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TOUGHNESS AND DISTANCE SPECTRAL RADIUS IN GRAPHS

Pei-Shan Li* , Hongzhang Chen and Shou-Jun Xu

Abstract. Let 𝐺 be a connected graph with vertex set 𝑉 (𝐺). A variation 𝜏(𝐺) of toughness of 𝐺,
proposed by Enomoto in 1988, is defined as

𝜏(𝐺) = min
𝑆⊂𝑉 (𝐺)

{︂
|𝑆|

𝑐(𝐺− 𝑆)− 1
: 𝑐(𝐺− 𝑆) > 1

}︂
,

where 𝑐(𝐺−𝑆) is the number of components of 𝐺−𝑆 for a subset 𝑆 of 𝑉 (𝐺). For a positive real number
𝜏 , 𝐺 is called 𝜏 -tough if 𝜏(𝐺) ≥ 𝜏 . Chen et al. [Discrete Math. 347 (2024) 114191] gave sufficient spectral
radius conditions for a graph 𝐺 to be 𝜏 -tough, where the spectral radius is the maximum eigenvalue of
the adjacent matrix of 𝐺 and 𝜏 or 1/𝜏 is a positive integer. Analogously, in this paper, we investigate
the case of the distance spectral radius of 𝐺 and present three tight distance spectral radius conditions,
respectively, and analyze the extreme cases, which are similar to Chen et al.’s results.
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1. Introduction

Let 𝐺 = (𝑉 (𝐺), 𝐸(𝐺)) be a graph with edge set 𝐸(𝐺) and vertex set 𝑉 (𝐺) = {𝑣1, 𝑣2, . . . , 𝑣𝑛} where 𝑛 =
|𝑉 (𝐺)| denotes the order of 𝐺. Denote 𝛿(𝐺) as the minimum degree and 𝑐(𝐺) as the number of components
of 𝐺. For 𝑆 ⊂ 𝑉 (𝐺), the subgraph of 𝐺 induced by 𝑉 (𝐺) ∖ 𝑆 is written as 𝐺 − 𝑆. The 𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡 𝑢𝑛𝑖𝑜𝑛 of two
vertex-disjoint graphs 𝐺1 and 𝐺2 is denoted as 𝐺1 ∪𝐺2. Moreover, the graph obtained from 𝐺1 ∪𝐺2 by adding
all possible edges between 𝑉 (𝐺1) and 𝑉 (𝐺2) is called the 𝑗𝑜𝑖𝑛 𝐺1 ∨𝐺2. We use 𝐻 ⊆𝑠𝑝 𝐺 to denote that graph
𝐻 is a spanning subgraph of 𝐺.

The 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝐷(𝐺) of 𝐺 is defined to be an 𝑛 × 𝑛 real symmetric matrix, where for 1 ≤ 𝑖, 𝑗 ≤ 𝑛,
the element at the (𝑖, 𝑗) position represents the distance 𝑑𝑖𝑗(𝐺) between vertices 𝑣𝑖 and 𝑣𝑗 , which is the length
of the shortest path connecting them. We arrange the eigenvalues of 𝐷(𝐺) in descending order as 𝜕1(𝐺) ≥
𝜕2(𝐺) ≥ · · · ≥ 𝜕𝑛(𝐺). According to the Perron–Frobenius theorem, when 𝐺 is a non-trivial graph, 𝜕1(𝐺) is
always positive and 𝜕1(𝐺) ≥ |𝜕𝑘(𝐺)| for 2 ≤ 𝑘 ≤ 𝑛. We define 𝜕(𝐺) = 𝜕1(𝐺) as the 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑠𝑝𝑒𝑐𝑡𝑟𝑎𝑙 𝑟𝑎𝑑𝑖𝑢𝑠 of
𝐺. Moreover, there exists a unique positive unit eigenvector corresponding to 𝜕(𝐺), which is called the 𝑃𝑒𝑟𝑟𝑜𝑛
𝑣𝑒𝑐𝑡𝑜𝑟 and denoted as x = (𝑥1, 𝑥2, . . . , 𝑥𝑛)𝑇 .
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In 1973, to understand the connectivity of a connected graph 𝐺, Chvátal [6] first introduced a new quantitative
indicator, called 𝑡𝑜𝑢𝑔ℎ𝑛𝑒𝑠𝑠, into graph theory. Specifically, toughness 𝑡(𝐺) of 𝐺 is defined as the minimum value
of the ratio of |𝑆| to 𝑐(𝐺− 𝑆) under the condition that 𝑆 ⊂ 𝑉 (𝐺) and 𝑐(𝐺− 𝑆) > 1, that is

𝑡(𝐺) = min
𝑆⊂𝑉 (𝐺)

{︂
|𝑆|

𝑐(𝐺− 𝑆)
: 𝑐(𝐺− 𝑆) > 1

}︂
.

From the definition, it is easy to see that the smaller the value is, the more likely the graph will split when
a small number of vertices are lost, indicating that its connectivity is fragile. For a positive real number 𝑡, 𝐺
is called 𝑡-𝑡𝑜𝑢𝑔ℎ if 𝑡(𝐺) ≥ 𝑡. Beyond pure graph theory, the concept of toughness has found applications in
network security and design. Gao [11] theoretically studied the case where a network meets specific toughness
conditions, and he found that such a network can ensure network robustness and data transmission feasibility.
Furthermore, toughness can synergize with parameters such as isolated toughness and binding number to assess
network vulnerability [11].

The investigation on the connection between toughness and eigenvalues was started in 1995 by Alon [1].
Subsequently, Brouwer [2] proved a better lower bound for a 𝑑-regular graph 𝐺 and conjectured that 𝑡(𝐺) ≥ 𝑑

𝜆−1,
where 𝜆 is the second largest in absolute value among adjacency matrix eigenvalues of 𝐺. Later, Gu [13] first
proved part of this conjecture and fully proved it [14] in 2021. Given that eigenvalues of different matrices encode
distinct graph structures, recent studies have expanded to determine the conditions for a graph to be 𝑡-tough
using eigenvalues of different types of matrices, such as the adjacency matrix [8] and the distance matrix [17].

In 1998, Enomoto ingeniously proposed a variation of toughness of a connected graph 𝐺, denoted as 𝜏(𝐺), in
the literature [7], which opened up a new direction for the research on connectivity in graph theory. Specifically,
it is to find the minimum value of the ratio of |𝑆| to 𝑐(𝐺 − 𝑆) − 1 under the condition that 𝑆 ⊂ 𝑉 (𝐺) and
𝑐(𝐺− 𝑆) > 1, that is

𝜏(𝐺) = min
𝑆⊂𝑉 (𝐺)

{︂
|𝑆|

𝑐(𝐺− 𝑆)− 1
: 𝑐(𝐺− 𝑆) > 1

}︂
.

For a positive real number 𝜏 , 𝐺 is called 𝜏 -𝑡𝑜𝑢𝑔ℎ if 𝜏(𝐺) ≥ 𝜏 . The emergence of this concept has raised a crucial
question: Is it possible to find exact sufficient conditions to determine whether 𝐺 is 𝜏 -tough or not? Previously,
Chen, Fan and Lin [4], as well as Chen, Li and Xu [5] have respectively carried out research. Specifically, the
former made use of the spectral radius, while the latter utilized the signless Laplacian spectral radius. Moreover,
they each gave sufficient conditions for determining that 𝐺 is 𝜏 -tough, where 𝜏 or 1

𝜏 is a positive integer. Very
recently, Gao et al. [12] established tight sufficient conditions for the existence of fractional 𝑘-factors via 𝜏(𝐺),
which further expands the theoretical research and application scenarios of 𝜏(𝐺).

Inspired by these achievements, we delved into the relationship between 𝜏 -tough graphs and the distance
spectral radius. The main results obtained in this exploration process will be presented below.

Theorem 1.1. Let 𝐺 be a connected graph of order 𝑛 ≥ max{9𝛿, 𝛿2

2 + 3𝛿 + 3} with minimum degree 𝛿 ≥ 2. If
𝜕(𝐺) ≤ 𝜕(𝐾𝛿 ∨ (𝐾𝑛−2𝛿−1 ∪ (𝛿 + 1)𝐾1)), then 𝐺 is 1-tough unless 𝐺 ∼= 𝐾𝛿 ∨ (𝐾𝑛−2𝛿−1 ∪ (𝛿 + 1)𝐾1).

Theorem 1.2. Let 𝐺 be a connected graph of order 𝑛 ≥ 4𝜏2 + 5𝜏 + 1, where 𝜏 ≥ 2 be an integer. If 𝜕(𝐺) ≤
𝜕(𝐾𝜏−1 ∨ (𝐾𝑛−𝜏 ∪𝐾1)), then 𝐺 is 𝜏 -tough unless 𝐺 ∼= 𝐾𝜏−1 ∨ (𝐾𝑛−𝜏 ∪𝐾1).

Theorem 1.3. Let 𝐺 be a connected graph of order 𝑛 ≥ 4𝜏 + 1
𝜏 + 5, where 1

𝜏 ≥ 1 be an integer. If 𝜕(𝐺) ≤
𝜕(𝐾1 ∨ (𝐾𝑛− 1

𝜏−2 ∪ ( 1
𝜏 + 1)𝐾1)), then 𝐺 is 𝜏 -tough unless 𝐺 ∼= 𝐾1 ∨ (𝐾𝑛− 1

𝜏−2 ∪ ( 1
𝜏 + 1)𝐾1).

2. Preliminary lemmas

In this section, we aim to introduce several essential concepts and present some key lemmas. The following
inequality, which relates the distance spectral radius of a graph to that of its spanning subgraph, is fundamental
to our analysis.
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Lemma 2.1 ([9]). If 𝑒 is an edge of a connected graph 𝐺 such that 𝐺− 𝑒 remains connected, then

𝜕(𝐺) < 𝜕(𝐺− 𝑒).

In the field of graph theory and matrix analysis, equitable partition and equitable quotient matrix are crucial
concepts, which provide a unique perspective to analyze the structures of matrices and the relevant properties
of graphs. We begin by analyzing matrices, as they serve as the foundational objects for defining equitable
partitions. Suppose there is a real matrix 𝑀 of order 𝑛× 𝑛. To analyze its structure more clearly, we perform
a block partition on it. The rows and columns of matrix 𝑀 are partitioned into pairwise disjoint nonempty
subsets 𝑋1, 𝑋2, . . . , 𝑋𝑚, which together form a partition of the index set {1, 2, . . . , 𝑛}. Through this partition,
𝑀 can be presented as a block matrix in the following form:

𝑀 =

⎛⎜⎜⎝
𝑀1,1 𝑀1,2 · · · 𝑀1,𝑚

𝑀2,1 𝑀2,2 · · · 𝑀2,𝑚

...
...

. . .
...

𝑀𝑚,1 𝑀𝑚,2 · · · 𝑀𝑚,𝑚

⎞⎟⎟⎠,

where 𝑀𝑖,𝑗 denotes the submatrix formed by rows in 𝑋𝑖 and columns in 𝑋𝑗 . Based on this block partition, we
construct the 𝑞𝑢𝑜𝑡𝑖𝑒𝑛𝑡 𝑚𝑎𝑡𝑟𝑖𝑥 𝑅(𝑀), which is a matrix of dimension 𝑚×𝑚. Let the sub-block 𝑀𝑖,𝑗 be a 𝑝× 𝑞
matrix. The sum of the elements in its 𝑘-th row is

𝑠𝑘 =
𝑞∑︁

𝑡=1

𝑀𝑖,𝑗(𝑘, 𝑡) (𝑘 = 1, 2, . . . , 𝑝).

The element at the (𝑖, 𝑗)-position in 𝑅(𝑀) is the average of the row-sums of the sub-block 𝑀𝑖,𝑗 , that is,

𝑅(𝑀)𝑖,𝑗 =
1
𝑝

𝑝∑︁
𝑘=1

𝑠𝑘 =
1
𝑝

𝑝∑︁
𝑘=1

𝑞∑︁
𝑡=1

𝑀𝑖,𝑗(𝑘, 𝑡).

If all elements of 𝑅(𝑀) are constant, the partition and its quotient matrix are said to be 𝑒𝑞𝑢𝑖𝑡𝑎𝑏𝑙𝑒.

Lemma 2.2 ([3,10,15]). For a real symmetric matrix 𝑀 , all the eigenvalues of 𝑅(𝑀) are also the eigenvalues
of 𝑀 , where 𝑅(𝑀) is the corresponding equitable quotient matrix of 𝑀 . In addition, the spectral radius of 𝑅(𝑀)
is the same as that of 𝑀 if 𝑀 is nonnegative and irreducible.

Both of these ideas are crucial to the following arguments. Two inequalities pertaining to the distance spectral
radius will then be introduced.

Lemma 2.3 ([16]). If 𝐺 is a connected graph with order 𝑛, then

𝜕(𝐺) = max
x ̸=0

x𝑇 (𝐺)x
x𝑇 x

≥ 1𝑇 (𝐺)1
1𝑇 1

=
2𝑊 (𝐺)

𝑛
,

where 1 = (1, 1, . . . , 1)𝑇 and 𝑊 (𝐺) =
∑︀

𝑖<𝑗 𝑑𝑖𝑗(𝐺).

Lemma 2.4 ([19–21]). If 𝐺 is a graph with order 𝑛 ≥ 2 and 𝑊 (2)(𝐺) =
∑︀

1≤𝑖<𝑗≤𝑛 𝑑2
𝑖𝑗(𝐺), then

𝜕(𝐺) ≤
√︂

2(𝑛− 1)𝑊 (2)(𝐺)
𝑛

·

The equality holds if and only if 𝐺 is 𝐾𝑛.
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We finish this section by stating two lemmas that are crucial to the proof.

Lemma 2.5 ([18]). For 𝑛1 ≥ 𝑛2 ≥ · · · ≥ 𝑛𝑐 ≥ 1 with
∑︀𝑐

𝑖=1 𝑛𝑖 = 𝑛 − 𝑠, where 𝑛, 𝑐, 𝑠 and 𝑛𝑖 (1 ≤ 𝑖 ≤ 𝑐) be
positive integers, then

𝜕(𝐾𝑠 ∨ (𝐾𝑛1 ∪𝐾𝑛2 ∪ · · · ∪𝐾𝑛𝑐
)) ≥ 𝜕(𝐾𝑠 ∨ (𝐾𝑛−𝑠−(𝑐−1) ∪ (𝑐− 1)𝐾1)).

The equality holds if and only if 𝐾𝑠 ∨ (𝐾𝑛1 ∪𝐾𝑛2 ∪ · · · ∪𝐾𝑛𝑐) ∼= 𝐾𝑠 ∨ (𝐾𝑛−𝑠−(𝑐−1) ∪ (𝑐− 1)𝐾1).

Lemma 2.6 ([17]). For 𝑛1 ≥ 2𝑝, 𝑛1 ≥ 𝑛2 ≥ · · · ≥ 𝑛𝑐 ≥ 𝑝 and
∑︀𝑐

𝑖=1 𝑛𝑖 = 𝑛−𝑠, where 𝑛, 𝑐, 𝑠, 𝑝 and 𝑛𝑖 (1 ≤ 𝑖 ≤ 𝑐)
be positive integers, then

𝜕(𝐾𝑠 ∨ (𝐾𝑛1 ∪𝐾𝑛2 ∪ · · · ∪𝐾𝑛𝑐
)) ≥ 𝜕(𝐾𝑠 ∨ (𝐾𝑛−𝑠−𝑝(𝑐−1) ∪ (𝑐− 1)𝐾𝑝)).

The equality holds if and only if 𝐾𝑠 ∨ (𝐾𝑛1 ∪𝐾𝑛2 ∪ · · · ∪𝐾𝑛𝑐) ∼= 𝐾𝑠 ∨ (𝐾𝑛−𝑠−𝑝(𝑐−1) ∪ (𝑐− 1)𝐾𝑝).

3. Proof of theorem 1.1

Proof of Theorem 1.1. Suppose to the contrary that 𝐺 is not 1-tough. Then by the definition of 1-tough,
there is a subset 𝑆 of 𝑉 (𝐺) such that |𝑆| < 𝑐(𝐺 − 𝑆) − 1. Let |𝑆| = 𝑠 and 𝑐(𝐺 − 𝑆) = 𝑐. This same notation
will be used in the subsequent proof. Since 𝑠 and 𝑐 are integers, it follows that 𝑠 ≤ 𝑐 − 2. Let 𝐺̃ = 𝐾𝑠 ∨(︀
𝐾𝑛1 ∪𝐾𝑛2 ∪ . . . ∪𝐾𝑛𝑠+2

)︀
, where 𝑛1 ≥ 𝑛2 ≥ · · · ≥ 𝑛𝑠+2 ≥ 1 are positive integers with

∑︀𝑠+2
𝑖=1 𝑛𝑖 = 𝑛 − 𝑠. It is

straightforward to verify that 𝐺 ⊆𝑠𝑝 𝐺̃. Thus, by Lemma 2.1, we have

𝜕(𝐺̃) ≤ 𝜕(𝐺), (1)

with equality if and only if 𝐺 ∼= 𝐺̃.
Define 𝐺′ = 𝐾𝑠 ∨ (𝐾𝑛−2𝑠−1 ∪ (𝑠 + 1)𝐾1). Then by Lemma 2.5, we get

𝜕(𝐺′) ≤ 𝜕(𝐺̃), (2)

with equality if and only if 𝐺̃ ∼= 𝐺′.
Let 𝐺̂ denote the graph 𝐾𝛿∨(𝐾𝑛−2𝛿−1 ∪ (𝛿 + 1)𝐾1) mentioned in the Theorem 1.1. To derive a contradiction,

we need to show 𝜕(𝐺̂) < 𝜕(𝐺). We prove this inequality by introducing intermediate graphs. A classification
discussion will be conducted according to the different values of 𝑠.

Case 1. 𝑠 ≥ 𝛿 + 1.
Consider partitioning the vertices of 𝐺̂ into 𝑉 (𝐺̂) = 𝑉 ((𝛿 + 1)𝐾1) ∪ 𝑉 (𝐾𝑛−2𝛿−1) ∪ 𝑉 (𝐾𝛿). It is not difficult

to prove that this partition is equitable with respect to the distance matrix 𝐷(𝐺̂) and corresponding equitable
quotient matrix 𝑅𝛿 is given by:

𝑅𝛿 =

⎛⎝ 2𝛿 2(𝑛− 2𝛿 − 1) 𝛿
2(𝛿 + 1) 𝑛− 2𝛿 − 2 𝛿
𝛿 + 1 𝑛− 2𝛿 − 1 𝛿 − 1

⎞⎠.

We can calculate that its characteristic polynomial is

𝑃 (𝑅𝛿, 𝑥) = 𝑥3 − (𝑛 + 𝛿 − 3)𝑥2 −
[︀
(2𝛿 + 5)𝑛− 5𝛿2 − 6(𝛿 + 1)

]︀
𝑥

+
(︀
𝛿2 − 𝛿 − 4

)︀
𝑛− 2𝛿2(𝛿 − 1) + 6𝛿 + 4.

(3)

Note that 𝑉 (𝐺′) has a partition analogous to 𝑉 (𝐺̂), explicitly given by 𝑉 (𝐺′) = 𝑉 ((𝑠 + 1)𝐾1)∪ 𝑉 (𝐾𝑛−2𝑠−1)∪
𝑉 (𝐾𝑠). Then, by substituting 𝛿 with 𝑠 in 𝑅𝛿 (owing to the identical partition structure), we obtain the equitable
quotient matrix 𝑅𝑠, whose characteristic polynomial is

𝑃 (𝑅𝑠, 𝑥) = 𝑥3 − (𝑛 + 𝑠− 3)𝑥2 −
[︀
(2𝑠 + 5)𝑛− 5𝑠2 − 6(𝑠 + 1)

]︀
𝑥

+
(︀
𝑠2 − 𝑠− 4

)︀
𝑛− 2𝑠2(𝑠− 1) + 6𝑠 + 4.
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Through straightforward calculation,

𝑃 (𝑅𝛿, 𝑥)− 𝑃 (𝑅𝑠, 𝑥) = (𝑠− 𝛿)𝑓(𝑥),

where 𝑓(𝑥) = 𝑥2 + (2𝑛− 5𝛿 − 5𝑠− 6)𝑥− (𝑠 + 𝛿 − 1)𝑛 + 2(𝑠2 + 𝑠𝛿 + 𝛿2 − 𝑠− 𝛿)− 6. By Lemma 2.3 and 𝑛 ≥ 9𝛿,
we note that

𝜕(𝐺̂) ≥ 2𝑊 (𝐺̂)
𝑛

=
(𝛿 + 1)(2𝑛− 𝛿 − 2) + (𝑛− 2𝛿 − 1)(𝑛 + 𝛿) + 𝛿(𝑛− 1)

𝑛

= (𝑛 + 𝛿 + 1) + 𝛿 − 3𝛿2 + 5𝛿 + 2
𝑛

> 𝑛 + 𝛿 + 1.

The axis of symmetry of the function 𝑓(𝑥) is given by 𝑥 = −𝑛+ 5
2𝑠+ 5

2𝛿+3 ≤ 𝑛+𝛿+1 (since 𝑛 ≥ 𝑠+𝑐 ≥ 2𝑠+2),
which implies that

𝑓(𝑥) ≥ 𝑓(𝑛 + 𝛿 + 1)
= 2𝑠2 − (6𝑛 + 3𝛿 + 7)𝑠 + 3𝑛2 − 2𝛿𝑛− 𝑛− 2𝛿2 − 11𝛿 − 11

≥ 2
(︂

𝑛− 2
2

)︂2

− (6𝑛 + 3𝛿 + 7)
(︂

𝑛− 2
2

)︂
+ 3𝑛2 − 2𝛿𝑛− 𝑛− 2𝛿2 − 11𝛿 − 11 (since 𝑛 ≥ 𝑠 + 𝑐 ≥ 2𝑠 + 2)

=
1
2
𝑛2 −

(︂
7
2
𝛿 +

1
2

)︂
𝑛− 2𝛿2 − 8𝛿 − 2

≥ 2𝛿2 − 3𝛿 − 1 (since 𝛿 ≥ 2)
> 0.

Lemma 2.2 shows that 𝜕(𝐺̂) (resp. 𝜕(𝐺′)) is the largest root of 𝑃 (𝑅𝛿, 𝑥) (resp. 𝑃 (𝑅𝑠, 𝑥)). Thus, combining with
(1) and (2), we obtain

𝜕(𝐺̂) < 𝜕(𝐺′) ≤ 𝜕(𝐺̃) ≤ 𝜕(𝐺),

a contradiction.

Case 2. 1 ≤ 𝑠 ≤ 𝛿 − 1.
It is easy to see that 𝛿(𝐺̃) ≥ 𝛿(𝐺) = 𝛿, so 𝑛𝑠+2 − 1 + 𝑠 ≥ 𝛿. This implies 𝑛1 ≥ 𝑛2 ≥ · · · ≥ 𝑛𝑠+2 ≥ 𝛿 − 𝑠 + 1.

We now claim that 𝑛1 ≥ 2(𝛿 − 𝑠 + 1). Suppose that 𝑛1 ≤ 2𝛿 − 2𝑠 + 1. Recalling that 𝑛1 ≥ 𝑛2 ≥ · · · ≥ 𝑛𝑠+2 ≥ 1
and 1 ≤ 𝑠 ≤ 𝛿 − 1, we have

𝑛 = 𝑠 + 𝑛1 + 𝑛2 + · · ·+ 𝑛𝑠+1 + 𝑛𝑠+2

≤ 𝑠 + (𝑠 + 2)(2𝛿 − 2𝑠 + 1)
= −2𝑠2 + (2𝛿 − 2)𝑠 + 4𝛿 + 2 := 𝑛(𝑠).

The axis of symmetry of the function 𝑛(𝑠) is given by 𝑠axis = 𝛿−1
2 . When 𝛿 ≥ 3, 1 ≤ 𝑠axis ≤ 𝛿 − 1. Substituting

𝑠 = 𝑠axis into the function 𝑛(𝑠), we obtain

𝑛(𝑠) ≤ −2
(︂

𝛿 − 1
2

)︂2

+ (2𝛿 − 2)
(︂

𝛿 − 1
2

)︂
+ 4𝛿 + 2 =

𝛿2

2
+ 3𝛿 +

5
2
·

When 2 ≤ 𝛿 ≤ 3, we have 𝑠axis ≤ 1. Evaluating the function 𝑛(𝑠) at 𝑠 = 1, we get

𝑛(𝑠) ≤ −2 + 2𝛿 − 2 + 4𝛿 + 2 < 6𝛿.

The results in both cases lead to a contradiction with the condition that 𝑛 ≥ max{9𝛿, 𝛿2

2 + 3𝛿 + 3}. Now we
define a new intermediate graph 𝐺* = 𝐾𝑠 ∨

(︀
𝐾𝑛−𝑠−(𝛿−𝑠+1)(𝑠+1) ∪ (𝑠 + 1)𝐾𝛿−𝑠+1

)︀
. By Lemma 2.6, we have

𝜕(𝐺*) ≤ 𝜕(𝐺̃), (4)
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with equality if and only if 𝐺* ∼= 𝐺̃. Next, we will prove 𝜕(𝐺̂) < 𝜕(𝐺*) by dividing it into two cases based on
the value of 𝑠, thereby deriving a contradiction.

Subcase 2.1. 𝑠 = 1.
Consider the Perron vector x = (𝑥1, 𝑥2, . . . , 𝑥𝑛)𝑇 corresponding to 𝜕(𝐺̂). Since the vertex partition implies

that vertices in the same partition class have identical components in x, we have

𝜕(𝐺̂)𝑥1 = 2𝛿𝑥1 + 2(𝑛− 2𝛿 − 1)𝑥2 + 𝛿𝑥3,

𝜕(𝐺̂)𝑥3 = (𝛿 + 1)𝑥1 + (𝑛− 2𝛿 − 1)𝑥2 + (𝛿 − 1)𝑥3.

Since 𝐷(𝐺̂)x = 𝜕(𝐺̂)x, we derive

𝜕(𝐺̂)(2𝑥3 − 𝑥1) = 2𝑥1 + (𝛿 − 2)𝑥3.

We have 2𝑥1+(𝛿−2)𝑥3 ≥ 2𝑥1 > 0 since 𝛿 ≥ 2. Therefore, 2𝑥3 ≥ 𝑥1 > 0. In this case, 𝐺* = 𝐾1∨(𝐾𝑛−2𝛿−1 ∪ 2𝐾𝛿).
By the definition of Rayleigh quotient, it follows that

𝜕(𝐺*)− 𝜕(𝐺̂) ≥ x𝑇 (𝐷(𝐺*)−𝐷(𝐺̂))x
= −𝛿(𝛿 − 1)𝑥2

1 + 2𝛿(𝛿 − 1)𝑥1𝑥3 + (𝛿 − 1)(𝑛− 2𝛿 − 1)𝑥2𝑥3

+ (𝛿 − 1)(𝑛− 2𝛿 − 1)𝑥2
2

= 𝛿(𝛿 − 1)(2𝑥3 − 𝑥1)𝑥1 + (𝛿 − 1)(𝑛− 2𝛿 − 1)𝑥2𝑥3

+ (𝛿 − 1)(𝑛− 2𝛿 − 1)𝑥2
2 > 0.

Therefore, 𝜕(𝐺̂) < 𝜕(𝐺*).

Subcase 2.2. 2 ≤ 𝑠 ≤ 𝛿 − 1.
In this case, 𝐺* = 𝐾𝑠 ∨

(︀
𝐾𝑛−𝑠−(𝛿−𝑠+1)(𝑠+1) ∪ (𝑠 + 1)𝐾𝛿−𝑠+1

)︀
. Similar to Case 1, consider partitioning the

vertices of 𝐺* into 𝑉 (𝐺*) = 𝑉 ((𝑠 + 1)𝐾𝛿−𝑠+1) ∪ 𝑉
(︀
𝐾𝑛−𝑠−(𝛿−𝑠+1)(𝑠+1)

)︀
∪ 𝑉 (𝐾𝑠). It is easy to show that this

partition is equitable with respect to the distance matrix 𝐷(𝐺*) and the corresponding equitable quotient
matrix 𝑅𝑠,𝛿 is given by:

𝑅𝑠,𝛿 =

⎛⎝ (𝛿 − 𝑠) + 2𝑠(𝛿 − 𝑠 + 1) 2[𝑛− 𝑠− (𝛿 − 𝑠 + 1)(𝑠 + 1)] 𝑠
2(𝑠 + 1)(𝛿 − 𝑠 + 1) 𝑛− 𝑠− (𝛿 − 𝑠 + 1)(𝑠 + 1)− 1 𝑠
(𝑠 + 1)(𝛿 − 𝑠 + 1) 𝑛− 𝑠− (𝛿 − 𝑠 + 1)(𝑠 + 1) 𝑠− 1

⎞⎠.

Through direct calculation, we find that its characteristic polynomial is

𝑃 (𝑅𝑠,𝛿, 𝑥) = 𝑥3 +
[︀
𝑠2 − (𝛿 + 1)𝑠− 𝑛 + 3

]︀
𝑥2 +

[︀
2𝑠4 − (4𝛿 + 2)𝑠3

+
(︀
2𝛿2 − 3𝛿 + 2𝑛− 3

)︀
𝑠2 +

(︀
5𝛿2 − 2𝑛𝛿 + 𝑛 + 5𝛿

)︀
𝑠

+ 3𝛿2 − 3𝑛𝛿 + 6𝛿 − 5𝑛 + 6
]︀
𝑥

− 𝑠5 + (2𝛿 + 3)𝑠4 −
(︀
𝛿2 + 3𝛿 + 𝑛

)︀
𝑠3 + (𝑛𝛿 − 6𝛿 + 2𝑛− 5)𝑠2

+
(︀
4𝛿2 − 𝑛𝛿 + 4𝛿 + 2𝑛

)︀
𝑠 + 3𝛿2 − 3𝑛𝛿 + 6𝛿 − 4𝑛.

(5)

Since 𝐾𝑛−𝛿−1 is a proper subgraph of 𝐺̂, 𝜕(𝐺̂) > 𝜕(𝐾𝑛−𝛿−1) = 𝑛 − 𝛿 − 2. By Lemma 2.2, 𝜕(𝐺*) = 𝜕(𝑅𝑠,𝛿),
which is the largest solution of 𝑃 (𝑅𝑠,𝛿, 𝑥) = 0. We can then compare the largest solutions of the equations to
determine the magnitudes of the matrix eigenvalues. When (3) and (5) are combined, we get

𝑃 (𝑅𝛿, 𝑛− 𝛿 − 2)− 𝑃 (𝑅𝑠,𝛿, 𝑛− 𝛿 − 2)
= (𝛿 − 𝑠)

[︀
3𝑠𝑛2 +

(︀
4𝛿 + 2𝑠3 − (2𝛿 + 3)𝑠2 − (9𝛿 + 9)𝑠 + 4

)︀
𝑛− 𝑠4 − (𝛿 + 1)𝑠3

+
(︀
2𝛿2 + 6𝛿 + 4

)︀
𝑠2 +

(︀
6𝛿2 + 11𝛿 + 5

)︀
𝑠− 5𝛿2 − 9𝛿 − 4

]︀
:= (𝛿 − 𝑠)𝑔(𝑛).
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Since 2 ≤ 𝑠 and 𝛿 ≥ 𝑠 + 1 ≥ 3, the axis of symmetry of 𝑔(𝑛) is given by

−2𝑠3 + (2𝛿 + 3)𝑠2 + (9𝛿 + 9)𝑠− 4𝛿 − 4
6𝑠

≤ −1
3
𝑠2 +

2𝛿 + 3
6

𝑠 +
3𝛿 + 3

2

≤ −1
3

(︂
2𝛿 + 3

4

)︂2

+
2𝛿 + 3

6

(︂
2𝛿 + 3

4

)︂
+

3𝛿 + 3
2

=
1
12

𝛿2 +
7
4
𝛿 +

27
16

<
1
2
𝛿2 + 2𝛿 + 2.

Therefore,

𝑔(𝑛) ≥ 𝑔

(︂
1
2
𝛿2 + 2𝛿 + 2

)︂
=

𝛿

4
[︀
𝛿
(︀
3𝑠𝛿2 − (4𝑠2 − 6𝑠− 8)𝛿 + 4𝑠3 − 14𝑠2 + 6𝑠 + 20

)︀
+12𝑠3 − 16𝑠2 − 4𝑠 + 28

]︀
− (𝑠− 1)(𝑠3 − 2𝑠2 + 1) + 3

≥ 𝛿

4
[︀
𝛿
(︀
3𝑠3 − 6𝑠2 + 23𝑠 + 28

)︀
+ 12𝑠3 − 16𝑠2 − 4𝑠 + 28

]︀
− (𝑠− 1)(𝑠3 − 2𝑠2 + 1) + 3

≥ 𝛿

4
(︀
3𝑠4 + 6𝑠3 + 7𝑠2 + 24𝑠 + 28

)︀
− (𝑠− 1)(𝑠3 − 2𝑠2 + 1) + 3

≥ 1
4
(︀
3𝑠5 + 2𝑠4 + 19𝑠3 + 16𝑠2 + 24𝑠 + 16

)︀
> 0.

Then

𝑃 (𝑅𝛿, 𝑛− 𝛿 − 2) > 𝑃 (𝑅𝑠,𝛿, 𝑛− 𝛿 − 2). (6)

Now, we consider the derivatives of (3) and (5). After subtracting one from the other, we obtain

𝑃 ′(𝑅𝛿, 𝑥)− 𝑃 ′(𝑅𝑠,𝛿, 𝑥)
= (𝛿 − 𝑠)

[︀
(2𝑠− 2)𝑥 + 2𝑠3 − (2𝛿 + 2)𝑠2 − (5𝛿 − 2𝑛 + 3)𝑠 + 2𝛿 + 𝑛

]︀
≥ (𝛿 − 𝑠)

[︀
(2𝑠− 2)(𝑛− 𝛿 − 2) + 2𝑠3 − (2𝛿 + 2)𝑠2 − (5𝛿 − 2𝑛 + 3)𝑠 + 2𝛿 + 𝑛

]︀
= (𝛿 − 𝑠)

[︀
2𝑠3 − (2𝛿 + 2)𝑠2 + (4𝑛− 7𝛿 − 7)𝑠 + 4𝛿 − 𝑛 + 4

]︀
:= (𝛿 − 𝑠)ℎ(𝑠).

We divide the value of 𝛿 into two cases for consideration: 3 ≤ 𝛿 ≤ 5 and 𝛿 > 5. The derivative of ℎ(𝑠) is greater
than 0 in both cases. Thus, we have that ℎ(𝑠) is monotonically increasing within the interval (2, 𝛿 − 1), and
therefore

ℎ(𝑠) ≥ ℎ(2) = 7𝑛− 18𝛿 − 2 ≥ 45𝛿 − 2 > 0.

Therefore, we can conclude that

𝑃 ′(𝑅𝛿, 𝑥) > 𝑃 ′(𝑅𝑠,𝛿, 𝑥). (7)

Next, we will determine the monotonicity of 𝑃 (𝑅𝛿, 𝑥) according to the sign (positive or negative) of 𝑃 ′(𝑅𝛿, 𝑥).
The axis of symmetry of 𝑃 ′(𝑅𝛿, 𝑥) is

𝛿 + 𝑛− 3
3

≤ (𝑛− 𝛿 − 2)− 14
3

𝛿 + 1 < 𝑛− 𝛿 − 2,
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and then
𝑃 ′(𝑅𝛿, 𝑥) ≥ 𝑃 ′(𝑅𝛿, 𝑛− 𝛿 − 2)

= 𝑛2 − (8𝛿 + 7)𝑛 + 10𝛿2 + 16𝛿 + 6
≥ 19𝛿2 − 47𝛿 + 6
> 0.

(8)

By comprehensively considering the conditions given by (6), (7), and (8), we can draw the conclusion that
𝜕(𝐺̂) < 𝜕(𝐺*).

Furthermore, by combining the results of (1), (4), Subcases 2.1 and 2.2, we can obtain the following relation-
ship:

𝜕(𝐺̂) < 𝜕(𝐺*) ≤ 𝜕(𝐺̃) ≤ 𝜕(𝐺),

which is a contradiction.
Lastly, there is a particular case where 𝑠 = 𝛿. In this case, 𝐺′ = 𝐾𝛿 ∨ (𝐾𝑛−2𝛿−1 ∪ (𝛿 + 1)𝐾1) = 𝐺̂. Combining

(1), (2) with the condition in the theorem, we have 𝐺 ∼= 𝐺̂. Let 𝑆 = 𝑉 (𝐾𝛿), and we can get

|𝑆|
𝑐(𝐺− 𝑆)− 1

=
𝛿

𝛿 + 1
< 1.

Thus, 𝐺 is not 1-tough. �

4. Proof of theorem 1.2

Proof of Theorem 1.2. Suppose 𝐺 does not satisfy the 𝜏 -tough condition. Then |𝑆| < 𝜏(𝑐(𝐺 − 𝑆) − 1)
for ∅ ̸= 𝑆 ⊂ 𝑉 (𝐺). Since 𝜏 ≥ 2, 𝑠 ≤ 𝜏(𝑐 − 1) − 1. For positive integers 𝑛1 ≥ 𝑛2 ≥ · · · ≥ 𝑛𝑐 ≥ 1 with∑︀𝑐

𝑖=1 𝑛𝑖 = 𝑛− 𝜏(𝑐− 1) + 1, 𝐺 ⊆𝑠𝑝 𝐺̃ = 𝐾𝜏(𝑐−1)−1 ∨ (𝐾𝑛1 ∪𝐾𝑛2 ∪ . . . ∪𝐾𝑛𝑐
). Lemma 2.1 yields

𝜕(𝐺̃) ≤ 𝜕(𝐺), (9)

with equality if and only if 𝐺 ∼= 𝐺̃.
Let 𝐺′ = 𝐾𝜏(𝑐−1)−1 ∨ (𝐾𝑛−(𝜏+1)(𝑐−1)+1 ∪ (𝑐− 1)𝐾1). By Lemma 2.5, we have

𝜕(𝐺′) ≤ 𝜕(𝐺̃), (10)

with equality if and only if 𝐺̃ ∼= 𝐺′. According to Lemma 2.3, it follows that

𝜕(𝐺′) ≥ 2𝑊 (𝐺′)
𝑛

=
−(2𝜏 + 1)(𝑐− 1)2 + (2𝑛 + 1)(𝑐− 1) + 𝑛2 − 𝑛

𝑛
:=

Φ(𝑐)
𝑛
·

From
∑︀𝑐

𝑖=1 𝑛𝑖 = 𝑛− 𝜏(𝑐− 1) + 1, we have 𝑛− 𝜏(𝑐− 1) + 1 ≥ 𝑐. If 𝑐 ≥ 3, then 2 ≤ 𝑐− 1 := 𝑥 ≤ 𝑛
𝜏+1 and

Φ(𝑥) = −(2𝜏 + 1)𝑥2 + (2𝑛 + 1)𝑥 + 𝑛2 − 𝑛.

Therefore,

Φ
(︂

𝑛

𝜏 + 1

)︂
− Φ(2) =

(𝑛− 2𝜏 − 2)
(︀
𝑛− 4𝜏2 − 5𝜏 − 1

)︀
(𝜏 + 1)2

≥ 0,

and min Φ(𝑥) = Φ(2). We obtain

𝜕(𝐺′) ≥ Φ(2)
𝑛

=
𝑛2 + 3𝑛− 8𝜏 − 2

𝑛
≥ 𝑛 + 3. (11)
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Let 𝐺̂ denote 𝐾𝜏−1 ∨ (𝐾𝑛−𝜏 ∪𝐾1) as mentioned in the theorem. By calculation,

𝑊 (2)(𝐺̂) =
∑︁

1≤𝑖<𝑗≤𝑛

𝑑2
𝑖𝑗(𝐺̂)

=
(𝜏 − 1)(𝑛− 1) + (𝑛− 𝜏)(𝑛 + 2) + (𝜏 − 1) + 4(𝑛− 𝜏)

2

=
1
2
𝑛2 +

5
2
𝑛− 3𝜏.

With the help of Lemma 2.4 and taking into account the prerequisite condition that 𝜏 ≥ 2, we can draw the
following inequality

𝜕(𝐺̂) ≤

√︃
2(𝑛− 1)𝑊 (2)(𝐺̂)

𝑛
=

√︂
(𝑛− 1)(𝑛2 + 5𝑛− 6𝜏)

𝑛

<

√︂
𝑛3 + 4𝑛2 − 5𝑛

𝑛
=

√︀
(𝑛 + 2)2 − 9

≤ 𝑛 + 2.

Thus, by virtue of (11), we infer that 𝜕(𝐺̂) ≤ 𝑛 + 2 < 𝜕(𝐺′). When we combine (9) and (10), we obtain

𝜕(𝐺̂) < 𝜕(𝐺′) ≤ 𝜕(𝐺̃) ≤ 𝜕(𝐺),

However, this relationship leads to a contradiction.
If 𝑐 = 2, 𝐺′ = 𝐾𝜏−1∨(𝐾𝑛−𝜏 ∪𝐾1) = 𝐺̂. From (9) and (10), and the theorem condition 𝜕(𝐺) ≤ 𝜕(𝐺̂), we have

𝜕(𝐺̂) = 𝜕(𝐺). Thus, it follows that 𝐺 ∼= 𝐺̂ = 𝐾𝜏−1 ∨ (𝐾𝑛−𝜏 ∪𝐾1). Let 𝑆 = 𝑉 (𝐾𝜏−1), then we can calculate

|𝑆|
𝑐(𝐺− 𝑆)− 1

= 𝜏 − 1 < 𝜏.

This means that 𝜏(𝐺) < 𝜏 , and 𝐺 is not 𝜏 -tough. �

5. Proof of theorem 1.3

Proof of Theorem 1.3. By contradiction, consider a non-empty vertex subset 𝑆 ⊂ 𝑉 (𝐺) with |𝑆| < 𝜏(𝑐(𝐺−
𝑆)−1), which implies 𝑐 ≥ 𝑠

𝜏 +2. For positive integers 𝑛1 ≥ 𝑛2 ≥ · · · ≥ 𝑛 𝑠
𝜏 +2 ≥ 1 with 𝑛1+𝑛2+· · ·+𝑛 𝑠

𝜏 +2 = 𝑛−𝑠,

it is straightforward to see that 𝐺 ⊆𝑠𝑝 𝐺̃ = 𝐾𝑠 ∨
(︁
𝐾𝑛1 ∪𝐾𝑛2 ∪ · · · ∪𝐾𝑛 𝑠

𝜏
+2

)︁
. Lemma 2.1 implies

𝜕(𝐺̃) ≤ 𝜕(𝐺), (12)

with equality if and only if 𝐺 ∼= 𝐺̃.
For simplicity in subsequent notation, let 𝐺̂ = 𝐾1 ∨

(︁
𝐾𝑛−1−( 1

𝜏 +1) ∪
(︀

1
𝜏 + 1

)︀
𝐾1

)︁
. By Lemma 2.3 and 𝑛 ≥

4𝜏 + 1
𝜏 + 5, we have

𝜕(𝐺̂) ≥ 2𝑊 (𝐺̂)
𝑛

=

(︀
1 + 1

𝜏

)︀
(2𝑛− 3) +

(︀
𝑛− 1

𝜏 − 2
)︀(︀

𝑛 + 1
𝜏

)︀
+ 𝑛− 1

𝑛

= 𝑛 +
1
𝜏

+ 1 +
1
𝜏
− 4

𝑛
− 5

𝑛𝜏
− 1

𝑛𝜏2

> 𝑛 +
1
𝜏

+ 1.
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Let 𝐺′ = 𝐾𝑠 ∨
(︁
𝐾𝑛−𝑠−( 𝑠

𝜏 +1) ∪
(︀

𝑠
𝜏 + 1

)︀
𝐾1

)︁
. By Lemma 2.5, we get

𝜕(𝐺′) ≤ 𝜕(𝐺̃), (13)

with equality if and only if 𝐺̃ ∼= 𝐺′. Consider partitioning 𝑉 (𝐺′) as 𝑉 (𝐺′) = 𝑉 (( 𝑠
𝜏 + 1)𝐾1)∪ 𝑉 (𝐾𝑛−𝑠−( 𝑠

𝜏 +1))∪
𝑉 (𝐾𝑠). Then 𝐷(𝐺′) has the following equitable quotient matrix:

𝑅𝜏,𝑠 =

⎛⎝ 2𝑠
𝜏 2

(︀
𝑛− 𝑠−

(︀
𝑠
𝜏 + 1

)︀)︀
𝑠

2
(︀

𝑠
𝜏 + 1

)︀
𝑛− 𝑠−

(︀
𝑠
𝜏 + 1

)︀
− 1 𝑠

𝑠
𝜏 + 1 𝑛− 𝑠−

(︀
𝑠
𝜏 + 1

)︀
𝑠− 1

⎞⎠.

It is straightforward to verify that this partition is equitable and the characteristic polynomial of 𝑅𝜏,𝑠 is

𝑃 (𝑅𝜏,𝑠, 𝑥) = 𝑥3 +
−𝑛𝜏2 − 𝑠𝜏 + 3𝜏2

𝜏2
𝑥2 +

−2𝑛𝑠𝜏 − 5𝑛𝜏2 + 3𝑠2𝜏 + 2𝑠2

+3𝑠𝜏 + 3𝑠𝜏2 + 6𝜏2

𝜏2
𝑥

+

𝑛𝑠2𝜏 + 𝑛𝑠𝜏2 − 2𝑛𝑠𝜏 − 4𝑛𝜏2 − 𝑠3𝜏 − 𝑠3 − 𝜏2𝑠2 + 𝑠2𝜏 + 2𝑠2

+2𝑠𝜏2 + 4𝑠𝜏 + 4𝜏2

𝜏2
·

For 𝐷(𝐺̂), the equitable quotient matrix 𝑅𝜏 = 𝑅𝜏,1 is obtained by substituting 𝑠 = 1 into 𝑅𝜏,𝑠. According to
Lemma 2.2, the largest root of 𝑃 (𝑅𝜏,𝑠, 𝑥) = 0 is 𝜕(𝑅𝜏,𝑠) = 𝜕(𝐺′). Similarly, the largest root of 𝑃 (𝑅𝜏 , 𝑥) = 0
equals 𝜕(𝐺̂). By direct calculation,

𝑃 (𝑅𝜏 , 𝑥)− 𝑃 (𝑅𝜏,𝑠, 𝑥) = (𝑠− 1)𝛼(𝑥),

where 𝛼(𝑥) = 𝜏𝑥2 + (2𝑛𝜏 − 3𝑠𝜏 − 2𝑠− 3𝜏2 − 6𝜏 − 2)𝑥− 𝑛(𝑠𝜏 + 𝜏2 − 𝜏) + 𝑠2𝜏 + 𝑠2 + 𝑠𝜏2 − 𝑠− 𝜏2 − 4𝜏 − 1. Then
the axis of symmetry of 𝛼(𝑥) is 𝑥 = −𝑛 + 3

2𝑠 + 𝑠
𝜏 + 3𝜏

2 + 3 + 1
𝜏 . Since each 𝑛𝑖 ≥ 1 and

∑︀ 𝑠
𝜏 +2
𝑖=1 𝑛𝑖 = 𝑛 − 𝑠, we

have 𝑛− 𝑠 ≥ 𝑠
𝜏 + 2, so 𝑛 ≥ 𝑠 + 𝑠

𝜏 + 2. If 2 ≤ 𝑠, we have

− 𝑛 +
3
2
𝑠 +

𝑠

𝜏
+

3𝜏

2
+ 3 +

1
𝜏
≤

(︂
𝑛 +

1
𝜏

+ 1
)︂

− 2
(︁
𝑠 +

𝑠

𝜏
+ 2

)︁
+

3
2
𝑠 +

𝑠

𝜏
+

3
2
𝜏 + 2 ≤ 𝑛 +

1
𝜏

+ 1,

which implies that

𝛼(𝑥) ≥ 𝛼

(︂
𝑛 +

1
𝜏

+ 1
)︂

= (𝜏 + 1)𝑥2 +
(︂
−4𝑛𝜏 − 2𝑛 + 𝜏2 − 3𝜏 − 6− 2

𝜏

)︂
𝑥

− 4𝜏2 − 12𝜏 − 7− 1
𝜏

+ 3𝑛2𝜏 + 𝑛
(︀
−4𝜏2 − 𝜏 + 2

)︀
≥ (𝜏 + 1)

(︂
𝑛− 2
1 + 1

𝜏

)︂2

+
𝑛− 2
1 + 1

𝜏

(︂
−4𝑛𝜏 − 2𝑛 + 𝜏2 − 3𝜏 − 6− 2

𝜏

)︂
− 4𝜏2 − 12𝜏 − 7− 1

𝜏
+ 3𝑛2𝜏 + 𝑛

(︀
−4𝜏2 − 𝜏 + 2

)︀
≥ 1

𝜏2 + 𝜏

[︀
𝑛2𝜏2 −

(︀
3𝜏4 + 4𝜏3 + 𝜏2

)︀
𝑛− 6𝜏4 − 6𝜏3 − 7𝜏2 − 4𝜏 − 1

]︀
≥ 1

(𝜏2 + 𝜏)(𝜏 + 1)
(︀
−12𝜏6 − 33𝜏5 − 14𝜏4 + 24𝜏3 + 22𝜏2 + 5𝜏

)︀
> 0.
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Thus, 𝑃 (𝑅𝜏 , 𝑥) > 𝑃 (𝑅𝜏,𝑠, 𝑥) for all 𝑥 ≥ 𝑛 + 1
𝜏 + 1. Hence, 𝜕(𝐺̂) < 𝜕(𝐺′). By combining (12) and (13), we get

𝜕(𝐺̂) < 𝜕(𝐺′) ≤ 𝜕(𝐺̃) ≤ 𝜕(𝐺),

which is a contradiction.
If 𝑠 = 1, then 𝐺′ = 𝐾1∨

(︁
𝐾𝑛−1−( 1

𝜏 +1) ∪
(︀

1
𝜏 + 1

)︀
𝐾1

)︁
= 𝐺̂. We have 𝜕(𝐺̂) ≤ 𝜕(𝐺) from (12) and (13). By the

theorem’s condition that 𝜕(𝐺) ≤ 𝜕(𝐺̂), we get 𝜕(𝐺̂) = 𝜕(𝐺). Thus, 𝐺 ∼= 𝐺̂ = 𝐾1∨
(︁
𝐾𝑛−1−( 1

𝜏 +1) ∪
(︀

1
𝜏 + 1

)︀
𝐾1

)︁
.

Let 𝑆 = 𝑉 (𝐾1), then we can calculate

|𝑆|
𝑐(𝐺− 𝑆)− 1

=
1

1 + 1
𝜏 + 1− 1

< 𝜏.

This shows that 𝐺 is not 𝜏 -tough. �
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