If |[E(G)| < 3t + 21, then |E(G’)| = |E(G)| — 3a < 3t' 4+ 21. Since |Vo(G')| > 2, we have
|[V(H")| < 2t' 4 8. It follows that H' = Koy yg and |E(G')| = |E(H)| = % > 3t' +21, a contradiction.
Therefore |[E(G')| = |[E(H')| = 3t'+21 and |E(G)| = 3t'4+21+43a = 3t+21. That is, sat(n, PsUP,UtPy) = 3t+21.

Let G € SAT(n, Ps U Py UtP). Then |E(G)| =3t +21. Set G = G' UaK3 for a <t —1.

If a =t—1, then G’ is (Ps U Py U Py)-saturated, and |E(G')] > 3 x 1+ 42 = 45 by Lemma 2.6 and
|E(G)| = |E(G")| +3(t — 1) > 3t + 42, a contradiction.

If a =t—2, then G’ is (Ps U Py U 2Ps)-saturated, then |E(G’)] > 3 x 2 + 42 = 48 by Lemma 2.6 and
|E(G)| = |E(G")| + 3(t — 2) > 3t + 42, a contradiction.

If a < t—3, then G' is (Ps U Py U (t — a)Py)-saturated. Since ¢t — a > 3, then |E(G')| > 3(t — a) + 21 by
Lemma 2.6 and |E(G)| = |E(G’)| 4+ 3a > 3t + 21, a contradiction.
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If a =¢— 3, then G’ is (Ps U P, U3P,)-saturated and |E(G’)| = 30. Since o/ (G') = 3+ 3 = 6 by Lemma 2.6.
And each nontrivial component H] of G’ has order at least 5 with §(H/) > 2, we have o/(H}) > 2 and each H]
contains a copy of Ps. Then the number of nontrivial components of G’ is at most 3.

If the number of nontrivial components of G’ is 3, we may assume that the three nontrivial components are
H{, H} and H}. Then o/(H]) = 2 for 1 < i < 3. If there exists H/ such that |V (Hj)| > 6, we may assume
that |V(Hp)| > 6. Then G’ + zy contains a copy of Ps U Py U 3P, for xy ¢ E(H;), z,y € V(Hj). Since each
component contains a copy of Ps, Hj 4+ xy is selected as Ps U Py, Py U Py or 3P, in some copy of Ps U Py U3Ps.
If H{ + xy is selected as Ps U Pa, then G’ — H{ contains a copy of Py U2P;. It implies that G’ — H] is (P4U3P,)-
saturated and |E(G’ — H})| > 3 x 3+ 7 = 16 by Theorem 1.1. Meanwhile, G — H} — H} is (P5 U Py)-saturated,
|[E(Hy)| >3 x 1412 =15 by Lemma 2.3. Then |E(G’)| > 16 + 15 > 30, a contradiction. If H] 4+ xy is selected
as PyU Py, then G’ — H{ contains a copy of Ps U2P,. It implies that G’ — H| is (P5; U3P,)-saturated. We obtain
that |[E(G' — H{)| > 3 x 34 12 = 21 by Lemma 2.3. Meanwhile, we obtain that G’ — H, — H} is (Py U Py)-
saturated and the number of edges is at least 3 x 1 + 7 = 10 by Theorem 1.1. Hence |E(G")| > 21 + 10 > 30,
a contradiction. If H{ + xy is selected as 3P,, then G’ — H| contains a copy of Ps U Py. Similarly, G' — H} is
(Ps U Py U Py)-saturated. Then |E(G’ — H{)| > 3 x 1442 > 30 by Theorem 1.2(i). Therefore, |E(G")| > 30, a
contradiction. So the order of each H{ is 5 and H] = K. Therefore G =2 3K5 U (t — 3)K3 U (n — 3t — 6) K.

If the number of nontrivial components of G’ is 2, we may assume that the two nontrivial components are
H{, H}, respectively. Then o/ (Hy) = 2, &/ (HS) = 4 or o/(Hy) = 3, o/(HS) = 3. If &/ (Hy) = 2, &/ (HS) = 4.
We also obtain contradictions through discussions similar to the above. Now we consider o' (H]) = o/(Hj) = 3.
If there exists some component H} such that |V (H})| = 6, we may assume that |V (H{)| = 6. Then Hj = Kg
and |V(H%)| > 9. It implies that H) is (P U 2P,)-saturated and |E(H})| > 3 x 24+ 12 = 18 by Lemma 2.3.
Then |E(G")| > 18 + 15 > 30, a contradiction. If there exists some component H/ such that |V (H})| = 7, we
may assume that |V(H{)| = 7. Then H{ = K; and |V (H})| > 8. It implies that HY is (Py U2P)-saturated and
|[E(Hj)| > 3 x 247 =13 by Theorem 1.1. Then |E(G’)| > 13 4 21 > 30, a contradiction. If there exists some
component H] such that |V (H])| = 8, we may assume that |V (H})| = 8. Then |V (H})| > 8. If |V(H})| > 9,
then HJ is (Ps U2P;)-saturated and |E(HS)| > 3 x 2+ 12 = 18 by Lemma 2.3, H} is (P, U 2P;)-saturated and
|[E(H{)| > 3 x 2+ 7 =13 by Theorem 1.1, Then |E(G’)| > 18 4+ 13 > 30, a contradiction. If |V (H3)| = 8, then
G’ + zy contains no copy of Ps U Py U3P; for zy ¢ E(H}), a contradiction.

If the number of nontrivial components of G’ is 1, we may assume that the nontrivial component is Hj.
Then o' (H{) = 6. Let M = {uqv1, ugva, uzvs, ugvy, usvs, uglg } be a maximum matching of Hj. Since G’ has
copy of Ps U P, U2P,, we may assume that Ps = zujviugvy for some x € V(H]) — V(M), Py = uzvzusvy
and 2P, = {usvs,ugvs}. The subgraph induced by V(G’) — {us, vs, ug, vy, us, vs, ug, vg } is Py U Py-saturated
and the number of edges is at least 3 x 1 +7 = 10 by Theorem 1.1. Similarly, the subgraph induced by
V(G") — {u1,v1,u2,v9,us5,vs5,us, 06} is Py U Py-saturated and the number of edges is at least 10. Meanwhile,
the subgraph induced by V(G’') — {u1, v1, uz, v, u3, v3,uq, v} is (Py U Py)-saturated and the number of edges
is at least 10. Since he number of nontrivial components of G’ is 1 and |V(H;) — V(M)| > 3, then |E(G")| >
30 + 1 > 30, a contradiction.

Hence, Theorem 1.2(ii) is true. O
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