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ON INTERVAL-VALUED BILEVEL OPTIMIZATION PROBLEMS USING UPPER
CONVEXIFICATORS

STEPHAN DEMPE!, NAzZIH ABDERRAZZAK GADHI'! AND MOHAMED OHDA?*

Abstract. In this paper, we investigate a bilevel interval valued optimization problem. Reducing
the problem into a one-level nonlinear and nonsmooth program, necessary optimality conditions are
developed in terms of upper convexificators. Our approach consists of using an Abadie’s constraint
qualification together with an appropriate optimal value reformulation. Later on, using an upper esti-
mate for upper convexificators of the optimal value function, we give a more detailed result in terms
of the initial data. The appearing functions are not necessarily Lipschitz continuous, and neither the
objective function nor the constraint functions of the lower-level optimization problem are assumed to
be convex. There are additional examples highlighting both our results and the limitations of certain
past studies.
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1. INTRODUCTION

Bilevel optimization problems are mathematical programs defined by two optimization problems where one
optimization problem contains another optimization problem as a constraint. Indeed, feasible solutions of the
bilevel optimization problem are restricted to lower level optimal solutions satisfying the upper level constraints.
These problems have been the topic of a number of monographs, e.g. [2,8,13,29] and articles, see the annotated
bibliographies [9,10]. The upper level optimization problem is commonly referred to as the leader’s optimization
problem and the lower level optimization problem is known as the follower’s optimization problem. The latter
one is in fact a parametric optimization problem that is solved with respect to the lower level variables, while
some of the upper level variables act as parameters. Recently, extensive work on bilevel optimization problems
has been carried out [11,14-16,18,19,22-24]. For instance, Kohli [22] gave the necessary optimality conditions
for bilevel programming problems with a convex lower-level problem. Using a scalarization technique together
with a generalized Abadie constraint qualification, Lathim et al. [23] derived Karush-Kuhn-Tucker (KKT)-
type necessary optimality conditions for bilevel multiobjective optimization problems. Gadhi and Ohda [19]
recently developed necessary optimality conditions in terms of tangential subdifferentials for multiobjective
bilevel programming problems using the concept of efficiency.
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If we take the objective function as a closed interval in optimization, we get an interval-valued optimization
problem. This sort of problem may provide the possibility for a different choice that will address uncertainty in
optimization. Many researchers have studied optimality conditions for interval-valued nonlinear programming
problems [3,4,20,27].

In this paper, we are concerned with the following interval-valued bilevel optimization problem:

(IVP) : Ii}lyn F(z,y) = [Fr(z,y), Fu(z,y)]
Lsubject o Gizy) < 0. Vi€, yeua), (vy) €RM xR™,

where, for each z € R™, ¢(x) is the LU-solution set of the following parametric interval-valued optimization
problem:

min f@,y) = [frlz,y), fo(z,y)]
subject to: g;(z,y) <0, Viel, yeR"™.

(IVPm):{

Here, I :={1,...,mq}, J:={1,...,ma}, mi, ma, n1 > 1, ng > 1 are integers and fr, fv, 91, gv, Fi, Gj :
R™ x R™ — R are given functions such that Fr(z,y) < Fy(z,y), for all (z,y) € Q, where

Q:={(z,y) e R™ xR" : Gj(z,y) <0, VjeJ, andy € (z)}

is the feasible set of (IVP). We suppose that for each x € R™ and each y € Z(z), the lower level objective
interval-function f satisfies the inequality fr(x,y) < fu(x,y), where

E@):={yeR":g(z,y) <0, Vie I}

is the lower-level feasible set of (IVP). In this work, for two intervals A = [ar, ay] and B = [br, by], the partial
order is defined as follows:
A <py B if and only if ap < by and ay < by.

Consequently, a point § € (%) if and only if

f(fvy) <Lu f(fv y)v Vy € E(f)
ie. fu(@y) = [o(@,y) 2 0and fu(T,y) - fo(T,9) 20, Yy cE(@)
A feasible point (Z,7) is said to be a local LU-optimal solution of (IVP) if there exists a neighborhood U of
(z,y) such that
F(Ea?) <ru F($7y)a V(Jf,y) eQnvU.

Notice that ¥ (z) = ¢r(x) N (z), where ¢ (z) and ¢ (z) are the solution sets of the following parametric
optimization problems

min T,
subject to:  g;(x,y) <0, Viel.
and
min x,
(avey) . | e fo(z,y) .

subject to:  g;(z,y) <0, Viel.
respectively. Moreover, if F(x,y) = Fy(z,y) and fr(z,y) = fu(z,y) for all (z,y) € R™ xR"2, the optimization
problem (IVP) under consideration reduces to the well-known usual bilevel optimization problem that we’ve
talked about previously [1,2,8,10,13,15,18,22, 28|.

In this paper, we seek to develop Karush-Kuhn—Tucker type optimality conditions for the interval-valued
bilevel optimization problem (IVP). Using an optimal value reformulation adapted to (IVP), we first reformu-
late (IVP) as a one-level scalar optimization problem. Then, using a suitable Abadie’s constraint qualification
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expressed in terms of upper convexifactors, we provide the necessary optimality conditions of (IVP). Afterwards,
using an upper estimate for upper convexificators of the optimal value function, we give a more detailed result
in terms of the initial data. Even for ordinary bilevel optimization problems, our approach is novel, and our
results are extremely relevant in comparison to those of Kohli [22], because we are not limited to the case where
the lower-level objective function and constraints functions must be convex or even locally Lipschitz. Examples
that illustrate both our findings and the limitations of those published in [22, Thm. 5.1] (see Examples 15, 18
and 20) are provided. To the best of our knowledge, there is no paper studying the KKT optimality conditions
for interval-valued bilevel optimization problems via upper convexificators.

The rest of the paper is organized in this way: Section 2 contains basic definitions and preliminary material.
Section 3 addresses the main results (necessary optimality conditions). A conclusion is given in Section 4.

2. PRELIMINARIES

In this section, we give some definitions, notations, and results, that will be used in the sequel. For a subset
D of R™, the sets ¢l D, conv D, pos D and D~ stand for the closure of D, the convex hull of D, the convex
cone (including the origin) generated by D, and the negative polar cone of D, respectively. Let z € ¢l D, the
contingent cone Tp(x) to D at x is defined by

Tp(xz) ={v € R™: 3t, \, 0 and Jv, — v such that = + t,v, € D, V n}.
The negative polar cone of a set D C R" is defined by,
D™ ={deR":{d,z) <0, Vze D}

A function f: R” — R := RU {400} is said to be locally Lipschitz around & € domf = {x € R" | f(x) € R},
if there exist a neighbourhood U of T and k& > 0 such that

[f(@) = fW) < kllz —yll Vao,yel,

where ||.|| denotes any norm in R™. In [5], it was shown that when f is locally Lipschitz, the generalized

directional derivative .
v — f%Z, v) = limsup fl@+tv) — f(@)

b
T, t\0 t

is a finite sublinear function; moreover, it is positively homogeneous and thus convex. The following set
O°f(@) = {z* eR™: (z*, v) < fO(Z, v), Vv € R"},

called the Clarke subdifferential [5] of f at Z, is then a nonempty convex compact subset of R™. When f is convex
and continuous at 7, then f is locally Lipschitz and f'(z, v) = f°(%, v) for any v € R", where v — f/(T,v) is
the usual directional derivative defined by

v — F(@, v) = limsupl EF ) = F@)
t\0 t

As aresult, 0°f(T) is exact the subdifferential of f in the sense of the convex analysis, usually denoted by 9f(Z).
Now, we recall the definitions related to convexificators given by Jeyakumar and Luc [21] as well as Dutta
and Chandra [17]. Let f : R™ — RU {400} be a given function and let x € domf. The expressions

fi (@) = liminf [f(@ -+ t0) — f())/t

and

fj(x,v) = limsup [f(z + tv) — f(x)]/t
N0

signify, respectively, the lower and upper Dini directional derivatives of f at x in the direction v.
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Definition 1. [17] Let f : R® — R be a given function.

— f is said to have an upper convexifactor (UCF) 0* f(z) at € R™, if 9* f(x) C R™ is a closed set and

fy(@,v) < sup (2%, v), VveR"
z*€0* f(x)

— f is said to have a lower convexifactor (LCF) 0* f(z) at x € R™, if 9* f(x) C R" is a closed set and

T(x,v) >  inf  (z*,v), Yo eR"™.
fiwo)z it @)

A closed set 0*f(xz) C R™ is said to be a convexificator (CF) of f at x if it is both an upper and lower
convexificator of f at x.

Definition 2. [17] Let f : R® — R be a given function. f is said to have an upper semi-regular convexifactor
(USRCF) 0* f(z) at = € R™, if 9* f(x) C R™ is a closed set and

ff(xv) < sup (2*,v), VweR™
z*€d* f(x)

Remark 3. For locally Lipschitz functions, one may find upper (semi-regular) convexifactors which are smaller
than the Clarke subdifferential [5] and the Mordukhovich subdifferential [25] as Example 4 shows. In addition,
an upper (semi-regular) convexifactor may contain only a finite number of elements.

Example 4. Let f : R? — R such that

flw,y) = 3lal = |yl V(z,y) € R™.

— The function f admits
a*f(070) = {(37 _1)a (_37 1)}

as an upper semi-regular convexificator at (0,0); whereas the Mordukhovich subdifferential of f at (0,0) and
the Clarke subdifferential of f at (0,0) are respectively the sets

O"f(0,0)={(t, 1) eR*: —=3<t<3}U{(t,—-1)eR*: -3 <t <3}

and
9°£(0,0) = conv {(3,-1),(=3,1),(3,1),(=3,—-1)}.

— Observe that the upper semi-regular convexificator 9* f(0,0) is strictly included in the Mordukhovich sub-
differential 9™ f(0,0). More than that, the convex hull of 9* f(0,0) is a proper subset of both 9¢f(0,0) and
conv ™ £(0,0).

Remark 5. Example 4 shows that necessary optimality conditions that are expressed in terms of UCFs or
USRCF's may provide sharp conditions even for locally Lipschitz functions.

Proposition 6. Let F := {1,2}. Suppose that the functions f1 : R™ — R and fo : R* — R are continuous at T
and admit USRCFs 0* f1(T) and 0* fo(T) at T. Then |J O*fi(T) is an USRCF at T of the min-function
i€ F(T)
h(z) := min{ f1(z), fa(z)},
where F(T) :={i € F : f;(T) = h(T)}.

Proof. The proof consists of two steps.
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— If f1(%) < f2(T), then F(T) = {1} and h(z) = f1(z) for each z in a neighborhood of Z. Hence

b (z,v) = (f)F@wv) < sup (2%,0), YoeR™
w* €0* f1(T)
Consequently, 0*h(T) := 0* f1(T) is an upper semi-regular convexificator of h at T. Similarly, if fo(Z) < f1(T),
we get 0*h(T) = 0* f2(T) is an upper semi-regular convexificator of h at Z.
— It f1(Z) = f2(T), then F(z) = {1,2}. Let v € R™.
e Since h(Z) = f1(T) = f2(T) and since

h¥(Z,v) = limsup hi@ +tv) = h(E)

N t
we have )
I, v) = limsup min{f1(Z + tv) — f1(T), fo(T + tv) — [1(Z)}
NS t
Then,
hg (T, v) < limsup max{h(@ ¥ ) = 1(2). L@+ ) - f2($>}'
N0 3
Consequently,
h; (Z,v) < maxq lim sup hE@+t) - f (T), lim sup hE+tv) - f(T) .
N0 3 N0 t
Thus,

hi (@ v) < max{ (7] @ 0), (f2)] (@ v)}.
e Since 0* f1(T) and 9* fo(T) are USRCFs of f; and fy at Z, we deduce
h:{ (Z,v) < max sup  (z*,v), sup  (z*,v) ;.
z*€0* f1(T) z* €0* f2(T)

Finally, we obtain
h;‘ (T,v) < sup (x*,v), VoveR"
z* €0* f1(T)UD* f2(T)

which means that
O*h(T) = 0" f1(T) U O* f2(T)

is an upper semi-regular convexificator of h at .

The following Lemma is needed in the sequel.
Lemma 7. [18] Let B be a nonempty, convex and compact set and A be a convex cone. If

sup(v,d) >0, for allde A~
vEB

then
0e B+cl A

To progress, we need the following definitions.
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Definition 8. [21] A set valued mapping ¢ : R? = RY is upper semicontinuous (u.s.c.) at x, if for each £ > 0,
there exists § > 0 such that, for each ' € x + dBg» we have

P(z') C P(z) + eBro,
where Bgrr and Brq are the unit balls in RP and RY, respectively.

Definition 9. [12] The set-valued mapping ¢ : R? = R? is said to be inner semicompact at T, ¥(Z) # 0, if and
only if, for every sequence x — T with 1)(xy) # 0 there is a sequence of yi € ¥(zy) that contains a convergent
subsequence as k — oo.

Remark 10. [12] The inner semicompactness of the set-valued mapping ¢ : R? = R? holds whenever ¢ is
uniformly bounded and has nonempty values around Z, i.e. there exist a neighbourhood U of T and a bounded
set A C RY such that ¢(x) C A, for all x € U.

3. NECESSARY OPTIMALITY CONDITIONS

Let (Z,7) € Q. For each (z,y) € Q, we set

¢(‘T7y) = min{FL(xa y) - FL(fvy)a FU(I’,y) - FU(E,?)}
Next, let us look at how the interval-valued (IVP) is connected to the scalar optimization problem
min ¢(x,y
(P*) . z,y ( ) 7
s.t. (z,y) € Q.

Proposition 11. (Z,7) € Q is a local LU-optimal solution of (IVP) if and only if (T,7) is a local optimal
solution of (P*).

Proof. The proof consists of two parts.

— Suppose that (Z,7) be a local LU-optimal solution of (IVP). Then, there exists a neighborhood Uy of (Z,7)
such that
FL(%?J) - FL(§7y) >0 and FU(x7y) - FU(an) > Oa V(l‘,y) € UO N

Since ¢(Z,7) = 0, we obtain
d(z,y) — ¢(T,7) > 0, ¥(z,y) € Up N

— Suppose that (Z,7) is a local optimal solution of (P*). By absurdness, suppose that there exists (z,,y,) € Q
such that (z,,yn) — (Z,7) and

FL(an) > FL(xnayn) or FU(Evy) > FU(xnayn)

Consequently,
0 > FL<xnayn) - FL(£7?) or 0 > FU(wnayn) - FU(fay)

Then, 0 > ¢(x,,yn). Since ¢(Z,7) = 0, we obtain

AT, Y) > &(Tn,Yn);

which contradicts the fact that (Z,7) is a local optimal solution of (P*).
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In order to get necessary optimality conditions of (IVP), we consider the optimal value functions V7, : R™ — R
and Vy : R™ — R defined by

Vi(z) := min{fr(z,y) : gi(w,y) <0, Viel},

and
Vu(x) := myin{fU(x,y) cgi(z,y) <0, Viell.

Observe that with the help of the optimal value functions V7, and Vi, for each « € R™*, the solution sets ¢y, (x)
and ¢y (z) may be formulated as

Yr(z) = {y € E(x) such that fr(z,y) =V (x)}

and
Y (z) = {y € E(z) such that fy(z,y) = Vu(z)}.

Using the optimal value reformulation, (P*) can be replaced by the optimization problem

min ¢(z,y)
z,y
(x,y) e R™ x R™ :
(13) : G,(z,y) <0, vjed,
s.t. ¢ gi(z,y) <0, Viel,

fL(x7y) - VL(Z) S 07
fu(z,y) = Vy(z) <0.

It is worth noting that

(z,y) € R™ x R™:

Gji(z,y) <0, Vi € J,
Q=< gi(z,y) <0, Viel,

fL(x7y) - VL(x) < 07

Jo(z,y) = Vu(z) <0

Nevertheless, due to the nondifferentiability of the value function, (}3) is in general a nonconvex and nondif-
ferentiable optimization problems even if all its defining functions are convex and smooth, see [6]. Moreover,

due to the bilevel structure, the Mangasarian Fromovitz constraint qualification for (P is never satisfied. To
obtain necessary optimality conditions, we suggest the following constraint qualification.

Definition 12. We say that nonsmooth Abadie constraint qualification (ACQ) holds at (Z,7) € Q if
I'(@,y)" CTo(z,7),

where

rey):=| U ocaEn|ul U 0u@n
JEJ(T.Y) i€l(z,y)

U (0" fL(z,y) — 0"Vi(T) x {0}) U (0" fu (%, 7) — 0" Vu(T) x {0}).

Remark 13. Under the following hypotheses (H;), (Hz), (Hs) and (Hy), the optimization problem (]5) has
at least one optimal solution.
(Hy): Fr(+,-) and Fy(-,-) are Ls.c. on R™ x R™2,
fr(-,+) and fy(-,-) are Ls.c and V5,(-) and Vi () are upper semicontinuous (u.s.c.) on R™!.
G;(-,-) and g;(-,-) are Ls.c. on R"* x R"?
The feasible set €2 is nonempty and bounded.

(HQ) .
(Hs) :
(Ha) :
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For the rest of the paper, we will make use of the following assumptions.

Assumption 1.
— Fy and Fp, are locally Lipschitz and admit bounded USRCFs 0* Fy; (T, y) and 0*FL(Z,7) at (T, 7).
- G;,Vj € J(Z,9), g;,Vi € I(Z,7), fu and fr admit UCFs 0*G;(%,9),Vj € J(%,7), and 0*¢;(%T,7),Vi €
( Y), 0* fu(z,7) and 0* f(Z,7) at (T,7). Here, I(T,y) and J(T,7) denote the sets of the active constraints

at (%.7).
- VU and V, admit UCFs 0*Vy (Z) and 9* VL, (Z) at .

Assumption 2.
— Fy, Fr, fu and fr, are locally Lipschitz and admit bounded USRCFs 0*Fy (%, 5y), 0*FL(Z,5), 0* fu(Z,7)
and a*fL(Tv y) at (Tv y)
- G;,Yj € J(T,y), and g;,Vi € I(%,y), are continuous and admit UCFs 0*G;(7,7),Vj € J(,y), and
9"9:i(7,7), Vi € I(z,7), at (T,7).
Assumption 3.
— There is a neighborhood U of (Z,7) such that:
e 0*f, 0*fu, 0%gi,Vi € I(Z,y), are bounded upper semi-continuous set valued mappings over U N grEZ.
e For all (x,y) € UNgrZ, the sets 0* fy(x,y) and 0* fr,(x,y) are USRCFs of fy and fr, at (z,y).
— The argminimum maps 1y, and 1, are inner semicompact at 7.
Theorem 14. Let (Z,7) € Q be a local LU-optimal solution of (IVP) where (ACQ) holds. Suppose that

pos T'(Z,7) is closed and that Assumption 1 is satisfied. Then there exist scalars A1, o > 0, My + A2 =1, a; >
0, jeJ(@,y), B; >0, j€J(@,7),y>0, p>0 such that

A1 conv 0" FL(Z,7) + A2 conv 0" Fy (T, ) + Z a; conv 0°G;(T,7)
JEJ(Z,Y)
(0,0) € + Z Bi conv 0% g;(Z,y) + v conv 0" fr.(T,Y) + p conv 0" fu (T,7) |- (1)
i€I(Z,7)
—v conv 0"V (T) x {0} — p conv 0"V (T) x {0}

Proof. Since (Z,7) is a local LU-optimal solution of (IVP), by Proposition 11, it is a local optimal solution of
(P*). Consequently, there exists a neighbourhood U of (Z,%) such that for all (z,y) € UNQ

o(2,y) = ¢(T,7). (2)
— We claim that
¢t ((7,7),d) >0, for all d € [pos I'(Z,7)] . (3)
Indeed, let d = (dy,ds) € To(T,y). Then, there exist ¢, N\, 0 and d,, = (dn,, dn,) such that

(Z,7) + tnd, € Q.
For n large enough, we have (Z,7) + t,d, € UNQ; and by (2) we get

¢((f7 y) + tndn) — ¢(Ea y)

> 0.
tn -

Since

d)((f, y) + tndn) B (b(fa y) o ¢((f7 g) + tn(dnl ) dnz)) — ¢(fa y)

tn tn

(ﬁ((f,?) + tn(dn17dn2>) — (b((fa ?) + tn<d1,d2)) + ¢(<§’y) + tn(dla d2>) — d)(ja y)
7% ty
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And since ¢ is locally Lipschitz, we have

O, 7) + tn(dnys dny)) = (T, ) +tn(dr,d2))
tn

Letting n — 400, we obtain
¢ ((Z,7),d) >0, for all d € To(T,7).

Since (ACQ) holds at (Z,7), we get
¢"((7,9),d) 20, for all d € I'(7,7)";

which implies inequality (3).
— From inequality (3), we have

sup (n,d) >0, for all d € [pos T'(Z,7)] ",
n€d* $(,7)

where
0" ¢(%,Y) := conv (0" Fr(%,y) U0 Fy(7,7))

is an upper semi-regular convexificator of ¢ at (%, 7).

e Using that 0*¢(Z,7) is convex and compact and Lemma 7, we get
(0,0) € 9"¢(Z,Y) + cl pos I'(T, 7).
e By the closedness of pos I'(Z,7), we deduce

(0,0) € 9%¢(z,7) + pos I'(Z, 7);

which combined with (4), implies the existence of scalars A1, Ay € [0, 1] satisfying A\; + Ay = 1 and

(0,0) € Ay conv " Fp(T,Y) + A2 conv 0" Fy (T, 5) + pos T'(Z, 7).

Thus,

A1 conv O*FL(Z, ) + Ao conv 0" Fy (T,7) + Z pos 0*G;(Z,7) + Z pos 0% g;(T,7)

0e jeJ(z.y)

+pos (0" fr(Z,5) — O"VL(T) x {0}) + pos (0" fu (T, ) — 0" Vy(Z) x {0})

Consequently, we can find scalars a; > 0, j € J(Z,y), 8; >0, i € I(Z,7), v >0, p > 0 such that

[ A1 conv 0 FL(T,5) + Ao conv 8" Fy(T,7) + Z a; conv 9* G4 (T, 7]

JEJ (T Y)
(0,0) € + Z Bi conv 9% gi(T,7)
i€ I(7,7)
+v (conv 0" f1.(Z,7) — conv O*VL(T) x {0})
| +p (conv 0* fu (z,7) — conv &*Vy (T) x {0})

The following example illustrates how to apply Theorem 14.

1017
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Example 15. Consider the following bilevel interval-valued optimization problem

min  F(z,y) = [z —y?, ©+ zy]
.,y

(IVP) : Gi(z,y) =z <0,
Go(z,y) = —2—1<0,
y € Y(z),

and for each x € R, ¢(z) is the LU-solution set of the following parametric interval-valued optimization problem

min  f(z,y) = [3y +y2? + z, —2zy + 9]
Yy

gi(z,y) =2 -y <0,
g2(7,y) =y < 0.

- (z,9) = (0,0) is a feasible solution of (IVP) with I(Z,7) = {1}, J(Z,7) = {1,2}, ¥(x) = {z}, Vi(z) =

4o + x3,
¢U(x):{{x} ifr<0, o VU(x):{2x2+w 5 <0,

IVP,) :

1] if ©>0, +00 if >0,

which implies
Q={(z,y): y=2, -1 <z <0} and Tn(7,y) = {(z,z) : 2 <0},
with )
T if <0,
¢(x):{@ if z>0.
— Assumption 1 is satisfied. Indeed, 0*FL(Z,7) = {(1,0)} and 0*Fy(Z,7) = {(1,0)} are bounded USRCFs of
Fj, and Fy at (,7).
¢ 6*G1(Evy) = {(170)}7 8*91(575) = {(17 _1)}7 8*92(5)?) =
a*fU(fvy) = {(07 1)} are UCF's of Gla 91, 92, fL and fU at (fay)
e 0"V (%) = {4} and 0*Vy(Z) = {1} are UCFs of V, and Vi at =.
— (ACQ) holds at (Z,y). Indeed, since

F(f7y) :{(170), (17_1)7 (0,1), (=3,3), (_171)}7

{1}, o fr(@y) = {(1,3)} and

we get
I'Z,7) ={(z,2) : 2 <0} and pos I'(Z,y) = {(z,y) ER*: 0 < z + y}.

Observe that pos I'(Z,y) is closed and that
N(@.3)” € Ta(@.0).

— Notice that for all A;, e >0, Mi+X =1, a; >0, j € J(ZTY), ; >0, i € I(T,7), v > 0and p > 0,
Inclusion (1) is never satisfied. Taking into account Theorem 14, one sees that (T, 7) is not a local LU-optimal
solution of (IVP).

Remark 16. The closedness of pos I'(Z, 3) is ensured for bilevel linear optimization problems (where the optimal
value functions are piecewise affine) [7]. Notice that if conv T'(Z,7) is a polyhedral set containing the origin,
pos I'(Z,7) is also closed. Indeed, in this case pos I'(Z,7) is a polyhedral convex cone [26, Corollary 19.7.1] and,
thus, closed. Remark that pos I'(Z,7) = pos conv T'(Z, 7).

In order to get upper estimates for upper convexificators of the optimal value functions V;, and Vi; of the para-
metric nonsmooth optimization problems (IVP£ ) and (IVPwU), we need the following constraint qualification
[15]: (GCQ) is said to hold at (Z,7) € gr=, for the system of inequalities g;(x,y) <0, i € I, iff

Tyr=(Z,7)]” C cl pos Y(T,7)
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where

i€1(7,7)

It should be underlined that since f and g;,¢ € I, are not necessarily convex, the upper estimates in terms of
convex analysis subdifferentials cannot be utilized, as Kohli did in [22]. In addition, in contrast to [22], which
utilized a unique optimal value function, we are forced to employ two potentially distinct optimal value functions
because the parametric lower-level problem (IVP,) is interval-valued.

Theorem 17. Let (T,5) € Q be a local LU-optimal solution of (IVP) where (ACQ) holds. Suppose that
pos I(Z,7) is closed, that Assumptions 2 and 3 are satisfied and that (GCQ) holds at all (Z,y) € grip Ngrig
near (Z,y). Then there exist scalars A1, A2 >0, a; >0, j € J(z,y), ; >0, i € I(Z,7), v>0, p>0, ¢ >

0, Xr >0, yr € Y(T), 20 €Yr(T), ¢ >0, i € I(T,yr), X2 >0, i€ (T,2), r=1,..., n1 + 1, such that

ni+1 ni+1

MAd=1, > =1, Y x=1 (5)
r=1 r=1

and
[ A1 conv O*FL(Z,7) + \a conv 8" Fy (%,7) + Z a; conv 0*G4(7,7) ]
jeJ(@,y)
+ Z Bi conv 8*g;(T,Y) + v conv O fr.(T,7) + p conv & fy (T, )
i€I(Z,7)
(0,0) € Al , . (6)
— Y G o 07 fr@y)+ Y (conv 07 gi(F, yr)
r=1 i€I(Z,yr)
TL1+1 )
oS [eom o X A e 00me)
L r=1 1€1(T,2,) |

Proof. Under the assumptions made in this theorem, the value functions Vi, and Vi are locally Lipschitzian
around T. Consequently, we can find convexificators 0*Vy,(Z) and 0* Vi (Z) of Vi, and Viy at T such that 0* Vi (z) C
OV (z) and 0*Vy(Z) C 9V (T). Notice that 9V (%) and 9V (T) are themselves convexificators of V7, and
Vu at T, respectively. Applying [15, Thm. 12] (its inner semicompact counterpart), we get the following upper
estimate of convexificators of 0*Vy (%) and 9*Vy (T) :

ovi@ < |J Sa :(ar,0)€conv O fu(@y)+ Y, pos 0"gi(T,y) (7)
yEYL(T) iel(T,y)
and
" Vu(z) C U B (8%,0) € conv 9" fu (T, z) + Z pos 0% ¢;(T,z) ». (8)
z2€YL () iel(T,z)

Let a* € conv 0*V(Z) and §* € conv 0* Vi (T). By the classical Carathéodory theorem, there exist ¢, > 0, x, >
0, "Mt =1, Sy =1, f € 9*Vi(7) and BF € *Viy(T) such that

ni+1 ni+1

ot = ZC’F a: and §* = ZX’I" 5: (9)
r=1

r=1
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Since af € 9*Vi(z) and BF € 0*Vy(T), using (7) and (8), we obtain y, € ¥r(Z) and 2, € ¢Y(T), r =
1,..., n1 + 1, such that

(a;,0) € conv " fL(F,y.) + Y, pos 0" gi(T, yr) (10)
i€1(T,y,)
and
(6r,0) € conv 0" fr(T, zr) + Z pos 0% g;(T, z). (11)
i€I(T,z,)

Combining (9) with (10) and (11), we get

ni+1
(a*70) € Z Cr conv 8*fL(f, yr) + Z pos a*gi(T7 yr)
r=1 i€l(T,yr)
and
ni+1
(6%,0) € Z Xr | conv 0" fu (T, z) + Z pos 0% g;(T, zr)
r=1 ie[(i,zr)
Then, we can find ¢! >0, i € I(Z,y,), X. >0, i€ I(T,2.), r=1,..., n; + 1, such that
ni+1 )
(a,0) € Z G | conv O fr(Z, yr) + Z ¢ conv 0% gi(T, yr) (12)
r=1 i€I(T,y,)
and
ni+1 )
(B,0)€ > xo |conv 0" fu(@ )+ Y. X conw 07gi(T, z,) | (13)
r=1 1€1(T,2,)
Using Theorem 14 together with (12) and (13), we arrive at the necessary conditions (5) and (6). O

Example 18 illustrates the necessary optimality conditions given in Theorem 17.

Example 18. Consider the following bilevel interval-valued optimization problem

1
rgi;l F(z,y) = {(y—k 1)2 — 2z — 5’ 3lz| — ly[ +1

(IVP) : Gi(z,y) =2 <0,
Gg(ﬂf,y) = |l" - % < 07
y € Y(x),

and for each x € R, 1(z) is the LU-solution set of the following parametric interval-valued optimization problem

min  f(z,y) = [y +ya?, —xy]

(IVPy) : gi(z,y) =2 -y <0,
g2(,y) =y < 0.
- (z,7) = (0,0) is a LU-optimal solution of (IVP) with I(z,7) = {1}, J(Z,7y) = {1, 2},

if 2 <0 —z? if
wule) = o), Vi) oo wolo) = {7 HTE0 mavi = {71 1050
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which implies
<z< O} and Tq(Z,7) = {(z,z) : x <0}
with ()
T if x <0,
V@) =16 ifr>o.

— Assumptions 2 and 3 are satisfied. Indeed, 0*FL(Z,7) = {(—2,2)} and 0*Fy(Z,7) = {(-3,1), (3,—1)} are
bounded USRCFs of F, and Fy at (Z,7).

. a*Gl(fvy) = {(170)}7 8*91(f,y) = {(17_1)}7 6*92(Evy) = {(071)}7 a*fL(E:y) = {(071)} and
8*fU(§7?) = {(an)} are UCF's of Gla g1, 92, fL and fU at (fay)

o 0"V (%) = {1} and 0*Vy(Z) = {0} are UCFs of V, and Vi at =.

o Let U :=|—-1,4[ x |-1, %[ The sets 0*f.(z,7) = {(22y,1+ %)} and 0" fu(2,y) = {(—y,—7)} are
USRCFs of fy and f1, at every (Z,%) € U N grZ, where

gr2={(z,y) eR*:z—y <0and y <0}.

Notice that 9*g1(z,y) = {(1,—1)} and 9*g2(Z,y) = {(0,1)} are UCFs of g; and g5 at (Z, 7). In addition,
o*fr, 0" fu, 0*g;,Vi € 1(Z,7), are bounded upper semi-continuous set-valued mappings over U N grZ.
o For each & > 0, there exists § := min(%, 1) > 0 such that, for each (2/,y’) € (Z,7) + 6Bg2 we have

6> 4
0" fr(',y') C 0" fL(Z,7) + eBge.
o For each £ > 0, there exists  := £ > 0 such that, for each (2/,y') € (Z,y) + 0Brz we have
9" fu(@',y') C 0" fu(@,y) + eBge.
o For each ¢ > 0, there exists ¢ := & > 0 such that, for each (2/,y’) € (Z,y) + 0Brz we have
*g1(2',y') C 0" g1(Z,7) + eBre and 0 ga(2',y") C 0 g2(T,7) + eBpe.
— (ACQ) holds at (Z, ). Indeed, since

F(an) = {(1,0), (L_l)’ (Ovl)v (_1’1)}7

we get
I'@,7) = {(z,2) : 2 <0} and pos I'(Z,y) = {(z,y) €R*: 0 <z + y}.

Notice that pos I'(Z,7) is closed and that
M@.3)” € Ta@7)

- (GCQ) holds at all (Z,y) € grir N grir near (,7). Indeed, for all (Z,y) € grip N grir, we have y =
near T = 0. Notice that either y =0 or y < 0.
e Suppose that § = 0. Noticing that (z,y) = (Z,7), we have

Ty=(Z,9) = {(:c,y) eRz:x—ySOandySO}.

Consequently,
T,=(Z,9)] ={(z,y) €ER*:2+y>0and z >0} (14)

Since
T(fv y) = 8*91 (‘%a g) U 8*92(57 :Ay-/)
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we have
cl pos Y(Z,y) = cl pos ((1,-1), (0,1)).

Consequently,
c pos Y(z,5) = {(z,y) ER*:z+y >0and z > 0};

which, by (14), implies that
[Tyr=(T,y)]” C el pos Y(T,7).

e Suppose that y < 0.

o Since
Ty=(@,9) = {(z,y) e R : 2 —y < 0}
we have
Tpe(@ )] = {(z,—2) : 2 > 0}, (15)
o Since
Y(,y) =9"g(z,y) ={(1,-1)}
we get
cl pos Y(Z,y) = cl pos ((1,—1)).
Consequently,

c pos Y(Z,y) = {(z,—x) : >0}
which, by (15), implies that
Tyr=(T,y)]” C el pos Y(T,7).

~Taking g1 =42, 21 =22 =7, i=X=0Q=C=x1=x2=3, ;1 =3, f1=2, =0, y=p=1,
G=G=xl=xt=2and & =& =x3 =x3} = 3, since (=2, %) € conv 8" Fy (T, 7), we obtain (5) and (6).

If F, = Fy and fr, = fu, the problem (IVP) collapes with the usual scalar bilevel programming problem

(P): min F(z,y) s.t. Gj(z,y) <0, jeJ, ye (),

z,y

where, for each € R™, 4 (z) is the set of optimal solutions of the following parametric optimization problem
min f(z,y) s.t. gi(z,y) <0, i € 1.
y

It is worth mentioning that v = Sp = Sy and that Vi = Viy. To obtain the necessary optimality conditions for
the bilevel optimization problem (P), we need the following assumptions, which are adaptations of Assumptions 2
and 3 to the current situation.

Assumption 4.

— F and f are locally Lipschitz and admit bounded USRCFs 0*F (%, y) and 0* f(Z,7) at (T, 7).
- G;,Vj € J(%,7), and g¢;,Vi € I(Z,y), are continuous and admit UCFs 0*G;(%,7y),Vj € J(T,7), and
9%g:(z,y),Vi € I(Z,), at (Z,7).

Assumption 5.

— There is a neighborhood U of (Z,7) such that:

e 0*f and 0*g;,Vi € I(T,y), are bounded upper semi-continuous set valued mappings over U N grE.
e For all (x,y) € UNgrZ, the set 9* f(x,y) is an USRCF of f at (x,y).

— The argminimum map ¥ is inner semicompact at .
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The following result follows from Theorem 17. It is worth noting that Corollary 19 provides necessary opti-
mality conditions for the bilevel optimization problem (P) in terms of UCFs and USRCs, while omitting the
convexity of both f and g;, i € I, which is required in [22, Thm. 5.1 ]. Another advantage of this result over
Kohli’s [22, Thm. 5.1 ] is that the conditions obtained are not only sequential.

Corollary 19. Let (Z,7) € Q be a local optimal solution of (P) where (ACQ) holds. Suppose that pos T'(Z,7)
is closed, that Assumptions 3 and 4 are satisfied and that (GCQ) holds at all (Z,y) € gry near (T,7). Then
there exist scalars oy > 0, j € J(T,7), B; >0, i € I(ZT,Y), v>0, ¢ >0, y €Y(T), ¢: >0, i € [(T,y,), 7=
1,..., n1+1, such that

ni+1

Z C’I‘ =1, (16)
r=1

and
conv 0" F(Z,7) + Z a; conv 0°G;(T,7) + Z B; conv 0% g;(T,7)

Jj€J(@Y) i€1(T,y)
(0,0) - | .an
+v conv 0" f(T,5) — Z G | conv OF f(Z,yr) + Z ¢, conv 0% g;(T, yr)
r=1 i€1(T,yr)

The following example provides a case where Corollary 19 is applicable while [22, Thm. 5.1 ] is not. Observe
that in Example 20, the lower-level objective function f is not convex and consequently [22, Thm. 5.1 ] cannot be
used with this last property imposed. Furthermore, the upper estimate of the subdifferential of convex analysis
of the optimal value function given by Kohli in [22, Equality 8] is out of use because V is not convex.

Example 20. Consider the following bilevel optimization problem

min F(z,y) = (y +1)° — 2z
Ty

(P) Gl(-r,y):l'go,
Go(z,y) = -2 —1<0,
y € Y(x),

and for each z € R, 9 is the solution set of the following parametric optimization problem

min f(z,y) = y+ya?

— On the one hand, (Z,7) = (0,0) is an optimal solution of (P) with
I(z,y) = {1}, J(@,5) = {1,2}, ¢(z) = {2} and V() = z + 2°
On the other hand,
Q={(z,y): y=o —1<z<0} and To(z.5) = {(r.2) : 2 < 0},

Notice that neither f nor V are convex functions.
— Assumptions 3 and 4 are satisfied. Indeed, 0*F(Z,7) = {(—2,2)} is a bounded USRCF of F at (Z,7).
e 0°G1(Z,7) = {(1,0)}, 0*g1(Z,7) = {(1,-1)}, 0*g2(Z,5) = {(0,1)} and 0* f(Z,7) = {(0,1)} are UCFs of
Gla g1, 92 and f at (T,y)
e 0*V(z) = {1} is an UCF of V at Z.
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e 0" fr(z,y) = {(25@, 14 52)} is an USRCF of f at every (z,y) € U N grZ, where

11 11

E = RZ N — < < = ——., = — . — .

gr {(z,y) € z—y<0andy<0}and U ] 4,4{x] 4,4[
Furthermore, 0*¢1(%,y) = {(1,—1)} and 0*g2(%,y) = {(0,1)} are UCFs of g1 and go at (Z,y) € UNgrE.
Notice that 0* f, 0*g;, ¢ € I(%,Y), are bounded upper semi-continuous set-valued mappings over U Ngr=.

— (ACQ) holds at (z,7) and (GCQ) holds at all (Z,%) € griy near (T,7).
~ Takingy1 =92, (1 =C =13, o1 =0, 1 =4, fo=1, y=3, & =& = 2 and & = &} = 1, we obtain (16)
and (17).

Remark 21. Even if the functions f and g;, i € I, are locally Lipschitz, our results remain more relevant than
Kohli’s [22] (see Rmks. 3 and 5).

4. CONCLUSION

Optimization problems are significant because they are used in a wide range of research fields. We get interval-
valued optimization problems if we take the coeflicients of the objective and constraint functions as closed
intervals. This work was about a nonsmooth interval-valued bilevel optimization problem (IVP) in which the
functions aren’t always convex or locally Lipschitz. Under an appropriate Abadie constraint qualification, given
in terms of upper convexificators, using a scalarization technique, we established necessary optimality conditions
for (IVP). Afterwards, by using an upper estimate for upper convexificators of the optimal value function, we
gave a more detailed result in terms of upper (semi-regular) convexificators of the initial data. Unlike Kohli
[J. Optimiz. Theory Appl. 152 (2012) 632-651], we achieve our goal without relying on the convexity or local
Lipschitzity of the functions that appear in the lower-level problem. Examples illustrating both our findings
and the limitations of some earlier research are provided. Our research has left various avenues for future study.
For example, it would be interesting to study the sufficient optimality conditions and duality results for the
interval-valued bilevel optimization problem (IVP).
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