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TOUGHNESS AND DISTANCE SPECTRAL RADIUS IN GRAPHS

PEI-SHAN Lr*®, HONGZHANG CHEN® AND SHOU-JUN XU

Abstract. Let G be a connected graph with vertex set V(G). A variation 7(G) of toughness of G,
proposed by Enomoto in 1988, is defined as

- mi S| ,
7(G) = Sg%}?c){m :c¢(G—8) > 1},

where ¢(G —S) is the number of components of G — S for a subset S of V(G). For a positive real number
7, G is called 7-tough if 7(G) > 7. Chen et al. [Discrete Math. 347 (2024) 114191] gave sufficient spectral
radius conditions for a graph G to be 7-tough, where the spectral radius is the maximum eigenvalue of
the adjacent matrix of G and 7 or 1/7 is a positive integer. Analogously, in this paper, we investigate
the case of the distance spectral radius of G and present three tight distance spectral radius conditions,
respectively, and analyze the extreme cases, which are similar to Chen et al.’s results.
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1. INTRODUCTION

Let G = (V(G), E(G)) be a graph with edge set E(G) and vertex set V(G) = {v1,vs,...,v,} where n =
|[V(G)| denotes the order of G. Denote §(G) as the minimum degree and ¢(G) as the number of components
of G. For S C V(G), the subgraph of G induced by V(G) \ S is written as G — S. The disjoint union of two
vertex-disjoint graphs G and G5 is denoted as G; U G5. Moreover, the graph obtained from G; UGs by adding
all possible edges between V(G1) and V(G2) is called the join G1 V Ga. We use H Cg;, G to denote that graph
H is a spanning subgraph of G.

The distance matriz D(G) of G is defined to be an n x n real symmetric matrix, where for 1 < i,5 < n,
the element at the (7, j) position represents the distance d;;(G) between vertices v; and v;, which is the length
of the shortest path connecting them. We arrange the eigenvalues of D(G) in descending order as 0,(G) >
32(G) > -+ > 0,(G). According to the Perron-Frobenius theorem, when G is a non-trivial graph, d;(G) is
always positive and 01 (G) > |0x(G)| for 2 < k < n. We define 9(G) = 01(G) as the distance spectral radius of
G. Moreover, there exists a unique positive unit eigenvector corresponding to 9(G), which is called the Perron
vector and denoted as x = (1, xa,...,2,)".

Keywords. Toughness, distance spectral radius, quotient matrix.

School of Mathematics and Statistics, Lanzhou University, Lanzhou, Gansu, P.R. China.
*Corresponding author: 1ipsh2021@1zu.edu.cn

© The authors. Published by EDP Sciences, ROADEF, SMAI 2026

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/ro/2026079
https://www.rairo-ro.org
https://orcid.org/0009-0007-0715-3236
https://orcid.org/0009-0007-6601-0673
https://orcid.org/0000-0002-2046-3040
mailto:lipsh2021@lzu.edu.cn
https://creativecommons.org/licenses/by/4.0

2312 P.-S. LI ET AL.

In 1973, to understand the connectivity of a connected graph G, Chvétal [6] first introduced a new quantitative
indicator, called toughness, into graph theory. Specifically, toughness t(G) of G is defined as the minimum value
of the ratio of |S| to ¢(G — S) under the condition that S C V(G) and ¢(G — S) > 1, that is

~ mi 5] .
G)= Sg%/l?c){c(G—S) 1e(G—8) > 1}.

From the definition, it is easy to see that the smaller the value is, the more likely the graph will split when
a small number of vertices are lost, indicating that its connectivity is fragile. For a positive real number ¢, G
is called t-tough if t(G) > t. Beyond pure graph theory, the concept of toughness has found applications in
network security and design. Gao [11] theoretically studied the case where a network meets specific toughness
conditions, and he found that such a network can ensure network robustness and data transmission feasibility.
Furthermore, toughness can synergize with parameters such as isolated toughness and binding number to assess
network vulnerability [11].

The investigation on the connection between toughness and eigenvalues was started in 1995 by Alon [1].
Subsequently, Brouwer [2] proved a better lower bound for a d-regular graph G and conjectured that t(G) > $—1,
where ) is the second largest in absolute value among adjacency matrix eigenvalues of G. Later, Gu [13] first
proved part of this conjecture and fully proved it [14] in 2021. Given that eigenvalues of different matrices encode
distinct graph structures, recent studies have expanded to determine the conditions for a graph to be t-tough
using eigenvalues of different types of matrices, such as the adjacency matrix [8] and the distance matrix [17].

In 1998, Enomoto ingeniously proposed a variation of toughness of a connected graph G, denoted as 7(G), in
the literature [7], which opened up a new direction for the research on connectivity in graph theory. Specifically,
it is to find the minimum value of the ratio of |S| to ¢(G — S) — 1 under the condition that S C V(G) and
¢(G —S) > 1, that is

: Bl .
7(G) = Sg{l}?c){c(G—S)—l ce(G—=95) > 1}.
For a positive real number 7, G is called 7-tough if 7(G) > 7. The emergence of this concept has raised a crucial
question: Is it possible to find exact sufficient conditions to determine whether G is 7-tough or not? Previously,
Chen, Fan and Lin [4], as well as Chen, Li and Xu [5] have respectively carried out research. Specifically, the
former made use of the spectral radius, while the latter utilized the signless Laplacian spectral radius. Moreover,
they each gave sufficient conditions for determining that G is 7-tough, where 7 or % is a positive integer. Very
recently, Gao et al. [12] established tight sufficient conditions for the existence of fractional k-factors via 7(G),
which further expands the theoretical research and application scenarios of 7(G).

Inspired by these achievements, we delved into the relationship between 7-tough graphs and the distance

spectral radius. The main results obtained in this exploration process will be presented below.

Theorem 1.1. Let G be a connected graph of order n > max{94, % + 3 + 3} with minimum degree § > 2. If
O(G) <I(KsV (Kp—25-1 U (0 +1)K7)), then G is 1-tough unless G =2 Ks V (Kp—25-1 U (0 + 1)K7).

Theorem 1.2. Let G be a connected graph of order n > 472 + 57 + 1, where 7 > 2 be an integer. If (G) <
O(Kr-1V (K,—r UK)Y)), then G is T-tough unless G 2 K, 1V (K, UKy).

Theorem 1.3. Let G be a connected graph of order n > 4t + % + 5, where % > 1 be an integer. If 9(G) <
K1V (K,_1_5yU(:+1)Ky)), then G is T-tough unless G = K1V (K,,_1_, U (: +1)Ky).

n—s—2

2. PRELIMINARY LEMMAS

In this section, we aim to introduce several essential concepts and present some key lemmas. The following
inequality, which relates the distance spectral radius of a graph to that of its spanning subgraph, is fundamental
to our analysis.
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Lemma 2.1 ([9]). If e is an edge of a connected graph G such that G — e remains connected, then
0(G) < 9(G —e).

In the field of graph theory and matrix analysis, equitable partition and equitable quotient matrix are crucial
concepts, which provide a unique perspective to analyze the structures of matrices and the relevant properties
of graphs. We begin by analyzing matrices, as they serve as the foundational objects for defining equitable
partitions. Suppose there is a real matrix M of order n x n. To analyze its structure more clearly, we perform
a block partition on it. The rows and columns of matrix M are partitioned into pairwise disjoint nonempty
subsets X1, Xo, ..., X,,, which together form a partition of the index set {1,2,...,n}. Through this partition,
M can be presented as a block matrix in the following form:

Mii Mig -+ Mim
Moy Moo --- Map,
M = . . .

)

Mp1 My - Mym

where M, ; denotes the submatrix formed by rows in X; and columns in X;. Based on this block partition, we
construct the quotient matriz R(M), which is a matrix of dimension m x m. Let the sub-block M; ; be a p x ¢
matrix. The sum of the elements in its k-th row is

q
Sk:ZMi,j(k7t) (k:1,2,...,p).
t=1
The element at the (¢, j)-position in R(M) is the average of the row-sums of the sub-block M; ;, that is,
b
> 5=
k=1

If all elements of R(M) are constant, the partition and its quotient matrix are said to be equitable.

1
R(M);; = ’

Lemma 2.2 ([3,10,15]). For a real symmetric matriz M, all the eigenvalues of R(M) are also the eigenvalues
of M, where R(M) is the corresponding equitable quotient matriz of M. In addition, the spectral radius of R(M)
is the same as that of M if M is nonnegative and irreducible.

Both of these ideas are crucial to the following arguments. Two inequalities pertaining to the distance spectral
radius will then be introduced.

Lemma 2.3 ([16]). If G is a connected graph with order n, then

xI'(G)x _ 17(G)1  2W(G)
- > -
9(G) r:Icl;%( xT'x — 171 n

where 1 = (1,1,..., 1) and W(G) = X,_. di;(G).

1<J

Lemma 2.4 ([19-21)). If G is a graph with order n > 2 and W) (G) = di<ici<n d?

(@) < \/ 2(n - YWE(G)

n

(G), then

The equality holds if and only if G is K,,.
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We finish this section by stating two lemmas that are crucial to the proof.

Lemma 2.5 ([18]). Forny > ng > -+ > n, > 1 with Y ;_,n; = n— s, where n,c,s and n; (1 < i < c) be
positive integers, then

KV (Kp, UKy, U---UK, ) > 0(Ks V (K —s—(c—1) U (¢ = 1)K71)).
The equality holds if and only if KV (K, UKy, U--- UKy ) =2 K,V (Ky_g_(c—1) U (c = 1)K1).

Lemma 2.6 ([17]). Forny > 2p,ny >ng > -+ >n, > p and Z§:1 n; =n—s, wheren,c,s,p andn; (1 <i<¢)
be positive integers, then

O(KsV (Kp, UK, U---UK,)) > 0(Ks V (Kp—s—pe—1) U (c = 1)Kp)).

The equality holds if and only if Ky V (Kp, UKy, U UK, ) = KoV (Kp_s_pe—1) U (c—1)K}).

3. PROOF OF THEOREM 1.1

Proof of Theorem 1.1. Suppose to the contrary that G is not 1-tough. Then by the definition of 1-tough,
there is a subset S of V(G) such that |S| < ¢(G — S) — 1. Let |S| = s and ¢(G — S) = c¢. This same notation
will be used in the subsequent proof. Since s and ¢ are integers, it follows that s < ¢ — 2. Let G =K,V
(Kn, UKy, U...UK,_,,), where n; > ny > --- > ny4o > 1 are positive integers with Zfif n;=n-—s. Itis

straightforward to verify that G Cg, G. Thus, by Lemma 2.1, we have
0(G) < 9(G), (1)

with equality if and only if G = G.
Define G' = K, V (K;,—25s—1 U (s + 1)K7). Then by Lemma 2.5, we get

(G < (@), (2)

with equality if and only if G = G.

Let G denote the graph KsV (K,,—25—1 U (6 + 1) K7) mentioned in the Theorem 1.1. To derive a contradiction,
we need to show 8(G) < d(G). We prove this inequality by introducing intermediate graphs. A classification
discussion will be conducted according to the different values of s.

Case 1.5 >0+ 1.

Consider partitioning the vertices of G into V(G) =V((0+ 1K) UV(Kp_25-1) UV (Ks). It is not difficult
to prove that this partition is equitable with respect to the distance matrix D(G’) and corresponding equitable
quotient matrix Rs is given by:

200 2(n—26—-1) ¢
Rs=1204+1) n—2-2 1)
o+1 n—20—1 -1

We can calculate that its characteristic polynomial is

P(Rs,z) =2° — (n+6 — 3)2® — [(20 + 5)n — 56> — 6(6 + 1)] =
+ (67— 6 —4)n —26%(5 — 1) + 66 + 4.
Note that V(G’) has a partition analogous to V (G), explicitly given by V(G') = V((s + 1) K1) UV (Kp_95_1) U
V(Ks). Then, by substituting § with s in Rs (owing to the identical partition structure), we obtain the equitable
quotient matrix R,, whose characteristic polynomial is

3)

P(Ry,z) =2 — (n+s—3)2® — [(2s+ 5)n — 5s* — 6(s + 1)]
+ (s> —s—4)n—2s*(s — 1) + 65 + 4.
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Through straightforward calculation,
P(Réax) - P(Rsv'x) = (8 - 5)f($),

where f(z) =22+ (2n — 56 — 55 —6)x — (s + 0 — 1)n + 2(s> + 56 + 62 — s — §) — 6. By Lemma 2.3 and n > 99,
we note that )
aC) > 2W(G) _ (0+1)@n—-6-2)+n—-20-1)(n+0)+d(n—1)
n n
52 450 + 2
:(n+5+1)+5—¥>n+5+1.

The axis of symmetry of the function f(x) is given by z = —n—i—%s—&—%é—i—i& <n+d+1 (sincen > s+c > 2s+2),
which implies that
fl@) = f(n+d+1)
=25 — (6n 430+ 7)s + 3n* — 26n —n — 262 — 115 — 11

22(”;2>2—(6n+36+7)(n;2)

+3n% —20n —n—26% =116 — 11 (since n > s+ ¢ > 25 + 2)
1, (7. 1 )

=2 (L5 2 n—202-85-2

5" <25+2>n 5% — 85

>20% —35—1 (since § > 2)

> 0.

Lemma 2.2 shows that 9(G) (resp. 8(G’)) is the largest root of P(Rs,z) (resp. P(Rs,x)). Thus, combining with
(1) and (2), we obtain R .

I(G) < 9(G") < 9(GQ) < 9(G),
a contradiction.

Case 2.1 <s<¢—1.

It is easy to see that 5(@) > 6(G) =6, 80 ngyo — 1+ s> 0. This implies ng > ng > -+ >ngyo >d—s+ 1.
We now claim that ny > 2(6 — s+ 1). Suppose that n; < 2§ — 2s 4+ 1. Recalling that n; > ng > -+ > ngyo > 1
and 1 < s <4 —1, we have

n=5+nN1 + N2+ -+ Ngp1 + Nsy2
<s+(s+2)(20 —2s+1)
= —25% 4+ (20 — 2)s + 45 + 2 := n(s).

The axis of symmetry of the function n(s) is given by Saxis = 5;—1. When 6 > 3, 1 < saxis < 6 — 1. Substituting
8§ = Saxis into the function n(s), we obtain

§—1\2 §—1 52 5
<-—2(—= 26—2)( —— )| +40+2=— -
n(s) < ( 5 ) + (26 )( 5 )-I— o+ 2+35+2

When 2 < § < 3, we have s,yis < 1. Evaluating the function n(s) at s =1, we get
n(s) < —2+25 —2+45 +2 < 64.

The results in both cases lead to a contradiction with the condition that n > max{94, % + 30 + 3}. Now we
define a new intermediate graph G* = K,V (Kn,s,((;,sﬂ)(sﬂ) U(s+ I)K(;,SH). By Lemma 2.6, we have

9(G") < 0(G), (4)
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with equality if and only if G* 2 G. Next, we will prove 8(@) < 0(G*) by dividing it into two cases based on
the value of s, thereby deriving a contradiction.
Subcase 2.1. s = 1.

Consider the Perron vector x = (x1,x9,...,x,)" corresponding to 8(@) Since the vertex partition implies
that vertices in the same partition class have identical components in x, we have

T

A(@Q)zy = 201 + 2(n — 20 — 1)@y + dz3,
A @)as =6+ Day + (n—26 — Dag + (6 — Das.

Since D(G)x = 9(G)x, we derive

We have 221+ (6—2)x3 > 2x1 > 0since § > 2. Therefore, 225 > 21 > 0. In this case, G* = K1V (K, _25-1 U2Kjp).
By the definition of Rayleigh quotient, it follows that
A(G*) —a(G) > xT(D(G*) — D(G))x
=00 — 1)t +26(0 — Vw23 + (5§ — 1)(n — 25 — 1)asxs
+ (6 —1)(n —20 — 1)z3
=06(0 —1)(2x5 —x1)x1 + (6 — 1)(n — 20 — 1)asas
+(—1)(n—25 — 1)a3 > 0.

Therefore, d(G) < d(G*).

Subcase 2.2. 2 <s<§-—1.

In this case, G* = K, V (Kn_s_(5_3+1)(s+1) U(s+ 1)K5,s+1). Similar to Case 1, consider partitioning the
vertices of G* into V(G*) = V((s + 1)Ks_s11) U V(Kn,s,((;,sﬂ)(sﬂ)) UV (Ks). It is easy to show that this
partition is equitable with respect to the distance matrix D(G*) and the corresponding equitable quotient
matrix R s is given by:

(0—8)+2s(6—s+1) 2[ln—s—(0—s+1)(s+1)] s
Rss = 2(s+1)(0—s+1) n—s—0—s+1(s+1)—1 s
(s+1)(0—s+1) n—s—(0—s+1)(s+1) s—1

Through direct calculation, we find that its characteristic polynomial is

P(Rys,2) = 2%+ [s* — (6 + 1)s — n + 3]a® + [2s* — (46 +2)s®
+(26° — 36 +2n — 3)s” + (56% — 2nd + n + 50) s
+ 36° — 3nd + 60 — 5n + 6]z (5)
— 5>+ (20 +3)s* — (0 + 36 +n)s® + (nd — 65 + 2n — 5)s”
+ (462 - n§+4(5+2n)s—|—352 —3nd + 66 — 4n.

Since K,_s_1 is a proper subgraph of G, d(G) > d(K,_s_1) = n — § — 2. By Lemma 2.2, (G*) = d(Rs5),
which is the largest solution of P(Rss,z) = 0. We can then compare the largest solutions of the equations to
determine the magnitudes of the matrix eigenvalues. When (3) and (5) are combined, we get
P(Rs,n—06—2) — P(Ry5,m— 6 —2)
= (6 — s)[3sn® + (40 +25® — (26 + 3)s* — (96 + 9)s + 4)n — st—(6+1)s3
+(26% 466 4 4) s> + (66% + 116 4+ 5) s — 53° — 95 — 4]
= (6 — s)g(n).
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Since 2 < s and 0 > s+ 1 > 3, the axis of symmetry of g(n) is given by
=283 + (26 + 3)s? + (96 + 9)s — 46 — 4

6s
1 204+3  36+3
< _ g2
S S A
1/26+3\> 204+3/20+3\ 36+3
< -z - +
3 4 6 4 2
27
:752 5 i
+0+ 16
<§62+25+2.
Therefore,
1 2
gn) >g¢ 5(5 +20+2
)
= 7[0(356% — (45® — 65 — 8)0 + 4s° — 145 + 65 + 20)
+125% — 165> —4s + 28] — (s — 1)(s® — 25 + 1) + 3
)
21[6(333—6524—235—1—28)+1253—1632—4s+28] (s —1)(s® =252 +1) +3
)
Z1(3844-683—1—7524-2484—28)—(5—1)(33—282—|—1)+3
1
21(3554—2344—19534—1652+24s+16)
> 0.
Then

P(Rg,n—6—2)>P(Rs7g,n—6—2). (6)
Now, we consider the derivatives of (3) and (5). After subtracting one from the other, we obtain

/(R57 ) - P/(RS 5755)

=(6—s)[(2s —2)z +25® — (26 + 2)s> — (56 — 2n + 3)s + 26 + n]
> (6—s)[(2s —2)(n— 6 —2) + 25> — (26 + 2)s® — (56 — 2n + 3)s + 25 + n]
= (6 —s)[2s% — (26 +2)s® + (4n — 76 — T)s + 40 — n + 4]

= (0 — s)h(s).

We divide the value of § into two cases for consideration: 3 < § <5 and § > 5. The derivative of h(s) is greater
than 0 in both cases. Thus, we have that h(s) is monotonically increasing within the interval (2,6 — 1), and
therefore

h(s) > h(2) = Tn — 186 — 2 > 456 — 2 > 0.
Therefore, we can conclude that
P'(Rs,x) > P'(Rs5,7). (7)
Next, we will determine the monotonicity of P(Rs,z) according to the sign (positive or negative) of P'(Rs,z).
The axis of symmetry of P'(Rs,x) is

0+n—3

3 §(n—5—2)—1§45+1<n—5—2,
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and then
P/<R5,.Z') > P'(R[;,n —6-2)

=n? — (85 + 7)n + 106% + 165 + 6
> 1962 — 475 + 6
> 0.

(8)

By comprehensively considering the conditions given by (6), (7), and (8), we can draw the conclusion that
A(G) < d(G).
Furthermore, by combining the results of (1), (4), Subcases 2.1 and 2.2, we can obtain the following relation-
ship:
(@) < d(G*) < Q) < A(G),

which is a contradiction. A
Lastly, there is a particular case where s = ¢. In this case, G' =KsV (Kyp_25-1U(0+1)K;) = G. Combining
(1), (2) with the condition in the theorem, we have G = G. Let S = V(K5), and we can get

5] g

- 1.
(G-8)—1 6+1°

Thus, G is not 1-tough. O

4. PROOF OF THEOREM 1.2

Proof of Theorem 1.2. Suppose G does not satisfy the 7-tough condition. Then |S| < 7(¢(G — S) — 1)
for  # S C V(G). Since 7 > 2, s < 7(¢ — 1) — 1. For positive integers ny > ng > -+- > n. > 1 with
Sini=n—7(c—1)+1,GCsp G=Kr(c—1)-1 V (Kn, UK, U...UK, ). Lemma 2.1 yields

A(G) < 9(G), 9)

with equality if and only if G = G.
Let G' = K-(c—1)-1 V (Kp—(741)(c—1)41 U (¢ = 1) K1). By Lemma 2.5, we have

a(G") < 9(G), (10)
with equality if and only if G 2 G’. According to Lemma 2.3, it follows that

aG) > 2W(G") _ 27+ 1)(c—=1)2+2n+1)(c—1)+n?—n _ <I>(c).

- n n n

From 37 nj=n—7(c—1)+1,wehaven —7(c—1)+1>c. If ¢ >3, then 2 <c—1:=2 < 15 and
d(z) = —(27 + )2* + (2n + )z +n? —n.

Therefore,

n  (n—2r—-2)(n—472 57— 1)
®(7+1)_®(2) (r+1)2 20,

and min ®(z) = ®(2). We obtain
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Let G denote K, 1V (K,—;UK;) as mentioned in the theorem. By calculation,

WG - Y &)

= Dm-D+ (=) 42+ (T =1 +4n—7)
2
1 )
= 5”2 + §n—3’7—

With the help of Lemma 2.4 and taking into account the prerequisite condition that 7 > 2, we can draw the
following inequality

a(C) < \/Q(n— HWE(G) _ \/(n_ 1)(n? + 51 — 67)

n n

3 42_5
w: /(n+2)2_9

n
<n+2.

Thus, by virtue of (11), we infer that d(G) < n + 2 < d(G'). When we combine (9) and (10), we obtain
2(G) < A(G") < 9(G) < A(G),

However, this relationship leads to a contradiction.
Ife=2, G =K, 1V(K,—;UKj) = G. From (9) and (10), and the theorem condition 0(G) < 9(G), we have
0(G) = 9(@). Thus, it follows that G 2 G = K,_1 V (K,,— UK1). Let S = V(K,_1), then we can calculate

51

7C(G_S)_1:T—1<T.

This means that 7(G) < 7, and G is not 7-tough. O

5. PROOF OF THEOREM 1.3
Proof of Theorem 1.3. By contradiction, consider a non-empty vertex subset S C V(G) with |S| < 7(c¢(G —
S)—1), which implies ¢ > 2 +2. For positive integers ny > ng > --- > nsio > 1 withni+ng+--+nsi2 =n-—s,
it is straightforward to see that G Cg), G=K,V (Km UK, U---UK

ns
T2

). Lemma 2.1 implies

(@) < (@), (12)

with equality if and only if G = G.
For simplicity in subsequent notation, let G=KV (Kn717(l+1) U (% + 1)K1). By Lemma 2.3 and n >
41 + % + 5, we have
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Let G' = K,V (ansf(iﬂ) U (f + 1)K1>. By Lemma 2.5, we get

a(G') <a(G), (13)

with equality if and only if G = . Consider partitioning V(G’) as V(G') = VIE+DEK) UV, s (241)) U
V(K). Then D(G') has the following equitable quotient matrix:

B a(n-s—(241) s
R, s = 2(§+1)n757(§+1)71 s
241 n—-s—(241) s-—1

It is straightforward to verify that this partition is equitable and the characteristic polynomial of R,  is

—2nsT — bnT? + 35271 + 252
—n72 — s7 + 372 9 +3s7 + 3572 + 672
z° +
T2 72
ns2r + nst? — 2nst — 4Ant? — 37 — §3 — 7252 4 §27 4 252
+2572 4+ dsT + 472

+
T2

x

PR, s, z) = ® +

For D(G), the equitable quotient matrix R, = R, is obtained by substituting s = 1 into R, ;. According to
Lemma 2.2, the largest root of P(R, s,z) = 0is 0(R;s) = 0(G’). Similarly, the largest root of P(R,,z) = 0

equals 8(G). By direct calculation,
P(R: x) — P<RT,S7CC) = (s — Da(z),
where a(z) = 722 + (2n7 — 357 — 25 — 372 — 67 — 2)z —n(sT+ 72 —7) + 827 + 52 + 572 — s — 72 — 47 — 1. Then

the axis of symmetry of a(x) is z = —n + %s—i— 2+ 377 +3+ % Since each n; > 1 and Zf;f n; =n—=s, we
haven752§+2,son25+f+2. If 2 < s, we have

3 s 3T 1 1
—-n+-s+—-—+—+4+3+-<(n+—-+1
2 T 2 T T

3 3 1
—2(s+§+2>+78+5+77+2§n+7+1,
T 2 T 2 T

which implies that
1 , , 2
az)>aln+—-—+1)=F+Da*+—-4nt—2n+7°-37—-6—— |z
T T
1
—4r% =121 = T— = +3n’r +n(—4r* — 7+ 2)
T

n—2\> n-2 ) 2
>(r+1) I +1+1 —4dnT —2n+ T —37—6—;

1
—4r% — 121 = T— = + 30’7 +n(—4r* — 7+ 2)
T
1
> - [n27'2 — (37’4 + 473 +72)n — 67t — 673 — 7% — 41 — 1]
T+ T

1
> ————————(—12r% — 337° — 147" 4+ 247° + 227% + 57
- (72+T)(T+1)( )

> 0.
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Thus, P(R.,z) > P(R;,z) for all z > n+ 1 + 1. Hence, d(G) < 9(G"). By combining (12) and (13), we get
2(G) < (G") < 9(G) < A(G),

which is a contradiction. R A
If s=1,then G = K; V (Kn_l_(;_H) UL+ I)Kl) = G. We have 0(G) < 9(G) from (12) and (13). By the
theorem’s condition that 9(G) < A(G), we get d(G) = (G). Thus, G = G = K, V (Kn—1—(i+1) u(d+ l)Kl).
Let S = V(K}), then we can calculate
s
(G-9)-1 1+Li4+1-1

T.

This shows that G is not 7-tough. O
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