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AN IMPROVED ALGORITHM ON UNBOUNDED PARALLEL-BATCHING
SCHEDULING TO MINIMIZE MAXIMUM COST AND MAKESPAN

CHENG HEY™, JING WU!, JINGLEI XU? AND JUNLING WANG!

Abstract. This paper studies the bicriteria problem of scheduling n jobs on a parallel-batching ma-
chine to minimize maximum cost and makespan simultaneously. A parallel-batching machine is a ma-
chine that can handle up to b jobs in a batch. The jobs in a batch start and complete respectively at
the same time and the processing time of a batch is equal to the largest processing time of jobs in the
batch. We consider the unbounded case. For the above bicriteria scheduling problem, we present an
O(n®)-time algorithm, which improved the best known O(n*)-time algorithm, and the time complexity
is the same as the special case in which maximum cost is maximum lateness. Meanwhile, our algo-
rithm can also solve the single-criterion unbounded parallel-batching scheduling problem to minimize
maximum cost in O(n®) time, which improved the best known O(n*)-time algorithm.
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1. INTRODUCTION

Multicriteria scheduling problems have been extensively studied since last two decade (see e.g. [1-3,18,19,21)),
where multi-objective functions may represent different interests of multiple decision-makers. On the other hand,
scheduling on batching machines is also a notable direction in scheduling theory (see e.g. [4]). For the batch
scheduling, this paper only considers the parallel-batching (rather than serial-batching, denoted s-batch in
short) model. A parallel-batching machine (denoted p-batch in short) is a machine that can handle at most
b jobs in a batch, where b is the batch capacity. In particular, the unbounded model is denoted by b > n,
and the bounded model is denoted by b < n. The jobs in a batch start and complete respectively at the same
time and the processing time of a batch is equal to the largest processing time of jobs in the batch. This
model is motivated by the applications of semiconductor industry, aircraft industry, steel working industry,
glass manufacturing industry and other areas. So it is worthwhile to study the multicriteria scheduling on
parallel-batching machines. A parallel-batching machine is generally considered as a bottleneck because of high
equipment cost and high energy consumption. Therefore, the machine occupancy time Cy, . is usually taken into
account. On the other hand, assume that each job has a cost with respect to its completion time, but the final
decision cost is determined by the maximum cost fiax of all jobs. For example, each job has a storage cost that
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is decided by its storage specification, and the final storage cost is decided by the highest storage specification.
This paper studies the bicriteria scheduling problem of minimizing maximum cost f.x and makespan Cax
simultaneously on a parallel-batching machine. Following the three-field notation scheme of Graham et al. [8],
our problem is denoted by 1|p — batch, b > n|(fmax, Cmax)- The task of the simultaneous optimization is to
identify all Pareto optimal points and the Pareto optimal schedule corresponding to each Pareto optimal point.

For the bicriteria scheduling (non-batching) problem, Hoogeveen [17] showed that the problem of mini-
mizing two maximum cost criteria, i.e., 1||(fmax, gmax), is solvable in O(n*) time, where finax and gmax are
two general maximum-cost objective functions. For the bicriteria serial-batching scheduling problem, He et
al. [13] solved problem 1|s-batch, b > n|(Lmax, Cimax) in O(n?) time. He et al. [15] improved problem 1|s-batch,
b > n|(fmax, Cmax) from O(n®) to time O(n?). He et al. [11] presented an O(n*)-time algorithm for hierarchical
minimization of two maximum costs on a bounded serial-batching machine 1|s-batch, b < n|Lex(fmax, Gmax)-
He et al. [10] solved a class of simultaneous optimization scheduling problems with two agents on an unbounded
serial-batching machine respectively in polynomial time. For the bicriteria parallel-batching scheduling problem,
Feng et al. [6] showed that two-agent scheduling problem 1|p-batch, b > n,inco| (L4, CE..) can be solved
in O(np + n%) time, where “inco” means that the jobs of two agents A and B cannot be put into a common
batch, i.e., the jobs are incompatible (short for inco) (Otherwise, the jobs are compatible (short for co)), nx
is the number of jobs of agent X (X = A or B). For problem 1|p-batch, b < n, co, pf = p| (LA CEL)
(where pf = p means that all jobs of agent A have equal processing time p), Feng et al. [5] gave an
algorithm with O(nangn) time. He et al. [16] gave an O(n% + ndnp + nanplognp)-time algorithm for
problem 1|p-batch, b < n,co, pj‘ = p|( éaX,Cﬁax). Moreover, the algorithm can solve problem 1|p-batch,
b < n,co, p;-‘ = p| (Léax,Cﬁax) in O(n% +n%np + nanglogng) time, which improved the O(nanpn) time
bound of Feng et al. [6]. He et al. [9] showed that hierarchical optimization with two maximum costs on
an unbounded parallel-batching machine 1|p-batch, b > n|Lex(fmax, gmax) can be solved O(n?*) time. He et
al. [12] presented an O(n3)-time algorithm for problem 1|p-batch, b > n|(Lmax, Cmax)- For problem 1|p-batch,
b > n|(fmax, Cmax), Geng and Yuan [7] improved our O(n?log P)-time algorithm (see [14]) to O(n?*)-time algo-
rithm, where P is the sum of the processing times of all jobs. In the paper, we show that problem 1|p-batch,
b > n|( fmax, Cmax) can be solved in O(n?) time. Therefore, our algorithm not only improves the known O(n#)-
time bound in [7], but also obtains the same time bound as the special case with fiax = Lmax, €., 1|p-batch,
b > 1| (Lmax, Cmax) in [12]. Thus our algorithm removes the gap between our problem and problem 1|p-batch,
b > n| (Lmax, Cmax)- As a by-product, our algorithm can also solve the single-criterion batch scheduling problem
1|p-batch, b > n|fmax in O(n?®) time, which improved the known O(n*)-time algorithm in [7].

The paper has two innovations: (1) We judge the total number of iterations by the most moving steps of all
jobs in the entire algorithm. (2) In each iteration, we check the “feasibility” of jobs in each batch backwards by
the determined static completion time, although the completion time of the current job may have been changed.
And each job is checked at most twice, which ensures that the running time in each iteration is at most O(n)
time. However, in literature [7], the algorithm checks the “feasibility” of jobs in each batch forwards and the
running time of each iteration is at most O(n?) time.

The paper is organized as follows. In Section 2 we state some preliminaries. Section 3 is dedicated to a
polynomial-time algorithm for our problem. Section 4 is focus on computational complexity experiments and
results comparison. In Section 5 we give a short summary.

2. PRELIMINARIES

Suppose that we are given a job set J that contains n independent jobs Ji,Ja,...,Jp, ie, J =
{J1,J2,...,Jn}. They are to be scheduled on a single batching machine that is continuously available from
time zero onwards and that can handle any number of jobs at the same time, i.e., the batch capacity b > n. Job
J; has a processing time p; and a cost function f; (j =1,2,...,n), where f;(¢) denotes the cost incurred if the
job is completed at time ¢, which is a nondecreasing function of ¢, for j = 1,2, ..., n. Given a schedule o, we use
Cj(o) to denote the completion time of job J; in o, and f;(0) = f;(Cj(0)) and fiax(0) = maxj_, f;(Cj(0))
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are defined as the cost of job J; in o and the maximum cost of the jobs in o, respectively. Without loss of
generality, we assume that the job parameters are integers.

For problems of minimizing a regular objective function without jobs’ release dates, there must be an optimal
solution in which the batches are processed contiguously from time zero onwards. So we restrict our attention
to the solutions with this property. Thus, a schedule o is a sequence of batches ¢ = (By, Bs, ..., B,), where
each batch By (I = 1,2...,r) is a set of jobs. The processing time of batch B is p(B;) = maxy,ep,{p;} and
its completion time is C(B;) = Zf}:l p(By). Note that the completion time of job J; in ¢ is C;(0) = C(B;) for
each J; € By and 1 <[ <r. When there is no ambiguity, we abbreviate C;(o) to C;.

e A feasible schedule o is Pareto optimal with respect to the performance criteria fiax and Cpax if there is no
feasible schedule 7 such that both fiax(7) < fimax(0) and Cipax(7) < Chax(o) hold, where at least one of
the inequalities is strict. (fmax(0), Cmax(0)) is called Pareto optimal point corresponding to Pareto optimal
schedule o.

The following theorem provides a general approach, the so-called e-constraint approach, for finding Pareto
optimal schedules.

Theorem 2.1 ([18]). Let y be the optimal value of constraint problem o|f < Z|g (where T is a upper bound of
f), and let x be the optimal value of the problem alg < y|f. Then (x,y) is a Pareto optimal point for o||(f, g).

Suppose that problem a|g < y|f is efficiently solvable. Then the other method to find Pareto optimal schedules
is unilateral e-constraint approach in the following.

Unilateral e-constraint approach ([18]): Let (z°,y%) be a previously obtained point. Then solve the problem
alg < y'|f (or alg < y'—1|f if g is integral) and obtain a schedule 7! which give the next point (z*1, 4" 1) =
(f(x"1), g(x"*1)). Repeat the above process until the problem alg < y'|f is infeasible.

Theorem 2.2 ([18]). Let (z',y') be the first point obtained by Unilateral e-constraint approach, where y' be
an upper bound of g. Then all Pareto optimal schedules of problem «||(f,g) can by obtained by Unilateral
e-constraint approach.

3. MINIMIZING MAXIMUM COST AND MAKESPAN

Assume that the jobs have been re-indexed according to the well-known SPT rule so that p; < ps <...<p,
(a tie is broken arbitrarily).

Lemma 3.1 ([2]). With any regular objective function f, there exists an optimal schedule (B, Bs,...,B,) for
the scheduling problem 1|p-batch, b > n|f such that B; = {Ji“ Jirt1s s ']il+1_1} and 1 =i <ig < -+ <ip <
’ir+1 =n+1.

Lemma 3.1 shows that an optimal schedule is specified by the jobs that start each batch, since the complete

schedule can be formed by the SPT rule. We refer to such a schedule as SPT-batch schedule.
The same property holds for bicriteria scheduling problems.

Lemma 3.2. Let (f,c) be a Pareto optimal point of 1|p-batch, b > n| (fmax, Cmax). Then there exists an optimal
SPT-batch schedule corresponding to (f,c).

By Lemma 3.2, we restrict ourselves to the SPT-batch schedules in the following.
Let 0 = (B, Ba, ..., B;) be an SPT-batch schedule. Note that n jobs form at most n batches in any feasible
schedule. For convenience, we insert n—7r empty batches with processing times 0 before the first batch of schedule

o such that schedule o contains exactly n batches, denote the new schedule by o', i.e., o' = (B}, B}, ..., B})
with B = By = --- =B, ., =0 and B;,_.,; = B; for 1 <14 < r. It is clear that fuax(0') = fmax(0) and

Crnax(0") = Ciax(0). Therefore, the introduction of empty batch has no effect on our problem. Without loss
of generality, we can assume that any an SPT-batch schedule o := (B, Ba, ..., By,) in the following, where the
first n — r batches are empty batches, the last r batches are nonempty batches and 1 < r < n.
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Definition 3.1. A family of sets S = {51,52,...,S,} is an SPT-partition of J if sets S1,S5s,...,S, are an
partition of J (i.e., these sets are disjoint and their union is 7, where maybe there is an ¢ (1 <7 <n —1) such
that S =Sy =--- =5, =0and S, #0 for i + 1 < k < n) and p; < py, for any J; € S; and Jj, € Si41, where
1<l <n—1.

By Theorem 2.2, we only need to solve a series of constraint problems 1|p-batch, b > n, fmax < f|Cmax (Pr
for short) for f < f < f in order to solve our problem 1|p-batch, b > n, |( fmax, Cmax), Where f and f are the
lower bound and the upper bound of fiay, respectively. We introduce an important definition that generalizes
the idea for problem 1|r;, p; = p|(Lmax; Cmax) in [20].

Definition 3.2. Let 0 = (B4, Bs, ..., B,) be any SPT-batch feasible schedule of problem P;. Then an SPT-
partition S = {S1,S2,...,5,}, with S; = {Jm_lﬂ,Jm_lH,...,Jm} (1 <i<mn),of Jis called a Candidate
Set Family (CSF for short) of problem Py if f,, (C(B;)) > f for any 1 <i <n and i <1 < n, i.e., the job J,,
cannot be assigned to any batch whose index is larger than ¢ in any SPT-batch feasible schedule of problem Py.

Definition 3.3. A SPT-batch schedule o = (B, Ba,...,B,) obeys a given CSF S = {51,5s,...,5,} of
problem P if all jobs in batch B; come from Uigkgn S for 1 < i < n and the first n — r batches are

empty batches and the last r batches are nonempty batches, where 1 < r < n.

For any given integer f and a CSF S = {5,852,...,5,} of problem P;, where S, =
{Tniists Iniig2s- oI} (1 < i < n), let U(f) denote the set composed of the SPT-batch feasible sched-
ules of problem Py and ¥(S, f) denote the set composed of the SPT-batch schedules which obey CSF S of
problem Py. From Definitions 3.2 and 3.3, we have Lemma 3.3 and Corollary 3.4.

Lemma 3.3. ¥(f) C ¥(S, f).

Proof. Let 0 = (B1,Ba,...,Bpn) € U(f). If 0 ¢ U(S, f), then there is J; € B; and J; € S with k < I. Suppose
that J,, € B,,. Then m > | > k by SPT-property and f,, (C(Bm)) = fn.(0) < fmax(0) < f by o € ¥(f),
which contradicts that S is a CSF of problem Py. So o € ¥(S, f), i.e., ¥(f) C ¥(S, f). O

Corollary 3.4. Let 0 = (B1,Ba,...,By) € ¥(S, f). Then p(B;) > py, for 1 <i<n.

Proof. Assuming B; = {Jm_ﬁ-la Jis 14255 In; } From o € ¥(S, f), we know that o obeys CSF S of problem
Py. So the jobs in B; (1 <i < n) can only come from set |J, .., Sk. Further, x; > n; by SPT-property. Thus
p(Bi) = pr, > Dy, for 1 <i < n. - O

Let |o| denote the number of the empty batches contained in schedule o throughout the paper. Let f? be any
given integer and S? := {S],S59,..., 52} be a CSF of problem Prs. Now we solve problem Pfq by the following
Algorithm, which will be used as a central subroutine when solving problem 1|p-batch, b > n|(fmax, Cmax)-

Algorithm Ay (S9)

Step 1 Let k :=1 and I'* := {T},T5,... ., Tk} := 87 i, TF =87 for 1 <i < n.Let §:= (By,Bo,...,B,)
with B; = S for 1 <i <n and let B; := {Jgi71+1, Je, 142y .,Jgi} for 1 <i<n.

Step 2 Let schedule o* := (B}, BY, ..., BF) with BF :==T% for 1 <i < n and |o"| := I (clearly, |6 :=I; and
&G =-=§,=0and &, , >1). Let t; ::C(Bf) forl<i<nandl:=nand h:=§ =n.

Step 3 If f(t;) < f9, then let h:= h — 1 and go to Step 4. If f,(¢t;) > f9, then go to Step 5.

Step 4 If h > &1, then go back to Step 3. Otherwise h = &1, let [ :=1— 1. If [ =i, i.e., h = 0, then go to
Step 6; otherwise [ > [, and go back to Step 3.

Step 5 If h = &, then update § and let k := k41 and I'* := {T},T'5,... ,T%} with I'¥ := B; for 1 <i < n and
o® ;= § (maybe I'* = T*~! and o = o*~1) and k, := k and stop. Otherwise let By := {Jy41, Jht2,---, Jg, }
and [ :=1—1.

(5.1) If I =i, then let B, := {J1,J2,...,Jn} and & := h and go to Step 6.
(5.2) If I > g, then let B; := By U {Je,+1, Je,+2,- - -, Jn} and & = h and go back to Step 3.
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Step 6 Update 4. If 6 = 0% (i.e., fmax(0") < £ holds), then we get schedule o, let m, := o* and k, := k and
stop. Otherwise § # o*, let k := k+ 1 and I'* := {F’f,l“’g, e ,Ffl} with I'¥ = B; for 1 <i < n and go back
to Step 2.

We illustrate the operation process of Algorithm Ayq(S?) by the following example.

Example 1. Let j = {J17J2,...7J6} with (pl,pg,...,pﬁ) = (1,2,4, 7,97 14) and (d17d2,...’d6) =
(1,1,4,11,17,24), and let S? = {0,0,0,0,{J1, J2, J3, Ja},{J5, Js}} and fumax = Lmax (i.e., fj = Lj = C; — d;
and f? = 5.

~—

The operation process of Algorithm .qu (Sq) is as follows. Let k = 1, I'! := 89, § := (By,Bs,...,B,) =
(@,0,0,0,{J1,J2, J3, Ju},{J5,J6}), &1 = -+ = & = 0, & = 4 and & = 6. By Step 2, we obtained ¢! =
(@,@,@,@ {Jl,JQ,J3,J4},{J5,J6}) and tl == t4 = 0, t5 = 7, tﬁ =21 and ll = 4. Since LG = tﬁ _dﬁ =-3<Z

fhLs=tg—ds =4 < f9, Ly =t5—dy = -4 < f9 Lg=15—-d3 =3 < fland Ly =15 —dz =6 > f9,
and clearly h = 2 # 4 = &, so let By := {J3,J4} and l := 1 — 1 = 4. By Step (5.1), let By := {Jy,Jo} and
&4 = 2 and go to Step 6. Update § := (0,0,0,{J1, J2}, {J3, Ja}, {J5, J6}). From § # ol  let k :== k +1 =2 and
2 :=1{0,0,0,{J1, 2}, {J3, s}, {Js, Jo} } and go to the next iteration.

Similarly, we obtain 0'2 = (@,Q], (Z), {J17 JQ}, {Jg, J4}, {J5, Jﬁ}) and tl = t2 = tg = 0, t4 = 2, t5 = 9, tg = 23 and
lo =3.Since Lg = —1 < f9and Ls =6 > f? and clearly h =5 # 6 = &g, let Bg:={Js} and l:=1—1=5 and
B5 = B5 U{J5} = {Jg, J4, J5} and 55 = 5. From LZ = t5 _di < fq hold for i = 5,47 3 and LZ =14 _di < fq hold
for i = 2,1, then go to Step 6. Update § := (0,0,0,{J1, Jo},{J3, Ju, J5},{Js}). From 6 # o2, let k:=k+1=3
and I'® := § and go to the next iteration.

Similar to the above, we have ¢° = 0,0,0,{J1, Ja},{J3, Ja, J5},{Js}) and & =
0,0,0, {J1, Jo, I3}, {J4, Js}, {Js}). Since 6 # o>, let k := 4 and T'* := § and continue the above pro-
cess, we have ot = (0,0,0, {J1, Jo, J3},{Js, J5},{J6}) and § = 0. Let 7, := o and k, := 4 and stop.

Note that we have the assumptions in the following. Let I'* = {F’f, k..., I‘ﬁ} and ¥ = (B{“7 BY ..., BZ)
be the set obtained at iteration k by Algorithm A (S?) and the corresponding schedule, respectively, where

{J Eogn e qosees Jnk} (1 <4 < n). Thus we have the following lemmas.

Lemma 3.5. T* is a CSF of problem Pja for 1 <k < k,.

Proof. From Algorithm A, (57), we know that I'*isan SPT-partitionof Jfor1 < k < k4. Next, we prove the lemma
by induction. If k = 1, i.e.,I'* = S9, then the result holds by the known conditions. Assume that the result holds for
k=h < kg, i.e.,'"isaCSF of problem Pys. Let o = (By, Ba, ..., B,) € \I/(fq),thenfnih (C(By)) > fifor1 <i<n
and i < | < n by the definition of CSF of problem Pyq. Let o = (B{’, Bh ... 7BZ’) be the schedule obtained in
Algorithm A4 (S?). Then B! = I'!" by the definitions of o”. So p (Bh) = p,r- Fromo € U(f?) and Lemma 3.3

and Corollary 3.4, we have p(B;) > p,n for 1 <i < n. Hence, C (Bl = Z;le (B]h) < 23:1 p(B;) = C(B;) for
1 <i < n.Next, we prove that the result holds for kK = h+1. Suppose that job JmHl € I'"with1 <i < n.Theni < r
by the running rule of Algorithm A4 (S9). If i = 7, then 7/ = 1l and fop+1 (C(Big1)) = fyr (C(Bit1)) > f1
by the above assumption. If i < r, then f,» (C(B!)) > f?by the running rule of Algorithm .qu (87). Therefore,
Iy n (C(Biy1)) = f, - (C(B,)) > fifori < rbyC(Bijy1) = C(BL ). To sum up, f = (C(Bjy1)) > fefor
i<, Further, we havef ot (C(By)) > fifori+1<1<nbyC(B;y1) > C(Bi+1). By the ‘arbitraries of o and job
J ot and the definition of CSF of problem Pya, the result holds for £ = h + 1. By the above induction assumption,

k is a CSF of problem Ppq for1 < k < kq. O

From Lemma 3.5, ¥ (I‘k, fq) are meaningful for 1 <k < k.

Lemma 3.6. Let 0 = (By,Bs,...,B,) € U (I, f9). Then
(1) C(BF) <C(B;) fori=1,2,...,n;
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(2) Crax(0*) < Crax(0), i.e., o¥ has the minimum makespan among all the schedules of ¥ (1"’“, fq),

Proof. (1) By the definition of o* and Corollary 3.4, we have p(BF) = pyr and p(B;) > p,x for 1 <i < n. Hence,
C(BY) = Y, p(BY) < T, p(By) = C(B,) for 1 <i < m.

(2) From Lemma 3.6(1), we have Cpax(0%) = C(B¥) < C(B,,) = Cuax(0), as required.

Theorem 3.7. Let m, be defined as that in Algorithm Asq(S9) (if exists). Then

(1) my € U(f9) and Cmax(mq) < Ciax(0) for any o € W(TFa, f9);
(2) mq is an optimal schedule of problem Pga (i.e., 1|p-batch, b > n, fmax < f9]Cmax)-

Proof. (1) From the execution process of Algorithm Ayq(S?), we know that 7, = o%¢ and fiax(my) < f7. So
7, € U(f7). For any o € W(I'*¢, f7), we have Cpax(74) = Ciax(0%4) < Cruax(0) by Lemma 3.6(2).
(2) For any o’ € (), we have Ciax(mq) < Ciax(c”) by ¥(f9) C W (T'*s, f7) and Theorem 3.7(1). Therefore,
T4 is an optimal schedule of problem Pr..
]

Lemma 3.8. Each iteration of Algorithm Ayz.(S9) needs O(n) time, i.e., obtaining T* from T*=1 takes O(n)
time for 2 < k < ky. Moreover, the running time of Algorithm Ag.(S9) is O(n3) time.

Proof. Step 1 can be implemented in O(n) time. Steps 2-6 are one iteration, which can be implemented in O(n)
time.

The label L? of job J; in I'* = {F’f,F’g, .. .,Ffl} is 1 if and only if J; € T¥. From the running process of
Algorithm A¢q(S?), we have n > L} > L? > > Lf“ > j for 1 < j < n (all empty batches are consecutively
scheduled before all nonempty batches in T'%, so Lf" > j). So job J; goes through at most n — j + 1 sets and
at least one job is moved forward in each iteration (except for the last iteration). Thus the total number of the
iterations is at most O(n?). Hence, the overall running time of Algorithm A4 (S?) is O(n? - n +n) = O(n?)
time. 0

Next, we are ready to describe the main algorithm for constructing the Pareto optimal set 7(J) for problem
1|p-batch, b > n|( fimax, Cmax)-

Algorithm PO:

Step 1 Initially, let f! := 400 and S*:={0,...,0,J}. Let ¢ :=1 and m := 1 and 7(7J) := 0.

Step 2 Running Algorithm Ay (S9). If Algorithm Aze(S?) gets schedule m,, then let ¢ := ¢ + 1 and f? :=
fmax(mg—1) — 1 and S9 := I'*a=1 and go back to Step 2. If Algorithm A4 (S%) stops at Step 5, then let
Q := g, obtain schedules 7,72, ...,mTg—1 and go to Step 3.

Step 3 If m = Q — 1, then let n(J) := 7(J)U{mm}, obtain 7(J) and stop. Otherwise m < Q — 2, if
Crinax(Tm) < Cmax(Tm+1), then let 7(J) := n(J) U{mm}. Let m :=m + 1 and go back to Step 3.

Lemma 3.9. Suppose that f¢ and S? (1 < g < Q) come from Algorithm PO. Then S? is a CSF of problem
Prq for1 < g <Q.

Proof. When ¢ = 1, f! := 400 and S' := {0,...,0, 7}, the result holds. Assume that the result holds for
g=q <Q—1, e, 8% is a CSF of problem Py . Hence, I'*s' is a CSF of problem Py by Lemma 3.5. Let
7y be defined as that in Algorithm PO. Then f4+! = fy. (my) —1 < f9 —1 < f9. I U(f4+1) 2 (), then let
o= (B1,Bs,...,B,) € U(f7*1). Then fiax(0) < 71 < f4.So o € W(f7). Then f «, (C(By)) > f¢ for any

n;
1 <4 < n by Definition 3.2 and i < I < n. Further, f « ,(C(B;)) > f7* forany 1 <i<nandi<!<n by
s

f7 > f7+1 And T*« is an SPT-partition of J. So ['*¢' = §7+1 is a CSF of problem Pjq+1 by Definition 3.2,
i.e., the result holds for ¢ = ¢’ + 1. By the induction hypothesis, S? is a CSF of problem Pjq for 1 < ¢ < Q.
This completes the proof. (I
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Lemma 3.9 indicates each Algorithm Afq(S5?) in Algorithm PO and W(S9, f¢) are meaningful for 1 < ¢ < Q.
Note that Q > 2 (since m; = (0,...,0,J)).

In the following, assume that I'* = ('}, T%,...,T'%) and o* = (B}, B%,...,BE) (1 < k < kg) come from
Algorithm .AfQ(S’Q) Let T¥ := {J k1 I +2,...,J771_€} and |o¥| = for 1 <k < kg and 1 < i < n. Note
that kg > 2. Then we have the followmg lemmas.

Lemma 3.10. If U(fQ) # 0, then for any o = (B, Ba, ..., B,) € U(f?), we have

(1) >k for1 <k <kg—1and1<i<n;

(2) For1l<k<kg, jobs Jmkkﬂ, Jn{“,ﬁg’ -y are scheduled in the different batches in schedule o.

Proof. (1) The results hold by the running rule of Algorithm Ao (S%).

(2) From the SPT-property of o, we only need to prove that for 1 < k < kg and [ +1 < i <n —1, jobs ‘]ni-“
and J, k. are scheduled in the different batches in o. For any given ¢ (I + 1 < i < n — 1), we prove the
conclusmns by induction on k. When k = 1, if there is an Iy + 1 <4 < n — 1 so that jobs J, 1+ and J, i
are scheduled in the same batch B; in o, then f,1(C(By)) = f1(0) < fmax( ) < f9. By Theorem 3. 7( )

and the running rule of Algorithm PO, we have mg_; € ¥ (fQ_l) and o' = mg_1 and I'! = I'ke-1. Hence,
we have f,1 (C(Bl,)) > f9" by Lemma 3.5 and Definition 3.2. Thus C(B;) < C(B};,) by f¢ < 9"

Let By := {JI,JIJFM...,Jnil,...,Jm;H,...,Jy}, where x < 771‘ and y > 77i+1‘ Construct a new schedule

o — (Bl7 By, ...,B_1, {Jw, Joitly e, Jm1+1} Bl 5, B}, ... ,B}L). Since both o and o' are SPT-schedules,
o’ exists. Clearly, Cj(0’) < Cj(o) for 1 < j <}, and C;(¢’) < Cj(o!) for nf,; +1 < j <nbyp, > Pyt
and C(B;) < C(B v+1) Therefore, Cax(0') < Cmax(0') and frax(0') < f@71 by fuax(o) < f@ < f@°1
and fuax(c!) < f@7L, which contradicts to the optimality of ¢! (mg_1 = o' is an optimal schedule of
problem Pro-1 by Theorem 3.7(2)). Hence, jobs J,1 and Jyp,, forly +1 <@ <n—1 cannot be scheduled
in the same batch in o, i.e., the conclusion holds for £ = 1.

Assume that the conclusions hold for k < m — 1(< kg). Next, we prove the conclusion holds for k = m, i.e.,
forl,, +1<i<n-—1, Jym and Jﬂ{'il are scheduled in the different batches in o. If thereisan l,, +1 <i<n-—1

so that jobs Jym and Jym —are scheduled in the same batch in o, from Lemma 3.10(1), we have n* > 1™~ and
Nty > nﬁ]l, then

(i) If p* = "~ and Nit1 = 77L+1 ; then J m-1 and J gl are scheduled in the same batch in o by SPT-
property of o. On the other hand, we know J m-1 and J m-1 are scheduled in different batches in o by the
above induction hypothesis, a contradlctlon So Jym and J m, cannot be scheduled in the same batch in o.

(ii) If 7 > 9" and 9%, > n%7", then we have fnl” (C (Bﬁll)) > f@ by the rule of Algorithm Ao (S9).

From the above induction hypothesis, we note that jobs J m-1 | J m-1 . J m—1 are scheduled in
Mgy 1417 My g2 Mit1

different batches in 0. So Cmy::l( o) =p, ml Pyttt pymon = C(B:f;_ll) Therefore, Cym (o) >

141 me1

C,r]:j_zl( o) > C(Bﬁ_ll) by 0ty > 0y and the SPT property of 0. If Jym and Jym = can be scheduled in the
same batch in o, then Cmm( o) = C,,lm (o) > C’(BZ’Hl) So fym m(o) = Jom ( ( )) > fnm( (Bﬁll)) > f9.
Further, fmax(0) > fym(0) > f9, which contradicts to o € ¥(f9). Hence Jym and Jym - cannot be
scheduled in the same batch in ¢. From (i) and (ii), the conclusions hold for k = ‘m. Therefore jobs J,

and Jn&l are scheduled in the different batches for 1 < k < kg and Iy +1 < i <n—1in o by mductlon
hypothesis, as required.

d

Lemma 3.11. When Algorithm Ajsq (S9) stops at Step 5 in Algorithm PO, problem Pyq is infeasible.



738 C. HE ET AL.

Proof. When Algorithm Ao (S9) stops at Step 5 in Algorithm PO, we have k = kg and h = & = nle and
fn(C(B?)) = fnkQ (C(BF?)) > 2 (since C(BF?) = C(BF*™") for 1 <i < 1). If problem Pyq is feasible, then
l
U(fQ) # 0. Let 0 € U(f9), Then fumax(o) < f%. From Lemma 3.10(2), jobs JnkQ , JnkQ ey JnkQ are scheduled
1 2 L
in the different batches in schedule o. Further, we have anQ (o) > Pro TP kgt D kg = C(Ble). So
L 1 2 l

9 > foax(o) > fnkQ (C’nkQ (0)) > fnkQ (C(Ble)) > f9, a contradiction. Therefore, problem Pjq is infeasible.
This completes thisl proofl. l O

Theorem 3.12. Algorithm PO can solve problem 1|p — batch,b > +00|( fmax; Cmax) in O(n3) time.

Proof. The set 7(J) obtained by Algorithm PO is the Pareto optimal set of problem 1|p — batch,b >
+00|(fmax; Cmax), which is guaranteed by Theorem 2.1 and Theorem 3.7(2) and Lemma 3.9 and Lemma 3.11
and the selection rules of the schedules in 7(7).

Next, we analyze the complexity of Algorithm PO. During the running procedure of Algorithm PO, we get
I'*a by Algorithm Apa(S?) for 1 < ¢ < Q. And to find the next candidate Pareto optimal point, we do not
need to start running Algorithm A;q(S?) from S? = S1 again, we just need to do it on the basis of the last
CSF T'ka-1 = §9 of problem Ppo-1. From Algorithm PO, S is the first input candidate set family, and S is
finally obtained through a series of iterations. Similar to the analysis of complexity of Algorithm A;q(S?) in
Lemma 3.8, each job J; goes through at most n — j 4+ 1 sets and at least one job is moved forward in each
iteration (except for the last iteration), the total number of the iterations is at most O(n?). And each iteration
needs O(n) time by Lemma 3.8. Moreover, at the beginning of the algorithm, sorting all jobs in SPT order takes
O(nlogn) time. Thus the overall running time of Algorithm PO is O (n? - n+ nlogn) = O(n?). O

As a consequence of Theorem 3.12, we have
Corollary 3.13. The single criterion problem 1|p — batch,b > 4+00|fmax can also be solved in O(n?) time.
We illustrate the operation process of Algorithm PO by the following example.

Example 2. Let J = {Ji,Ja,...,Js} with (p1,p2,...,p6) = (1,2,4,7,9,14) and (di,ds,...,ds) =
(1,1,4,11,17,24), and let fiax = Lmax-

Let ¢ = 1, f! = 400 and S* = {0,0,0,0,0,7} and m := 1 and 7(J) := (. Running Algorithm A (S*), we
get schedule m; = (0,0,0,0,0,7). Let ¢ := ¢+ 1 =2 and f? := fuax(m) — 1 =12 and S? :=T'** = S and go
back to Step 2.

Continue running Algorithm A2 (S?), we get w2 = (0,0,0,0,{J1, J2},{J5,...,J6}). Let ¢ := ¢+ 1 = 3
and f3 = fuax(m) — 1 = 11 and S® := T*2 = 7, and go back to Step 2. Repeating the above
process, we get m3 = (0,0,0,0,{J1, o, J3},{Js, 5, J6}), ma = (0,0,0,0,{J1,...,Ja},{J5,J6}), and 75 =
(Qv @7 ®7 {le J27 JB}? {J47 J5}a {JG}) Let q = 6 and fG =2 and 56 = {(Z)a (Z)a @, {Jla JQ» JS}; {J4a J5}7 {J6}} Run-
ning Algorithm As(S°). Let k := 1 and I'" := S% and obtain schedule o' = (0,0,0,{J1, J2, J3}, {Ja, J5}, {J6}),
and let 6 := S® = o'. Because Cg(8) —dg = 27— 24 =3 > f%, i.e., h = 6 = &. Algorithm Ays(S°) stops at
Step 5, then let @ := 6, we obtain schedules 7,75, ..., 75 and go to Step 3.

From Chax(m) < Cmax(m2) < Chax(m3) < Chax(ms) < Cmax(7ms), obtain the Pareto optimal set
m(J) = {m, w2, 73, 74, 75 }. Therefore, w1, 72, 5,74, 75 are all Pareto optimal schedules and the correspond-
ing Pareto optimal points are (13,14), (12,16), (7, 18), (6, 21), (3,27), respectively.

4. COMPUTATIONAL COMPLEXITY EXPERIMENTS AND RESULTS COMPARISON

In the section, for fiax = Lmax, we will compare the experimental results of our algorithm and the algorithm
in [7] on computational complexity. We coded two algorithms in MATLAB and perform the experiments on a
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TABLE 1. Average and maximum running times compare.

Pmax P n Average-time Average-time Max-time Max-time
Algorithm PO Reference [7]  Algorithm PO  Reference [7]

60 02 5 7.7860e—06 1.6106e—05 4.9200e—05 5.5300e—05
10 7.9780e—06 2.8378e—05 5.4300e—05 6.9500e—05
20 8.7460e—06 5.4866e—05 5.8100e—05 1.0240e—04
40 9.5420e—06 1.1544e—04 7.2200e—05 1.7360e—04
70 2.0826e—05 4.2723e—04 9.7400e—05 5.4420e—04
100  3.0672e—05 6.1187e—04 1.3240e—04 0.0011

60 0.5 5 8.6920e—06 1.7918e—05 6.8500e—05 9.4000e—05
10 1.1756e—05 3.0610e—-05 7.3100e—05 1.0370e—04
20 1.1852e—05 5.4442e—05 7.7400e—05 1.1090e—04
40 2.1760e—05 1.8674e—04 9.9000e—05 2.7420e—04
70 2.7414e—05 4.0517e—04 1.1320e—04 5.2960e—04
100 3.9040e—05 0.0011 1.9160e—04 0.0020

60 0.7 5 1.5020e—05 2.9216e—05 1.1660e—04 1.4180e—04
10 2.1870e—05 4.8360e—05 9.7300e—05 1.2250e—04
20 3.0894e—05 1.6608e—04 1.5700e—04 2.9420e—04
40 4.6560e—05 2.6638e—04 1.7370e—04 4.6160e—04
70 6.8518e—05 4.5190e—04 1.6330e—04 7.7500e—04
100  1.0180e—04 0.0019 2.2400e—04 0.0034

150 02 5 1.0886e—05 1.6276e—05 5.6400e—05 5.6600e—05
10 1.1698e—05 3.1598e—05 7.0800e—05 8.8600e—05
20 2.9760e—05 9.9906e—05 8.3600e—05 1.5770e—04
40 3.1554e—05 2.2936e—04 8.4600e—05 4.0240e—04
70 3.3806e—05 4.1979e—04 1.1190e—04 5.8700e—04
100 4.6148e—05 0.0010 1.1230e—04 0.0016

150 05 5 8.3780e—06 1.6434e—05 5.6000e—05 8.4800e—05
10 8.6880e—06 2.8022e—05 6.3500e—05 6.9900e—05
20 8.9080e—06 6.6594e—05 6.9000e—05 1.3260e—04
40 2.3310e—05 1.8541e—04 7.7300e—05 2.9140e—04
70 3.7434e—05 5.7291e—04 1.1370e—04 8.5870e—04
100  7.4082e—05 0.0013 1.7390e—04 0.0017

150 0.7 5 1.1690e—05 1.8250e—05 6.8200e—05 7.5500e—05
10 2.6842e—05 7.084e—05 7.8900e—05 1.1710e—04
20 3.0420e—05 1.2458e—04 7.9100e—05 1.9460e—04
40 3.0512e—05 1.9440e—04 9.6600e—05 2.7420e—04
70 3.6308e—05 5.1715e—04 1.1650e—04 6.6320e—04
100  8.6482e—05 0.0013 2.0930e—04 0.0021

personal computer powered by an AMD Ryzen 5 4600H with Radeon Graphics, 3.00 GHz with 16 GB RAM
operating under Windows 11.

The instances are generated randomly. We vary in the experiments the following three factors: the total
number of jobs n, the maximum processing time of jobs pmax, and the coefficient of the maximum due date
of jobs p, i.e., dpax < p2i_pj. We generated the instances with n = 5, 10,20, 40, 70,100 jobs. For each job
Ji(7 =1,2,...,n), we sampled its processing time p; from the uniform integer distributions U[1, pmax] (i.e.,
pj ~ Ull,pmax| and p; is an integer) with pmax € {60,150}, and we sampled the due dates from the uniform
integer distributions U[1, pX7_,p;] with p € {0.2,0.5,0.7}. Moreover, we sorted the processing times such that
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p1 < po < --- < p,. For each testing case, 50 instances are randomly generated. Therefore, we generate
6 x 2 x 3 x 50 = 1800 instances in total.

The average and maximum running times of Algorithm PO in the paper and the algorithm in [7] are showed
respectively in Table 1.

The experimental results reveal that our algorithm runs faster than that in [7], which is consistent with the
theoretical results.

5. CONCLUSIONS

The multicriteria scheduling on batching machines is a significant topic in scheduling theory. The paper studies
the bicriteria unbounded parallel-batching problem of minimizing maximum cost and makespan simultaneously,
i.e., 1|p-batch, b > n|(fmax, Cmax)- For the problem, Geng and Yuan [7] improved our O(n? log P)-time algorithm
(see [14]) to O(n?)-time algorithm, where P is the sum of the processing times of all jobs. The paper gives an
O(n?)-time algorithm, which improved the O(n?)-time bound in [7] and remove this gap between our problem
and the special problem 1|p-batch, b > n|(Lmax, Cmax) in [12]. As a by-product, our algorithm can also solve
the single-criterion problem 1|p-batch, b > n|fnax in O(n?®) time, which improved the best known O(n?)-time
algorithm in [7].

More models with other criteria remain to further investigate. For example, our work should be generalized
to the case of minimizing two maximum costs fiax and gmax simultaneously, i.e., 1|p-batch, b > n|(fmax, Gmax)-
On the other hand, the serial-batching problem 1|p-batch, b > n|(fmax, gmax) Would be meaningful.
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