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SEQUENCING SINGLE MACHINE MULTIPLE-CLASS CUSTOMER ORDER
JOBS USING HEURISTICS AND IMPROVED SIMULATED ANNEALING
ALGORITHMS

WIN-CHIN LIN', XINGONG ZHANG?, XINBO Li1u3, KAI-X1ANG Hu!,
SHUENN-REN CHENG?, AMENI Azzouz® AND CHIN-CHIA WU*

Abstract. The multiple job class scheduling problem arises in contexts where a group of jobs belong
to multiple classes and in which if all jobs in the same class are operated together, extra setup times
would not be needed. On the other hand, the customer order scheduling problem focuses on finishing
all jobs from the same order at the same time in order to reduce shipping costs. However, works on
customer orders coupled with class setup times do not appear often in the literature. Hence we address
here a bicriteria single machine customer order scheduling problem together with multiple job classes.
The optimality criterion minimizes a linear combination of the sum of the ranges and sum of tardiness
of all customer orders. In light of the high complexity of the concerned problem, we propose a lower
bound formula and a property to be used in a branch-and-bound method for optimal solutions. To find
approximate solutions, we then propose four heuristics together with a local search method, four cloudy
theoretical simulated annealing and a cloudy theoretical simulated annealing hyperheuristic along with
five low-level heuristics. The simulation results of the proposed heuristics and algorithms are analyzed.
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1. INTRODUCTION

The sequencing (or scheduling) issue involving setup times or setup costs in many manufacturing and service
environments is continually receiving more attention in the research community. Allahverdi and Soroush [5]
pointed out that the efficacy of reducing setup times or costs contributes to reliable products and services being
delivered to customers on time. For more details on applications involving setup times or costs, readers may
refer to the five survey studies by Allahverdi et al. [6,7], Allahverdi [3], Cheng et al. [15] and Yang and Liao
[62].

Keywords. Scheduling, bicriteria, cloudy theoretical simulated annealing, hyperheuristic, multiple job classes.

1 Department of Statistics, Feng Chia University, Taichung 40724, Taiwan.

2 College of Mathematics Science, Chongqing Normal University, 401331 Chongqing, P.R. China.

3 SolBridge International School of Business, Woosong University, Daejeon 34613, Republic of Korea.

4 Department of E-sport Technology Management, Cheng Shiu University, Kaohsiung City 83347, Taiwan.

5 Université de Tunis, Institut supérieur de gestion de Tunis, SMART Lab., Tunis, Tunisia.

*Corresponding author: cchwu@fcu.edu.tw

© The authors. Published by EDP Sciences, ROADEF, SMAI 2023

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/ro/2023056
https://www.rairo-ro.org
mailto:cchwu@fcu.edu.tw
https://creativecommons.org/licenses/by/4.0

1418 W.-C. LIN ET AL.

Setup times/costs in sequencing models have received wide discussion in the past thirty years because they
play a key role in the on-time delivery of customer orders and have crucial impacts on cycle times [30,63,64]. In
the multiple job class case, the jobs are divided into several classes, and a setup time is needed when a machine
switches from one class of jobs to another on account of having to tune the production equipment or change
tools. On the other hand, producers process a set of jobs that might come from different orders of distinct clients,
and each client’s order will contain multiple classes. Our research stems from an actual application involving
aluminum extrusion plants. In such a manufacturing environment, if the machine has been set to process a
specific set of jobs, it is desirable to run all the jobs of the same class since this will reduce the total setup
time to a great extent. In particular, the measurement criterion of holding cost for an order is defined as the
difference between the completion times of the first job and the last job of the order. The producer sequences
all the jobs of the same order as close as possible to minimize the holding cost (or waiting times) and to reduce
the shipping cost [12].

Regarding the optimization of a single objective relating to the setup time studies on a single-machine
setting, readers may refer to Psaraftis [46], Monma and Potts [40], Potts and van Wassenhove [45], and Liace
and Emmons [33]. For more extensions and improvements such as optimizing the maximum completion time,
the makespan, and the mean flow time, we refer readers to van der Veen and Zhang [54], Ahn and Hyun [1],
Gupta [24, 25], Mason and Anderson [39], and Potts [44]. For more literature references on family sequence
independent setup times, readers can refer to a comprehensive survey by Allahverdi [3] and to three recent
papers by Janiak et al. [29], Mustu and Eren [42], Singh [51], etc.

Regarding the optimization of multiobjective criteria relating to setup time studies on single-machine settings,
Dileepan and Sen [16] and Fry et al. [22] were the leaders to discuss three kinds of procedures, including a priori,
a posteriori, and interactive procedures. Afterward, Liao [34] developed a branch and bound algorithm to solve
a single-machine multiple-objective and multiple-job class model. Gupta et al. [26] proposed two constructive
polynomial time algorithms to solve a hierarchical scheduling problem. Erel and Ghosh [18] investigated a
customer order scheduling problem with a certain number of products. Lin and Kononov [35] studied another
customer order scheduling problem on parallel dedicated machines. Liu [37,38] and Hsu and Liu [28] addressed
three different problems of multiple jobs composing a customer order in a job shop environment. More recently,
Allahverdi et al. [8] addressed the no-wait flowshop scheduling problem on m machines with separate setup times
to minimize total tardiness with an upper bound on makespan. Allahverdi [4] provided a survey of scheduling
problems on single machine, parallel machine, flowshop, job shop settings with uncertain processing or sequence
independent setup times. As for the sequence-dependent setup times, readers might refer to Alimian et al. [2],
Allali et al. [9], Rifai et al. [47], and so on.

Regarding the customer order literature studies with due dates, Blocher et al. [13] examined the performance
of order-based dispatching rules in a general job shop to minimize the flow time and tardiness. Erel and Ghosh
[18] considered a customer order scheduling model of minimizing the total order lead time in which they
assumed that a setup is needed whenever production switches from one family to another. Lee [31] proposed
a branch-and-bound method incorporating with some dominance properties and three lower bounds and three
heuristics to solve the order scheduling problem of minimizing total tardiness. Following the same problem of
Lee [31], but with a position-based learning consideration, Xu et al. [60] applied branch-and-bound method with
new properties and lower bound, simulated annealing, and particle swarm optimization (PSO) algorithms to the
problem. Adopting the same customer order scheduling model of Lee [31], but with sum-of-processing-time-based
learning effect, Wu et al. [56] utilized a branch-and-bound algorithm, four heuristics, and three metaheuristics
(the artificial bee colony, a PSO with a varying linear declining inertia weight, and a simulated annealing) to
solve it. Framinan and Perez-Gonzalez [20] proposed a new constructive heuristic with a look-ahead mechanism
to improve the OMDD heuristic, proposed by Lee [31] and claimed that their proposed method outperformed
OMDD. Wu et al. [57] proposed three modified heuristics, a hybrid iterated greedy algorithm, and a particle
swarm colony algorithm for an order scheduling problem to minimize the linear sum of the total flowtime
and the maximum tardiness. More streamlined scheduling problems of customers ordering multiple products,
readers might refer to a review paper covering all concurrent-type scheduling problems by Framinan et al. [21].



SEQUENCING SINGLE MACHINE MULTIPLE-CLASS CUSTOMER ORDER JOBS 1419

Recently, Antonioli et al. [11] considered a customer order scheduling environment in which the setup times are
explicit and depend on the production sequence. They proposed a mixed-integer linear programming, several
heuristics, and the hybrid matheuristic for minimizing the total tardiness criterion. In view of the fact that the
single-machine scheduling issues for orders of multiple work categories have not been addressed, we introduce a
bicriteria single-machine scheduling with multiple job classes and customer orders. Our goal is to find a schedule
that minimizes a linear combination of the total holding cost and total tardiness cost of given orders.

The remaining part of this study is organized as follows. In Section 2, we introduce the notations and formulate
the problem. In Section 3, we propose a dominant property and a lower bound for the branch-and-bound method
searching for an optimal solution. In Section 4, we propose four heuristics and a cloudy theoretical simulated
annealing (CSA) and a cloudy theoretical simulated annealing hyperheuristic (CSAHH) methods. In Section 5,
we experimentally tune the parameters of the proposed CSA and CSAHH. In Section 6, we execute several
experiments to evaluate the effectiveness and efficiency of the proposed algorithms. Conclusions and suggestions
are summarized in Section 7.

2. NOTATIONS AND PROBLEM FORMULATION
First, some notation used in this study are defined as follows.

On ={01,042,...,0,} denotes a set of m (customer) orders;

B ={B,B>,...,Bk} denotes a set of K classes of jobs;

{$1,82...,8K} denotes the setup times for the K classes of jobs;

{p1,p2-..,pn} denotes a set of processing times of n jobs;

0,0’ denote two full job schedules;

0,0’ denote two partial schedules;

{d1,ds...,dn} denotes a set of due dates for m orders;

[ ] denotes the position in a given schedule;

Cs (o), C'Jf(a’) denotes the completion time of the first job of O; in ¢(0’), j =1,2,...,m;
HC;(o) = C’é(o) - C]f(a) denotes the holding cost of order O; in o, j =1,2,...,m;
TC;(0) = max{C}(c) — d;,0} is the tardiness of order O;, j =1,2,...,m.

The considered problem can be stated as follows. Suppose there is a set of n jobs which are grouped into
a set of m orders and each order includes several jobs. The jobs can be classified into K different classes and
each order contains only one job from each class. Jobs are ready at time zero and will be operated on a single
machine. No preemption is allowed during the processing a job. Suppose that each job J; has a processing
time and belongs to a job class. Furthermore, an order consists of at least one job from each job class. During
the processing period, if a job belonging to class b is scheduled immediately following a job belonging to
class a (a # b), then a setup time s, is needed. Otherwise, it does not need a setup time. The holding cost
HC;(o) of order j is defined by the range between the completion time of the first job in order j and the
completion time of the last job from the same order. In this study, we address the problem of minimizing a
linear combination of the total holding cost Z;n:l HC;(o) and total tardiness cost Z;nzl TC,(o) for m given
orders. For convenience, let h(c) = « Z;n:l HC;(0)+ (1 —«a) E;nzl TC, (o). The proposed problem is NP-hard
because for fixed K =1, m = n,a = 0, and all setup times 0, the resulting problem is an NP-hard problem (see
43)).

3. A LOWER BOUND AND PROPERTY

For the branch-and-bound method, we wish to determine a lower bound of a node o = (7, 7€), where 7 is the
already scheduled part with n, jobs while 7¢ is the set of nyc unscheduled jobs from g orders (¢ < m). Let ¢,
be the completion time of the last job Jp, in 7, and let » .. HC; be the total holding cost of those completed
orders in .

1ET
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For the lower bound of holding cost in 7¢, we sort the processing times of n jobs by the smallest processing
times first rule, i.e., p1) < p2y < ... < Py is a non-decreasing order of {pi,p2,...,p,}, and we record the
frequency number f; for each of ¢ order in 7¢ i = 1,2,...,q, and set 1 < fq) < fo)... < f(y) as a non-
decreasing order of {f;,i = 1,2,...,q}. Next, we calculate the lower bound of completion times of jobs in 7¢ as
te + 22:1 D), ¢ = 1,2,...,nzc. We note that nzc < n. Thus, we can calculate the lower bound of holding cost
for g orders as follows:

Z HC; = {C[nw+f(1)](g) — C[nw+1] (0) + C[n,r+f(1)+f(2)](o-) — C[n,r+f(1)+1] (o)+...

1ETE

+ C[nw+f(1>+f(2>+...+f(q)](U) o C[erf(l)+f(2>+.‘.+f(q—1)+1] (J)}

- Z<C[”W+Zizl fw) (@) = Clnat 078 ] (U))7

i=1

where it is assumed that f) = 1, the range of C, . ,,1(0) — Cln,11](0) denotes the lower bound of hold-
ing cost of the remaining order with f; jobs, the range of C[n”+f<1)+f(2)]( o) — C[n”+f<1)+1]( o) denotes the
lower bound of holding cost of the remaining order with f> jobs and the range of Cpu, 4 )+ o)+ + (] (0) —
Clust foy+fo .. +fq1y+1](0) denotes the lower bound of holding cost of the remaining order with f; jobs.

For the lower bound of the tardiness cost of those g orders in 7€, we sort the due dates of ¢ orders by the
earliest due dates first rule, i.e., d(1) < d(2) < ... < d(q) is a non-decreasing order of {dy,ds, ..., dy}, which can
be determined as follows:

Z TCz = max{C[nwﬂc(l)](o) — d(1)70} + max{C’[nﬂ+f(l)+f(2)](a) - d(g),O} +

1ETE

+ max{c[7z7r+f(1)+f(z)+~--+f(q)] (J) B d(q)’ 0}

H'Ma

(max{C’ et ] (@) — oo 0}).

From the above analysis, we have the following inequality:

a Y HC+(1-a) > TG >Q{ZHC +Z( et £0] )

i=1,....,m i=1,....m 1€

Ol g @)} (1) {; e Z; ({10 = 00}) }

Therefore, a lower bound on node o = (7, 7¢) can be obtained as follows.

LB1(m) = Q{ZHC + Z( [net+Sizs f<v>](a) = Cnesziz f(v)](g))}

(1-« {EZTC +Z(max{ [rnt i, f(U)](U) —d(i)70}>}.

Apart that, let S¢ be a subset of the job classes for jobs in 7¢ exclude the last job class in . Another lower
bound for the holding cost by sorting only the jobs in 7€ and by considering the setup times is also developed
as follows:

Z HC; = {C[nw+f(1)] (U) o C["W""l] (U) + C[n7r+f(1)+f(2)] (0) o C[n,,+f(1)+l] (0) +..

ieme
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+ C[nw+f(1>+f(2>+...+f(q)](0) o C[erf(l)+f(2>+.‘.+f(q—1)+1] (J)}

- Z;(C[”W+Zi1 Fw) (o) - C[n,r+2§;}] o] (U)) + %C: Sk

Therefore, another lower bound on node o = (m, 7¢) can be obtained as follows:

LB2(r) = O‘{Z HG; + Z( o5t 0] @) = Oz 1)) } o ; "

1ET

(l—a {ZTC +Z(max{0[n Y o }( )—d(i),O})}.

1ET

In order to find a better lower bound, we have
LB(7) = max{LB1(x), LB2(m)}.

It is noted that when m = (), the lower bound on node ¢ = (w,7¢) can be obtained as »,. . HC; =
mo X (Clyig(o) — Cpy(o)) and 7, . TC; = PO max{Cmkxq)] (o) — d), 0}, therefore, we have

LB():O[ZHCZ-F(].—OZ)ZTCZ

ieme 1ETE

= a X mo X (C[mk](U) — C'm(a)) + (1 — a) Zmax{quxi](a) — d(i),O}.

i=1

Additionally, a property is proposed to improve the power of the searching ability of the branch-and-bound
method. Let 0 = (7, J;, J;,7°) and o’ = (m, J;, J;, m°) be two schedules in which job i is scheduled before job j
in o, while job j is scheduled before job 7 in ¢’. Moreover, let job J;, be the last job in 7. We have the following
property.

Property 1. Assume that jobs Jr, J;, and J; belong to the same job class, and J; € Oy, J; € O,, and u # v.
If both jobs J; and J; are the last assigned jobs of O, and O,, and the first assigned job of O, is scheduled
after the first assigned job of O,, p; < p;, dy < d,, then o dominates o’.

Proof. The objective function is h(c) = a3 7 HC;(0) + (1 — @) 372 TC;(0). It needs to be shown that

h(o) < h(c").

(1) Because, Cf(0") = C{(0), and Cf( ') = C{(0) the 337" | HC;(0) — 372, HC;(0') = [HCy(0) + H ( )] -
[HC;(0") + HCi(0")] = [Cy(0) — Cf(0) + Ci(0) = Cf (o )] [ b(0') = Cl(o") + Cl(0") = Cf(0")] = [Ci(0) —
CL(")] + [CL() — CL(o")] = pi — (p; +p2) + (0i +p)*py—pz p; <0.

(2) The rest of this proof is to show that TD = Y /" TCyu(o) — > | TCy(c’) = [TCyu(o) + TCy(o)] —
[TC, (") + TCy(o")] <0, where

[H

TC,(0) =

ax(tx + pi — dy,0), TCy(0) = max(tr + p; +p; — dv,0)
TC,(0') = !

m
max(tr +p; — dy,0), TCy(0") = max(t, + p; + pi — du,0).

The time order t; < tr+p; <tz +p; < trx+p;+p; and the given condition d,, < d, determine the TD values
of ten situations. Three of these ten situations are proven as follows, and the remaining proofs of are similar.

(i) if d, <tr+p; anddv>tﬂ+pi+pj

TD = [(tﬂ + i —du) -‘rO] - [0-‘r (tﬂ-l-pj + pi —du)] = —p; <O0.
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(ii) if tr +ps <du <tr+p; <dy <tx+Dpi+Dpj

TD = [0+(t7r +pi + Dy _dv)} - [O+ (tTF +pj +Dpi _du)] =d, —d, <0.
(ill) if dy < tx +pi < dy <tz +p;

TD = [(tx + pi — du) + (tx + pi + pj — dv)] — [(tx + pj — dv) + (tr +p; + pi — du)] = pi —p; <0

Combining (1) and (2), k(o) < h(c")) follows. O

4. HEURISTICS, CLOUDY THEORETICAL SIMULATED ANNEALING ALGORITHMS AND
BRANCH-AND-BOUND

To find near-optimal solutions, in this section, we first present four heuristics, each of which was iteratively
improved by a local pairwise interchange method (pi-method) several times. The pi-method means that taking a
schedule with five jobs as o = (1, 2, 3,4, 5), we generate two random integers v = 2 and v = 4 by randomness and
then swap the 2nd job and 4th job in schedule o to generate a new schedule as ¢’ = (1,4, 3,2,5). Afterwards, we
propose a cloudy theoretical simulated annealing algorithm adopting found job sequences from four heuristics
(without improvement by the pi-method) as their initial seeds. Finally, we propose a cloudy theoretical simulated
annealing-based hyper heuristic algorithm, along with five low-level heuristics, to solve the problem. Based on
the characteristics of the studied problem, multiple-class jobs and customer order of jobs, we develop four
heuristics as follows.

Heuristic 1. It is modified from the idea of Gupta et al. [26].

Step 1. We assign m orders based on the smallest value of the sum of processing times of each order plus its
setup time to yield “an order schedule”.

Step 2. For each order in the yielded order schedule in Step 1, we assign job sequence based on the smallest
processing time first to yield job sequence within each order. For simplification, Steps 1 and 2 are termed
“OSPTLPT”.

Step 3. The solution of the OSPTLPT is improved by using a pi-method iteratively. It is termed
“OSPTLPT pi”.

Heuristic 2. Step 1. We assign m orders based on the smallest value of the sum of job processing times in
each class to yield “a class schedule”.

Step 2. In the class schedule in Step 1, we assign the job sequence based on the largest processing time first
in the first class and assign the job sequence based on the smallest processing time first in other classes. For
simplification, Steps 1 and 2 are termed “CSLPT”.

Step 3. The solution of the CSLPT is improved by using a pi-method iteratively. It is termed “CSLPT _pi”.

Heuristic 3. Step 1. We assign m orders based on the earliest order due date first rule to yield “an order
schedule”.

Step 2. Given the order schedule in Step 1, we assign the jobs within each order according to the non-increasing
order of the sum of processing times of each job plus its setup time to yield a job sequence. For simplification,
Steps 1 and 2 are termed “OEDDLPT”.

Step 3. The solution of the OEDDLPT is improved by using a pi-method iteratively. It is termed “OED-
DLPT _pi”.

Heuristic 4. Step 1. We assign m orders based on the earliest order due date first rule to yield “an order
schedule”.
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Step 2. Given the order schedule in Step 1, we assign the jobs in each order according to the non-decreasing
order of the sum of processing times of each job plus its setup time to yield a job sequence. For simplification,
Steps 1 and 2 are termed “OEDDSPT”.

Step 3. The solution of the OEDDSPT is improved by using a pi-method iteratively. It is termed “OED-
DSPT pi”.

There are three stopping rules used presented in used approximate methods such as the maximum number
of iterative cycles, specified CPU time limit, and the maximum number of cycles between two improvements of
the global best solution (refer to [50,55]). However, the stopping rule of proposed CSA or CSAHH are adopted
an initial temperature Ty and a final temperature Tt in this study. In what follows, to find the good quality
of approximate solutions, we set the best solutions (job schedules) found from the four heuristics (OSPTLPT,
CSLPT, OEDDLPT, and OEDDSPT) as the four initial seeds in the cloudy theoretical simulated annealing
(CSA) algorithm [53]. The CSA algorithm equipped with four different seeds is recorded as algorithms CSA1,
CSA2, CSA3, and CSA4. As mentioned in Torabzadeh and Zandieh [53], the CSA algorithm uses several
parameters, including an initial temperature T, a final temperature T¢, an annealing index A, and a number
of improvement repetitions N,. In addition, let § < 1078 (be a very small number) and 1 be a random number
selected from a uniform distribution U (0, 1). Then, the procedure of the CSA algorithm is summarized as follows.

The steps of the CSA algorithm:

01: Input Tp(< 1), T%, A, and N, and set o as an initial schedule.

02: Set T =Ty, 0 = 09, and h(o) = h(op), j =1

03: Do while (T > T¥y)

04:Set H. =T, E,=T,uy=1-T, E,, =max{H, + E, —n/3,6}

05: Set 77 = E}, - \/—21n(uo)

06: iterative =1

07: Do while (iterative < N,)

08: Choose integers p, ¢ from U[l,n] and change the pth position and gth position jobs in o
to create a new schedule opew With h(opew)-

09:  if h(onew) < h(0), replace o by opew; otherwise, replace o by opew if exp(—(h(onew) — h(0))/T"),
where d from U(0,1).

10:  iterative = iterative + 1.

11: End while

122j=5+1,T=Tx N

13: End While

14: Output the final best schedule ¢ and its corresponding objective function h(o).

In addition, a cloudy theoretical simulated annealing hyperheuristic algorithm (CSAHH) along with five
low-level heuristics is also proposed to solve this problem. A hyperheuristic with the operators of the low-level
heuristics and high-level strategy has been widely utilized in searching for near-optimal solutions (Dowsland
et al. [17], Burke et al. [14], Gascén-Moreno et al. [23], Anagnostopoulos et al. [10], Wu et al. [58], Zhao et al.
[65], and so on.). Instead of solving the problem directly, a low-level heuristic is directly applied for searching
the solution space. The high-level policy includes the heuristic selection policy and acceptance criterion. The
high-level policy is adopted to find a low-level heuristic to yield a new solution. Wu et al. [58] proposed five local
improvement methods and separately used each of them in the cloud theory-based simulated annealing algorithm
to solve a single-machine past sequence setup scheduling with two scenarios. For the diversity of neighborhood
search, we modify these five local improved methods to be the five low-level heuristics (called LH;, LH,, LHs,
LH,, and LH;) embedded in the CSA algorithm. Applying a low-level heuristic on a job sequence, it first needs
to choose two jobs randomly from the sequence. Then, these five low-level heuristics consist of (LH;) swapping
two chosen jobs; (LHs) switching both jobs with their immediately succeeding jobs; (LHj3) switching both jobs
with their closet-most preceding jobs; (LH4) switching the job in front with its immediately succeeding job and
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switching another with its closet-most preceding job; and (LHs) switching the job in front with its close-most
preceding job and switching another with its immediately succeeding job.

Let iCmax denote the total number of iterations in performing CSAHH. In the first run of performing the
CSAHH, the probability of all five low-level heuristics contributing to the CSAHH are equally set to 1/5. We
recode the accumulated performance times z; of each LH; in the first run and then set z;/ Z?:l z; as the
selection probability of LH; for the subsequent run. For diversity, we set z; = max{1, z;} to keep all five low-
level heuristics in the pool from the first run to the end of the last run in performing CSAHH. Furthermore,
the notations Tj, Tt, and A used in CSAHH are the same as those in CSA, while Nr denotes the total number of
times for five low-level heuristics called in each run. The description of the CSAHH is summarized as follows.

The procedures of the CSAHH method:

01: Set initial seed o = 0, and its objective function h(o) = h(op);

02: Input parameters Nr, iCmax, Ty, Tt; j =1

03: Set T' = Ty;

04: Set z, =1, k=1,...,5;

05: For i_run =1 to iCmax do

06: Set Ho. =T, E, =T,ug=1-T,E!, = max{H, + E, — n/3,d}

07: Set T" = E/, - /—21n(uyp)

08: For id=1 to Nr do

09: Choose an LHy, based on the acceptance probability among five LHs;

10:  Apply it to yield a new schedule o new and compute its objective function A(ok new);
11:  Determine if h(og new) < h(c), update o by ok new, 2k = 2 + 1

12:  Otherwise, update o by ok new if exp(—(h(0k new) — h(0))/T") < d, where d € U(0,1);
13: End for

14: j=j+1, Update T =Ty x N

15:  Update zi/ Zi=1 2, for each LHy;

16: Update o = 0y, and its objective function h(o) = h(og)

17:if T < T, exit and go to step 18;

18: End for

19: Output o and its h(o).

To solve the proposed problem, we applied the branch-and-bound (B&B) method for finding an exact solution.
Performing the B&B method, we begin the root node with no job and branch the root node to obtain new nodes
by adding the unscheduled jobs to the root node. We adopt a depth-search first rule and schedule the jobs from
the first position to the last.

For each considered node, new jobs (nodes) selected from those unexplored jobs are one by one fabricated
into a complete schedule by appending the selected jobs. A lower bound is calculated for each such node. Then,
the dominance Property 1 and these lower bounds are used to remove those nodes that satisfy the dominance
property or calculated lower bounds are greater than an established upper bound (obtained from the heuristics
or CSA algorithm). Further branching is continued with the remaining nodes that are not considered yet. Until
all possible nodes are either considered or removed, this procedure is repeated to obtain an optimal solution.
On the basis of the above description, the steps of the proposed B&B method are described below.

Input: A set of n(= Km) jobs with processing times {p1,p2,...,pn} assigned independently into two sets:
K classes B = {Bj, Bs,..., Bk} with class setup times {s1, $2,...,8x} and m customer orders Oy =
{01,0,,...,0,,}, where each O; contains exactly one job from By,.

Objective function: Minimize h(0) = a 3°7", HC;(0) + (1 —a) 327, TC;(0).

Step 1. The search starts with an upper bound obtained from the best heuristic among all heuristics/algorithms

described in Section 4. From the root node, it performs branching by appending each job as a new node.



SEQUENCING SINGLE MACHINE MULTIPLE-CLASS CUSTOMER ORDER JOBS 1425

Step 2. For each considered active node, compute the lower bounds using the equation LB(7), determinate if
the lower bounds are equal to or larger than the incumbent upper bound, and remove those nodes and all
beneath nodes in the branching tree.

Step 3. Applying the dominance Property 1 to purge the unwanted nodes from the branching tree.

Step 4. If the considered node is a complete schedule (say o), then compute its objective value h(o) and if this
objective value is smaller than the upper bound, then update the upper bound and the current solution by
the o; otherwise, branch from the node with the depth search rule on the remaining nodes to create a set of
active nodes.

Step 5. Conduct Steps 2 through 4 repeatedly, until all nodes have been considered. Let the final complete
schedule be oopt.

Output. The o,p¢ is an optimal solution.

Besides, an illustrative example and node trees also were provided to explain the proposed model and the
steps of the proposed Branch and Bound algorithm, respectively.

Example. The following processing times of four jobs can be classified 2 classes and 2 orders.

Job id Ji Jo J3 Ja

i 22 88 11 30
Classid 1 1 2 2
Oderid 1 2 1 2

Furthermore, let o = 0.25, and let s; = 5 and s, = 6 denote the setup time for class 1 and class 2 while
d; = 70 and ds = 62 denote the due date for order 1 and order 2, respectively.
Given o = (J3, J1, Ja, Jy4), the completion times are computed as follows:

Cyy(o) =s2+pp=6+11=17 /* for order 1,

Cp(0) =Cpj(0) + 51 +p2 =17+5+22 =44 /* for order 1,

Cpg1(0) = Cpgy(0) + ppg) = 44 + 88 = 132 /* for order 2,
and

Cryy(o) = Czj(0) + s2 + pra) = 132+ 6 + 30 = 168 /¥ for order 2.

Thus, we have
2
Y THC;(0) = Cpi(0) — Cyy(0) + Clyy(0) — Cpg(0) = 44 — 17 + 168 — 132 = 63,
j=1
and
2
Z TC;(0) = max{0, Cpy(0) — d1 } + max{0, Cy(c) — d2} = max{0,44 — 70} + max{0, 173 — 62} = 106.
j=1
Therefore, the objective function h(o) of o = (Ja, Ju, J1, J3) is given by
2 2
h(o) =025 HC;(o) + (1-0.25) Y  TC;(0) = 95.25.
j=1 j=1

The best solution h(c) among all the proposed methods was designed as the upper bound of B&B. Figure 1
presents the details of the steps of the proposed Branch and Bound algorithm.
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FIGURE 1. The steps of B&B for illustrative example.

Given node o = (Jy, Jy, —, —) in figure, the completion times for the jobs in the scheduled part are computed
as follows:
Cpi(o) =81 +ppy =5+22=27 /* for order 1,
Cr(0) = Cpyo) + 52 + ppz; = 27+ 6 + 30 = 63 /* for order 2,
Z HC; =0, where 7 = {J1, Js}, / no order is completed in .
1ET

Regarding to the estimated completion times for those jobs in the unscheduled part are computed as follows.

At first, we sort the job processing times in nondecreasing order to obtain p;) < ppy < ... < py) or
11 < 22 < 30 < 88, and compute the estimated completion times for the unscheduled jobs as Cis)(0) =
te+ 301 Py = 63+ 11 = 74 and Cpy(0) = tr + 37_ py = 63+ 11 + 22 = 96.

Because f(1) =1, fi2) = 1, d(1) = 62, and d(3) = 70, we can find

Z TCZ- = maX{C[n"+f(l)](a) - d(1)70} + maX{C[nw+f(1)+f(2)](o) — d(g),O}

PETE

= max{74 — 62,0} + max{96 — 70,0} = 38,

0.25 x {Z HC; + Z(C[aner,:l f(u)](U) - C[nfﬂin;}) f(v)](a))} = 0.0,

1ET =1
and .
0.75 x {Z TC; + Z(maX{C[nﬂ+Zi:1 ) (@) = dy, 0})} —0.75 x (0 + 38) = 28.5.

1ET =1

Thus, the lower bound of node o = (J1, Jy, —, —) is 28.5.

5. EXPLORING THE PARAMETERS USED IN CSA ALGORITHMS

In this section, we explore the appropriate values of parameters built into the CSA and CSAHH algorithms.
These parameters are the annealing index (), the number of improvements (Nr), the initial temperature (7o),
and the number of runs (iCmax). To choose values for these parameters, we design a scheme consisting of 9
jobs, which are grouped into three orders and three classes, and generate one hundred tested instances for
each parameter combination of A, Nr, Ty, and iCmax. The job processing times are generated uniformly from
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F1GURE 2. Exploring the values of parameters used in CSA and CSAHH. (a) lambda. (b) Nr.
(¢) Ti. (d) iCmax.

distribution (1,100), while the class setup times are generated from another uniform distribution (1,20). The
customer order due dates are generated uniformly from distribution SP x (1 — 7 — R/2,1 4+ 7 + R/2), where
7 =0.25R = 0.25, and SP = }_"" | p;. We report the average error percentages AEP, where AEP is defined

as AEP = mean{H"'o_i]g&} x 100%. In addition, H; is the solution obtained from the CSAHH and OB; is the

solution obtained from the B&B method.

The parameter adjustment process is based on the one-factor at a time experimental method [41] on a
generated set of problem instances. To explore the value of A, after several trials, we fixed iCmax =20, Ty = 0.1,
Ty = 1071% and Nr=950 and tested the value of X first over the interval (0.1,0.9) by an increment of 0.1 and
second over the interval (0.9,0.99) by an increment of 0.01. Figure 2a shows that the AEP approaches a lower
point at 0.9 on the interval (0.1,0.9) case and then approaches a lower point at 0.97 on the interval (0.9,0.99)
case. Thus, we adopt A = 0.97 in the later simulation experiments.
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To explore the value of Nr, we set A = 0.97, fix the other parameters as iCmax =20, Ty = 0.1, Ty = 10710,
and test the value of Nr over the interval (50,1500) by an increment of 50 per trial. Figure 2b shows that the
trend of AEP declines rapidly as the value of Nr increases and becomes flat when Nr is larger than 1350. Thus,
we adopt Nr=1350 in the later tests.

Following exploring parameters A and Nr, we set A = 0.97 and Nr = 1350 and fix iCmax = 20, and Ty = 10~'°.
We test the value of T from 0.00001 to 0.1 by a common rate of 0.1 per trial. Figure 2c¢ shows that the AEP
declines rapidly to a lower point at Ty = 0.1.

For the value of parameter iCmax, we set A = 0.97, Nr=1350, and Ty = 0.1 and fix Tt = 107'°. We then
explore the values of iCmax from 10 to 40 (times of runs) by an increment of 2 runs per trial. Figure 2d shows
that there are three local lower points in those tests. The lowest point is located at 34. Therefore, iCmax = 34
is used in later simulation experiments.

6. COMPUTATIONAL SIMULATIONS AND RESULTS

A few computational simulations were executed to determine the effectiveness of the branch-and-bound
method, the four local heuristics (OSPTLPT, CLSPT, OEDDLPT, OEDDSPT) and their pairwise interchange
improvement counterparts (OSPTLPT _pi, CLSPT _pi, OEDDLPT_pi, OEDDSPT_pi), a CSA algorithm fed with
four seeds found from four local heuristics, coded as CSA1, CSA2, CSA3, CSA4, and the CSAHH algorithms. All
heuristics and CSA or CSAHH algorithms were coded in Visual Fortran (version 6.6, Compaq) and implemented
on a PC with 32.0GB RAM in Windows 10 and a 3.00 GHz Intel(R) Core(TM) i7-9700 CPU. The problem
instances generated followed the design of Leung et al. [32] and Lee [31]. The job processing times were generated
from a uniform distribution U(1,100). The due dates of jobs were generated (following [19]) from a uniform
distribution SPxU(1—7—R/2,1+7+R/2), where SP = 377, p; is the sum of the processing times of the n jobs,
and 7 and R represent the tardiness factor and range of the due dates, respectively. There are six combinations of
(r, R): (0.25,0.25), (0.25,0.50), (0.25,0.75), (0.50, 0.25), (0.25,0.50), and (0.25,0.75). Meanwhile, three different
types of weights () are 0.25, 0.50 and 0.75, and two types of setup times (“setup” in tables) were employed,
one followed a U(1, 10) and the other followed a U(1, 20).

The number of jobs was set at n = 8, 10 and 12 for small-sized cases. For each n, the combination of number
of orders and number of classes (mo x mk) were set differently. There were 2, 2, and 4 combinations for n = 8,
10, 12, respectively. For each combination of the aforementioned parameters, a set of 100 problem instances
were generated randomly. Thus, in total, 28800(= >, (7 x R x a x (mo x mk) x setup x 100) = (2 x 3 x 3 x
2X242x3x3x2x2+2x3x3x4x2)x100) instances were tested. To avoid too much computational time,
as the number of nodes searched exceeded 10°, the B&B method jumped to the next set of problem instances.

With regard to computational experiments on large-sized job cases, the number of jobs was set at n = 60
and 100. A set of 100 random problem instances were generated for each combination of parameters n, 7, R,
a, mo x mk, and “setup”. In total, 61200 = > (7 x R x a x (mo x mk) x setup) x 100 = (2 x 3 x 3 x 10 x 2+
2Xx3x3x7x2)x 100 instances were tested.

6.1. Analysis of small-n computational results

The average error percentage (AEP) is employed to evaluate the capability of searching optimal job sequences
for the proposed 8 heuristics (OSPTLPT, CSLPT, OEDDLPT, OEDDSPT, OSPTLPT_pi, CSLPT _pi, OED-
DLPT pi, OEDDSPT _pi) and the five CSA algorithms (CSA1 to CSA4 and CSAHH). The AEP is defined as
100(mean[(H; — OB;)/0B;])[%], where H; is the value of h(o) found from each heuristic/algorithm and OB;
from the B&B method.

Tables 1 and 2 convey the performance of the B&B method. Column 3 (Tabs. 1 and 2) shows a sharp
increase in the mean of the explored nodes as n rises from 8, 10 to 12. The average CPU times (in seconds),
presented in Tables 1 and 2, dramatically increase as the number of jobs n increases to 12. In addition, all of the
generated problem instances were solvable within 10° nodes. The ratio of feasible solution (marked as RF, RF
= the number of tested instances solved out by B&B or by heuristics/total number instances tested per case)
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FIGURE 3. Boxplots of AEP for heuristics and CSA algorithms (small n).

is presented in Column 5 of Tables 1 and 2. Table 2 summarizes the CPU time and the number of explored
nodes for each of the Factors n, 7, R, o, mo X mk, and “setup”. From Columns 3 and 4 of Table 2, it is seen
that as the numbers of job classes (“mk” in mo x mk) increase, the number of nodes explored and CPU times
increase; the greater the number of job classes, the greater the number nodes explored. It can be observed that
our proposed B&B was not so powerful when number of jobs increased to n = 12. But it was noted in Table 1
that on average, proposed B&B took less 700 s to solve an instance at cases mo x mk=4 x 3 and 6 x 2. It was
also noted that overall, the average of CPU time B&B took was only 550.32s.

With respect to the performances of the proposed 8 heuristics and five CSA algorithms, Table 3 exhibits their
AEPs. Overall, the AEP values of the OSPTLPT, CSLPT, OEEDLPT, and OEEDSPT heuristics are (1.7420,
98.6349, 12.0186, 28.7837) [%] and their improvement counterparts (0.6931, 59.5241, 10.8500, 20.1509) [%)],
respectively, while the means of AEP are (0.2072, 0.3713, 0.3683, 0.3659, 0.0722) [%] for CSA1, CSA2, CSA3,
CSA4 and CSAHH, respectively. The CSA algorithms perform better than any of 8 problem-based heuristics,
and the CSAHH has the smallest AEP for small-sized jobs. The AEPs of OSPTLPT and OSPTLPT _pi are less
than 2%.

Table 3 also summarizes the means of AEP for the levels of the Factors n, 7, R, o, mo X mk, and “setup”.
Table 3 shows that the AEP of all heuristics and algorithms increases slightly in general as n increases from
8 to 12. Furthermore, Figure 3 displays the boxplots (distributions) of AEP for the 8 heuristics and five CSA
algorithms. The diamond in the boxplot represents the mean of the AEP for each heuristic/algorithm. Regarding
the CPU times, it can be seen in Figure 4 that the group (CSA1, CSA2, CSA3, CSA4 and CSAHH 13) consumed
more CPU time than other eight heuristics because metaheuristics are more complex than heuristics. However,
all of proposed heuristics/algorithms executed all less than 1s for small-sized instances.

To verify whether the difference among the 8 heuristics and five CSA algorithms are significant or not in a
statistical sense, based on rank-sums of AEP for the 288 groups of problem instances, which are formed by the
combinations of n, 7, R, &, mo x mk, and “setup”, the Freidman test (a nonparametric method) was executed
(in SAS 9.4). The value of the statistic is 3287.8 with degrees of freedom 12 and a p value less than 0.0001.
According to the test results, it is concluded that the AEP samples do not follow the same distribution at the
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TABLE 1. Performance of the branch-and-bound method.

n T No. of nodes CPU time TS
0.25 18894 0.07 3600/3600
0.5 19334 0.07 3600/3600

10 0.25 1430717 9.08 3600/3600
0.5 1476 083 9.11 3600/3600

12 0.25 133527 286 1076.77 7200/7200
0.5 135495 545 1115.35 7200/7200
R

8 0.25 19354 0.07 2400,/2400
0.5 19157 0.07 2400/2400
0.75 18831 0.07 2400,/2400

10 0.25 1478 354 9.63 2400,/2400
0.5 1456 622 8.83 2400/2400
0.75 1425223 8.83 2400,/2400

12 0.25 130146 480 1095.39 4800/4800
0.5 138 722 598 1118.56 4800/4800
0.75 134 665 169 1074.22 4800/4800
«

8 0.25 17640 0.06 2400/2400
0.5 20478 0.07 2400/2400
0.75 19224 0.07 2400,/2400

10 0.25 1342542 9.32 2400,/2400
0.5 1594103 9.86 2400/2400
0.75 1423554 8.11 2400,/2400

12 0.25 116 449 836 969.66 4800/4800
0.5 143663014 1208.03 4800/4800
0.75 143421 396 1110.49 4800/4800
mo X mk

8 2x4 24713 0.08 3600/3600
4x2 13515 0.06 3600/3600

10 2x5 2117684 11.83 3600/3600
5x2 789116 6.37 3600/3600

12 2x6 258202915 1824.80 3600/3600
3x4 137835469 1185.22 3600/3600
4x3 72524072 697.13 3600/3600
6 x2 69 483 205 677.09 3600/3600
setup

8 U(1,10) 18676 0.07 3600,/3600
U(1,20) 19552 0.07 3600/3600

10  U(1,10) 1425025 8.96 3600/3600
U(1,20) 1481775 9.23 3600/3600

12 U(1,10) 134148 216 1075.62 7200/7200
U(1,20) 134874615 1116.50 7200/7200

Mean 67623 836 550.32




TABLE 2. Summary of the performance of the branch-and-bound method.

SEQUENCING SINGLE MACHINE MULTIPLE-CLASS CUSTOMER ORDER JOBS

No. of nodes CPU time TS

n 8 19114 0.07 36000/36 000
10 1453400 9.10 36000/36 000
12 134511415 1096.06 72000/72 000

T 0.25 67126 046 540.67 14400/14 400
0.5 68121627 559.97 14 400,/14 400

R 0.25 65447667 550.12 9600/9600
0.5 69 730 244 561.50 9600,/9600
0.75 67693 598 539.34 9600/9600

« 0.25 58 564 964 487.18 9600,/9600
0.5 72235152 606.50 9600,/9600
0.75 72071 392 557.29 9600,/9600

moxmk 2x4 24713 0.08 3600,/3600
4x2 13515 0.06 3600,/3600
2x5 2117684 11.83 3600,/3600
5x 2 789116 6.37 3600/3600
2X%X6 258202915 1824.80 3600,/3600
3x4 137835469 1185.22 3600/3600
4x3 72524072 697.13 3600,/3600
6x2 69 483 205 677.09 3600/3600

setup U(1,10) 67435033 540.06 14400/14 400
U(1,20) 67812639 560.58 14 400/14 400
Mean 67623 836 550.32

TABLE 3. AEP of Heuristics and CSA algorithms (small n).

OSPT- CSLPT- OEDD- OEDD- OSPT- CSLPT OEDD- OEDD- CSA1 CSA2 CSA3 CSA4 CSAHH TS
LPT LPT SPT  LPT.pi _pi _LPT_pi _SPT_pi
n 8 1.4590 85.9356 11.5581 31.1748 0.4809 44.0226 10.3976 20.0274 0.0053 0.0456 0.0376 0.0379 0.0165 7200
10 17264 94.2350 12.3529 29.4987 0.7017 55.3080 11.1419 20.3691 0.0998 0.1935 0.1875 0.1961 0.0534 7200
12 1.8913 107.1845 12.0818 27.2305 0.7949 69.3830 10.9303 20.1036 0.3619 0.6230 0.6241 0.6147 0.1095 14400
T 025  1.8635 101.7910 12.1653 29.5252 0.7644 61.2038 10.0531 20.5706 0.2154 0.3825 0.3825 0.3774 0.0777 14400
05 1.6205 95.4789 11.8719 28.0421 0.6219 57.8445 10.7469 19.7313 0.1990 0.3600 0.3541 0.3543 0.0667 14400
R 025  1.7133 99.0740 12.3658 29.2638 0.6444 60.4585 11.1662 20.5050 0.2004 0.3770 0.3708 0.3643 0.0715 9600
05 1.7279 97.9485 12.0255 28.6861 0.6881 59.0508 10.8729 20.1001 0.2057 0.3685 0.3630 0.3661 0.0711 9600
075 17848 97.9813 11.6645 28.4011 0.7468 59.0631 10.5110 19.7567 0.2065 0.3683 0.3711 0.3672 0.0741 9600
o 025  2.6273 62.5036 15.5628 22.1252 0.9753 37.2816 13.6272 17.3332 0.1652 0.1983 0.1946 0.1956 0.0613 9600
05 1.6250 92.0304 12.2991 27.4461 0.6604 56.4631 11.2659 19.6578 0.2274 0.3578 0.3611 0.3512 0.0834 9600
075 09728 141.3708 8.1938 36.7797 0.4436 84.8277 7.6560 23.4618 0.2200 0.5576 0.5492 0.5508 0.0720 9600
moxmk 2x4  1.0413 78.3729 5.7800 257026 0.2495 38.7177 4.9993 13.5761 0.0009 0.0484 0.0376 0.0364 0.0038 3600
4x2  1.8768 93.4984 17.3361 36.6470 0.7124 49.3275 15.7958 26.4788 0.0098 0.0428 0.0375 0.0394 0.0292 3600
2x5  1.0080 S1.6573 4.6033 21.8008 0.2754 48.3024 3.8746 11.6352 0.0024 0.0216 0.0137 0.0179 0.0070 3600
5x2 24448 106.8128 20.1025 37.1877 1.1280 62.3137 18.4092 29.1030 0.1971 0.3653 0.3613 0.3743 0.0988 3600
%6 0.8401 79.0937 4.3077 18.5100 0.2088 51.7991 3.6799 10.3181 0.0103 0.0308 0.0251 0.0330 0.0049 3600
3x4  1.6207 1119398 8.6316 24.5086 0.6278 75.2289 7.6241 17.2751 0.2065 0.3373 0.3530 0.3359 0.0685 3600
4x3 22520 125.7877 13.5737 20.8453 1.0385 80.0439 12.3236 23.1355 0.5458 0.8276 0.8254 0.8435 0.1215 3600
6x2 28117 114.9336 21.4926 36.3970 1.3021 72.2327 10.8286 20.8699 0.7039 1.3381 1.3378 1.2909 0.2484 3600
sctup  U(1,10) 1.0799 103.9514 11.7035 29.1107 0.4294 GL.8711 10.9413 20.5403 0.1620 0.3454 0.3414 0.3475 0.0448 14400
U(1,20) 2.4041 93.3185 12.3337 28.4476 0.9568 57.1772 10.7587 19.7615 0.2524 0.3972 0.3953 0.3843 0.0997 14400
Mean 17420 98.6340 12.0186 28.7837 0.6931 505241 10.8500 20.1500 0.2072 0.3713 0.3683 0.3650 0.0722

Notes. TS denotes the total number of instances solved out by each heuristic.
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FIGURE 4. Boxplots of CPU time for heuristics and CSA algorithms (small n).

level of significance o = 0.05. Table 4, Column 3, discloses sums of AEP ranks of the 288 instance problems for
the 8 heuristics and five CSA algorithms. The rank sums of CSA1 to CSA4 and CSAHH are 623.5, 1142.5, 1102.5,
1119.5, and 552.0, respectively. The rank sums of the heuristics range from the smallest 1542.0 (OSPTLPT _pi)
to the largest 3744 (CLSPT). To further analyze the performances among these heuristics and CSA algorithms,
a multiple comparison procedure WNMT (Wilcoxon—Nemenyi-McDonald-Thompson, Hollander et al., [27]) was
utilized. There were 78 pairwise difference comparisons among the 8 heuristics and five CSA algorithms. The
best performance group is CSAHH and CSA1 at a level of significance of 0.05. Any one of the CSA algorithms
performs significantly better than any heuristic. The CSAHH has the smallest AEP (0.0722%) and rank-sum
(552.0) for a small number of instances.

Regarding the frequencies of five low-level heuristics usage, the transmutation of probabilities of invoking
them for the CSAHH are displayed in Figure 5. LH; was called the least, and the other four heuristics were
called almost equally likely.
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TABLE 4. The rank-sum of heuristics and CSA algorithms.

Heuristic/ No. of Obs. Rapk—?m
Algorithm Small n (Big n) (#i=1,2..,13)
Small n  Bign
OSPTLPT 288 (612) 1982.0  2646.5
OSPTLPT_pi 288 (612) 1542.0 1452.5
CSLPT 288 (612) 3744.0  7956.0
CSLPT _pi 288 (612) 3456.0 7341.5
OEDDLPT 288 (612) 2610.0  5432.0
OEDDLPT pi 288 (612) 2304.0 4750.5
OEEDSPT 288 (612) 3168.0 6702.0
OEDDSPT pi 288 (612) 2862.0 6037.5
CSA1l 288 (612) 623.5 1758.0
CSA2 288 (612) 1142.5 4082.5
CSA3 288 (612) 1102.5 3214.5
CSA4 288 (612) 11195  3706.5
CSAHH 288 (612) 552.0 612.0
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Notes. The critical value of the WNMT test is approximated by 309.31, 450.89 for small n and large n, respectively [27];
i.e., two algorithms are different significantly on performance if |Ri — Rj| > 309.31 (for small n), > 450.89 (for large n).
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FIGURE 5. Variation of probabilities called for five low-level heuristics.
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6.2. Analysis of large n experimental results

For a large-sized job instance, the optimal solution of the test instance and its optimal objective value
were rarely found. Thus, an average relative percentage deviation (RPD) is reported for the performed results.
RPD = 100(mean[(H; — B;)/B;])[%], where H; is the value of objective function h(c) for a job sequence
searched by a heuristic or by a CSA algorithm and B; is the smallest value among the values found among 13
heuristics/CSA algorithms. Regarding the performances of the proposed 8 heuristics and five CSA algorithms,
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TABLE 5. RPD of Heuristics and CSA algorithms (large n).

OSPT- CLSPT OEDD- OEDD- OSPT- CLSPT OEDD- OEDD-

n T LPT LPT SPT LPT pi pi LPT_pi SPT pi CSA1 CSA2 CSA3 CSA4 CSAHH FS

60 0.25 2.12 17111 1214 16.57  1.54 159.16 11.59 1527 1.63 4.78 439 470 0.02 18000
0.5 2.00 162.52 11.81 15.99 1.44 151.18 11.28  14.78 1.55 4.60 427 453 0.01 18000

100 0.25 2.21 179.70 12.24  15.02 1.78 171.94 11.84 1422 1.78 6.64 519 569 0.01 12600
0.5 2.11 172.41 11.98 14.65 1.69 164.95 11.60 1389 1.71 6.38 5.13 5.55 0.01 12600
R

60 0.25 2.07 166.77 12.08  16.38  1.50 155.13 11.54 15.13 1.59 4.70 434 4.63 0.01 12000
0.5 2.05 166.92 11.95 16.25  1.48 155.26 11.42 15.00 1.59 4.68 4.35 4.63 0.02 12000

0.75 2.06 166.75 11.89 16.20 1.49 155.11 11.36 14.95 1.59 4.69 429 459 0.03 12000
100 0.25 2.14 17597 12.12 14.84  1.72 168.36 11.73  14.05 1.75 6.51 5.17 5.63 0.01 8400

0.5 2.15 175.92 12.13  14.85 1.73 168.31 11.73  14.06 1.73 6.57 5.16 5.61 0.01 8400
0.75 2.18 176.27 12.09 14.82 1.75 168.65 11.70 14.03 1.76 6.45 5.14 5.61 0.01 8400
«

60 0.25 2.81 95.85  14.03 1549  2.07 88.51 13.33  14.55 1.69 3.19 293 3.06 0.04 12000
0.5 2.04 148.33 12.28 1593  1.46 138.15 11.74 1477 1.79 4.71 4.45 4.69 0.01 12000
0.75 1.34 256.27  9.61 17.42  0.94 238.84 9.24 15.76 1.30 6.16 5.60 6.09 0.00 12000

100 0.25 2.82 98.33  13.76  14.66  2.31 93.71 13.27  14.03 1.80 3.75 3.39 347 0.02 8400
0.5 2.17 153.82 12.36  14.62 1.74 14728 1196 13.88 198 5.78 523 553 0.01 8400
0.75 1.48 276.02  10.22 15.23 1.16 264.33  9.93 14.25 1.46 10.01 6.86 7.85 0.00 8400
mo x mk

60 2x30 0.28 62.25  9.59 4.20 0.64 57.23  8.85 2.78 042 094 055 0.74 0.09 3600
3 %20 0.46 108.18 3.20 6.77 0.23 100.74 2.98 5.38 032 1.90 124 169 0.04 3600
4x15 0.66 139.65 4.60 8.71 0.37 130.92 4.31 7.46 0.54 2.66 2.00 249 0.03 3600
5x12 0.88 160.69 5.92 10.36  0.54 151.18 5.58 9.19 0.77 331 269 3.17 0.02 3600
6 x 10 1.14 176.54 7.33 12.00 0.75 166.30 6.94 10.88  1.02 3.80 3.33 3.83 0.02 3600
10 x 6 2.15 210.41 1220 1729 1.64 198.01 11.69  16.26 1.92 560 535 549 0.00 3600
12 x5 2.68 217.13 14.43 19.52  2.10 203.83 13.87 1850 234 6.19 596 6.28 0.00 3600
15 x4 3.31 218.79 17.56  22.49  2.62 204.32 1691 21.43 273 697 6.85 7.06 0.00 3600
20 x 3 4.12 207.57 2233 26.88  3.15 191.20 21.44 2564 3.08 7.62 759 7.56 0.00 3600
30 x 2 4.94 155.561 30.53  34.05  3.38 13728 29.17 3239 3.07 780 773 779 0.03 3600

100 2 x 50 0.20 69.10 1.20 3.01 0.10 65.70  1.10 2.04 0.11 290 0.51 083 0.02 3600
4x25 0.40 138.75 3.32 5.84 0.22 133.42 3.15 5.09 0.37 5.09 191 281 0.02 3600
5% 20 0.51 160.49 4.32 7.05 0.31 154.64 4.12 6.36 049 527 261 359 0.01 3600
10x10 1.29 217.19 8.59 11.87  0.99 209.88 8.29 11.27 124 6.07 5.03 5.79 0.00 3600
20 x5 3.05 244.00 15.89 19.24 261 234.85 1547 18.62 276 792 787 7.98 0.00 3600
25 x4 3.83 239.73 19.18 2236 3.27 229.91 18.66 21.66 3.28 8.68 853 8.69 0.00 3600
50 x 2 5.82 163.11 32.29 3447  4.64 150.69 31.25 3330 397 9.66 9.66 9.64 0.01 3600

60 U(1,10) 1.29 175.31 11.48 1596  0.91 162.92 11.13 14.85 1.14 474 435 4.68 0.01 18000
) 2.83 158.32  12.47 16.60  2.07 14742 11.75 1520 2.04 464 430 455 0.03 18000
100 U(1,10) 1.36 184.74 11.66 14.49 1.08 176.67 11.40 13.82 1.25 6.67 5.24 5.80 0.00 12600
) 2.95 167.37 12.57 15.18  2.39 160.21 12.04 1428 224 6.35 5.08 5.44 0.01 12600

Mean 2.10 170.62 12.03 15.68  1.59 160.63 11.55 14.62 1.65 544 4.67 5.03 0.01

Table 5 presents their RPDs. Overall, the RPD values of the OSPTLPT, CSLPT, OEEDLPT, and OEEDSPT
heuristics are (2.10, 170.62, 12.03, 15.68) [%] and their improvement counterparts (1.59, 160.63, 11.55, 14.62)
[%], respectively, while the means of RPD are (1.65, 5.44, 4.67, 5.02, 0.01) [%] for the CSA1, CSA2, CSA3, CSA4
and CSAHH algorithms, respectively. The CSAHH algorithm performed the best according to the RPD measure,
followed by OSPTLPT pi and OSPTLPT, CSA1, CSA3, CSA4, and CSA2, and CLSPT pi and CLSPT. It is
noted that the problem-based heuristic improved with a pairwise interchange method (OSPTLSPT _pi) could
be as powerful on producing (near-) optimal solutions as a metaheuristic (CSA algorithm) does.

Table 5 also summarizes the means of RPD for levels of the factors 7, R, o, mo x mk, and “setup” for n = 60
and 100, respectively. Table 5 shows that the RPDs of all heuristics/algorithms increase slightly in general as n
increases from 60 to 100. Furthermore, Figure 6 shows the boxplots (distributions) of RPD for the 8 heuristics
and five CSA algorithms.

To verify whether the difference among the 8 heuristics and five CSA algorithms are statistically significant,
based on rank-sums of RPD for the 612 groups of problem instances, formed by the combinations of n, 7, R, «,
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FIGURE 6. Boxplots of RPD for heuristics and CSA algorithms (large n).

mo X mk, and “setup”, the Freidman test was executed (in SAS 9.4). The value of the statistic is 7039.8 with
degrees of freedom 12, and the p value is less than 0.0001. Based on the test results, it is concluded that the RPD
samples do not follow the same distribution at the level of significance o« = 0.05. Table 4 (Column 4) reveals
sums of RPD ranks of the 612 sets of problem instances for the 8 heuristics and five CSA algorithms. The rank
sums of the CSA1 to CSA4 and CSAHH algorithms are 1758.0, 4082.5, 3214.5, 3706.5, and 612.0, respectively.
The rank sums of the heuristics for OSPTLPT _pi and OSPTLPT are 1452.5 and 2646.5, respectively, and
those for the other heuristics range from 4750.5 (OEDDLPT pi) to 7956.0 (CLSPT). It is observed that the
heuristics OSPTLPT _pi performed better than that of any one of four CSA algorithms but worse than that
of CSAHH for the large-sized job cases. To further analyze the performances among these heuristics and CSA
algorithms, a multiple comparison procedure, WNMT, was used. There were 78 pairwise difference comparisons
among the 8 heuristics and five CSA algorithms. The best-performing group is CSAHH, and OSPTLPT _pi and
CSA1 are in the second-best group at a level of significance of 0.05. The phenomenon that the performance
of OSPTLPT _pi performed better than that of CSA1 to CSA4 in this case reflects the advantage of Gupta’s
method [26], especially for a large number of jobs. Regardless, the CSAHH has the smallest RPD (0.01%) and
rank-sum (612.0) for a large number of jobs.

Pertaining to the computational time or CPU times (in sec.) cost on searching near-optimal solutions, Figure 7
exhibits the violin plots of the CPU times of the heuristics and CSA algorithms. The differences between CPU
times within groups are no more than 0.01, 0.001, and 0.00001 (s) for CSA algorithms, four heuristics-pi, and
four heuristics, respectively. On average, the CSA algorithms, the four heuristics with the pi-method, and the
four heuristics spent approximately 0.66, 0.03, and 0.0001 (s), respectively.

6.3. The performance of lower bound at small-n and large-n experimental results

In order further to evaluate the performance of the lower bound at small-n and large-n experimental results,
we tested some additional problem instances at n = 8, 10, 12 for the small-n case and at n = 60, 100, 200
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FIGURE 7. Violin plots of RPD for heuristics and CSA algorithms (large n).
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TABLE 6. The performances of approximate methods and two lower bounds for small-n case.

OSPTLPT CLSPT OEDDLPT OEDDSPT OSPTLPT_pi CLSPT_pi
n « mo*mk T R Mean Mean Mean Mean Mean Mean
8 0.5 2*4 0.25 0.25  0.5429 (45) 88.8828 (0) 6.7286 (31) 28.5399 (0)  0.1065 (84) 42.3612 (84)
0.5 0.6375 (34)  85.5729 (0) 6.0941 (16) 26.7472 (0)  0.1303 (83) 42.5876 (83)
0.75  0.7834 (37) 86.2642 (0) 5.0580 (22) 27.0252 (0)  0.1929 (80) 41.4393 (80)
0.5 0.25  0.5475 (41)  73.2011 (0) 5.4434 (15) 23.5606 (0) 0.0702 (91) 36.1633 (91)
0.5 0.4879 (40)  75.4064 (0) 4.3950 (23) 22.4981 (0)  0.0444 (88) 37.4916 (88)
0.75  0.6135 (36)  76.5525 (0) 4.5219 (21) 23.8052 (0) 0.1045 (84) 38.2491 (84)
10 05 2%5 0.25 0.25 0.6343 (28) 88.3873 (0) 5.8571 (15) 24.4361 (0)  0.0949 (85) 52.4996 (85)
0.5 0.5631 (29)  86.9818 (0) 4.4598 (12) 21.9841 (0) 0.1221 (79) 52.1767 (79)
0.75  0.5918 (34)  87.4039 (0) 3.7394 (22) 21.7921 (0)  0.1749 (80) 50.4236 (80)
0.5 0.25  0.5518 (26)  75.0263 (0) 5.2612 (15) 20.7661 (0) 0.0694 (85) 45.9458 (85)
0.5 0.5277 (32)  75.9971 (0) 5.4949 (12) 20.7852 (0)  0.0945 (83) 45.6306 (83)
0.75  0.5370 (29) 74.7149 (0) 3.1537 (19) 18.2282 (0)  0.0630 (83) 45.2114 (83)
12 0.5 3*%4 0.25 0.25  1.0283 (12) 118.6430 (0)  9.2353 (1) 25.4520 (0)  0.2685 (43) 80.7197 (43)
0.5 1.1884 (15) 118.2541 (0)  8.7864 (2) 24.3121 (0)  0.4776 (43) 80.5796 (43)
0.75  1.3163 (12) 119.0570 (0)  7.4413 (3) 23.6771 (0)  0.6750 (37) 80.3646 (37)
0.5 0.25  0.8148 (12) 103.1482 (0)  8.3204 (4) 22.9192 (0) 0.2419 (53) 70.1568 (53)
0.5 0.9771 (10) 105.8336 (0)  8.6112 (1) 23.6484 (0)  0.2658 (50) 70.7987 (50)
0.75  0.8644 (15) 103.7016 (0)  7.8458 (3) 21.2930 (0)  0.2916 (38) 70.8135 (38)
Total mean  0.7338 91.4203 6.1360 23.4150 0.1938 54.6452
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OEDDLPT_pi OEDDSPT_pi CSAL CSA2 CSA3 CSA4 CSAHH BBLB1 BBLB2

n a mo*mk 7 R Mean Mean Mean Mean Mean Mean Mean Mean  Max Mean _ Max
8 0.5 2%4 0.25 0.25  6.2830 (47) 15.1927 (0)  0.0000 (100) 0.0222 (99)  0.0129 (99)  0.0000 (100) 0.0015 (99)  87.6228 96.1487 79.4772 92.8302
0.5  5.6445 (42) 14.1159 (0)  0.0000 (100) 0.0050 (99)  0.0000 (100) 0.0281 (99)  0.0000 (100) 87.6228 96.1487 79.9772 92.4113
0.75  4.5133 (47) 13.9273 (0)  0.0000 (100) 0.0281 (99)  0.0000 (100) 0.0000 (100) 0.0000 (100) 87.4671 96.5728 79.2498 92.2321
0.5 025 4.9207 (45) 12.5945 (0) __ 0.0000 (100) 0.0000 (100) 0.0000 (100) 0.0000 (100) 0.0117 (99)  89.4841 05.0008 82.4087 91.8015
0.5  3.9247 (53) 11.5258 (0)  0.0000 (100) 0.0000 (100) 0.0095 (99)  0.0000 (100) 0.0000 (100) 88.9547 97.5214 82.2500 92.0372
0.75  4.0482 (45) 12.4893 (0)  0.0000 (100) 0.0000 (100) 0.0000 (100) 0.0000 (100) 0.0000 (100) 87.9592 96.7181 81.3294 92.6641
10 0.5 2%5 0.25 0.25 5.3638 (35) 13.6516 (0)  0.0037 (99)  0.0000 (100) 0.0000 (100) 0.0099 (99)  0.0000 (100) 89.6685 94.9858 81.9942 90.8235
0.5  4.0505 (42) 11.9731 (0)  0.0000 (100) 0.0064 (98)  0.0000 (100) 0.0077 (98)  0.0114 (97)  90.4940 96.8927 83.4147 92.7928
0.75  3.3695 (53) 11.3293 (0)  0.0000 (100) 0.0000 (100) 0.0017 (99)  0.0145 (99)  0.0033 (99)  90.3484 96.3603 83.0535 91.4468
0.5 0.25 4.8516 (39) 11.3825 (0)  0.0000 (100) 0.0000 (100) 0.0000 (100) 0.0000 (100) 0.0000 (100) 91.1561 97.3650 84.8346 93.5090
0.5  5.0428 (40) 11.8828 (0)  0.0000 (100) 0.0000 (100) 0.0000 (100) 0.0000 (100) 0.0000 (100) 91.3585 95.9970 85.0787 91.9269
0.75 2.7022 (53)  9.4368 (0) 0.0000 (100) 0.0000 (100) 0.0000 (100) 0.0000 (100) 0.0000 (100) 90.6788 97.1270 84.6974 93.4996
12 0.5 3% 0.25 0.25 8.5310 (6) 18.3581 (0)  0.1910 (71)  0.3812 (56)  0.3248 (61)  0.2089 (72)  0.0092 (97) 03.6377 907.7761 89.8419 94.8620
0.5  8.0889 (7) 17.3148 (0)  0.1929 (71)  0.2824 (35)  0.2580 (71)  0.3282 (66)  0.0840 (86) 93.8367 97.6942 89.8456 95.3884
0.75  6.7980 (11) 16.7006 (0)  0.1982 (74)  0.3754 (60)  0.2247 (68)  0.1926 (73)  0.1060 (88) 93.6367 97.2342 89.8376 94.4223
0.5 0.25 7.7716 (12) 16.4848 (0)  0.1725 (62)  0.2466 (64)  0.2894 (61)  0.2633 (71)  0.0269 (93) 94.0859 07.2652 90.6010 94.5761
0.5  7.9954 (9) 17.2473 (0)  0.1567 (76)  0.3415 (69)  0.3230 (69)  0.3596 (63)  0.0465 (92) 93.7056 97.0625 90.0952 94.6875
0.75  7.1763 (10) 15.4370 (0)  0.0961 (74)  0.3168 (59)  0.2649 (69)  0.3991 (57)  0.0349 (91) 93.2371 98.0105 89.8357 94.8733

Total mean 5.6158 13.9469 0.0562 0.1114 0.0949 0.1007 0.0186 90.8308 84.8790

Notes. Note that (e) denotes total number of optimal solutions obtained from each approximate method.

TABLE 7. The performances of approximate methods with respective to the lower bound LB1

for big-n case.

OSPTLPT  CLSPT OEDDLPT OEDDSPT OSPTLPT_pi CLSPT_pi

n o mo*mk T R Gap ratio Gap ratio  Gap ratio Gap ratio Gap ratio Gap ratio
60 0.5 10*%6 0.25 0.25 70.99 399.98 89.59 97.19 70.33 379.95
0.5 70.27 404.01 89.63 97.18 69.62 383.76
0.75  72.45 402.42 90.18 97.62 71.79 382.54
0.5 0.25 65.24 373.05 81.90 88.77 64.64 354.71
0.5 66.27 371.34 82.75 89.66 65.69 353.03
0.75  68.43 378.52 81.40 88.65 67.82 359.86
100 0.5 10*10 0.25 0.25  77.26 437.95 90.98 96.01 76.87 425.67
0.5 77.75 439.63 92.64 97.70 77.35 427.17
0.75  77.80 441.36 91.79 96.87 77.40 428.70
0.5 0.25  73.59 412.58 87.63 92.39 73.21 400.90
0.5 74.11 412.90 87.84 92.64 73.73 401.06
0.75  74.13 414.32 86.53 91.31 73.78 402.38
200 0.5 20*10 0.25 0.25 65.74 442.47 79.73 82.22 65.50 436.10
0.5 66.61 445.16 81.22 83.74 66.37 438.61
0.75  65.88 445.13 80.07 82.58 65.64 438.73
0.5 0.25 63.73 428.47 77.82 80.24 63.51 422.25
0.5 62.75 427.29 77.32 79.73 62.53 421.07
0.75  64.00 428.02 77.68 80.05 63.78 421.80
Total mean  69.83 416.92 84.82 89.70 69.42 404.35

for large-n case, respectively. Other settings are included o = 0.5, six combinations of (7, R): (0.25,0.25),
(0.25,0.50), (0.25,0.75), (0.50,0.25), (0.25,0.50), and (0.25,0.75), setup times was generated from uniformly
distribution U (1, 10), number of classes (mo x mk) is only one case for each n, and a set of 100 problem instances
were generated randomly for each case. For the small-n case, we reported AEPs for the performance of each
algorithm, the number of the optimal solutions (in (e)) obtained from each algorithm obtained, and the mean
or maximum of gap ratio of the optimal solution obtained from the B&B with respect to the lower bound (LB1
or LB2) at the root node (100(mean[(OB; — Ib(v),)/OB;])[%], v = 1,2. For the large-n case, we reported the
average gap ratio of proposed approximate methods to the lower bound LB1 (100(mean[(H; — Ib(1),)/1b1,])[%)]),
where OB; is obtained from the B&B method, Ib(v); is the value of the lower bound 1 and lower bound 2 at
the root node from each instance, and H; is the value of objective function h(o) for a job sequence searched by
a heuristic. To avoid too much computational time, as the number of nodes searched exceeded 10%, the B&B
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TABLE 7. continued.

OEDDLPT_pi OEDDSPT_pi CSAl CSA2 CSA3 CSA4 CSAHH

n a mo*mk T R Gap ratio Gap ratio Gap ratio Gap ratio Gap ratio Gap ratio Gap ratio
60 0.5 10%6 0.25 0.25 88.95 95.84 70.96 78.41 78.26 78.50 68.52
0.5 88.99 95.90 70.24 78.40 78.37 78.37 67.89
0.75  89.55 96.28 72.41 79.97 80.19 79.64 69.86
0.5 0.25 81.29 87.54 65.23 72.12 73.00 73.49 63.06
0.5 82.15 88.49 66.26 73.41 72.67 73.39 64.05
0.75  80.79 87.36 68.39 75.55 75.23 76.04 64.82
100 0.5 10*10 0.25 0.25 90.58 95.20 77.25 86.32 85.63 86.40 75.85
0.5 92.24 96.89 77.75 87.06 86.17 86.90 76.30
0.75 91.39 96.08 77.80 86.45 85.69 86.42 76.36
0.5 0.25 87.25 91.62 73.59 81.94 81.27 82.03 72.20
0.5 87.46 91.85 74.11 83.06 82.20 83.02 72.72
0.75 86.16 90.58 74.13 82.32 82.03 82.57 72.81
200 0.5 20*10 0.25 0.25 79.50 81.89 65.74 80.59 78.34 78.90 64.29
0.5 80.98 83.40 66.61 82.29 79.42 80.62 65.09
0.75  79.84 82.25 65.88 80.85 78.30 79.36 64.36
0.5 0.25 77.59 79.93 63.73 78.86 76.14 77.28 62.34
0.5 77.09 79.41 62.75 7772 75.59 76.41 61.41
0.75  77.46 79.74 64.00 78.20 75.74 7717 62.61
Total mean 84.40 88.90 69.82 80.20 79.12 79.81 68.03

method jumped to the next set of problem instances. Thus, in total, 1800 (= n X7 X RX ax (mo x mk) x setup =
3x2x3x1 x1x1x100) instances were tested for the small-n case and for the large-n case, respectively. To
avoid too much computational time, as the number of nodes searched exceeded 10°, the B&B method jumped
to the next set of problem instances. The results were reported in Table 6 for the small-n case and in Table 7
for the large-n case, respectively.

It can be observed in Table 6 that on average, the mean of AEPs or the numbers of the optimal solu-
tions obtained from each algorithm of the group (CSA1, CSA2, CSA3, CSA4, CSAHH) were better than those
of the group (OSPTLPT_pi, CSLPT_pi, OEEDLPT pi, OEEDSPT pi), and while the group (OSPTLPT pi,
CSLPT_pi, OEEDLPT _pi, OEEDSPT pi) were better that those of the group (OSPTLPT, CSLPT, OEEDLPT,
OEEDSPT). The last four columns in Table 6 reported that on average, the difference was only 6% between
the improved lower bound LB2 and the original lower bound LB1. Regarding to the performances of proposed
approximate methods to the lower bound LB1, it can be seen in Table 7 that OSPTLPT was the best than
other three simple heuristics (CSLPT, OEEDLPT, OEEDSPT); OSPTLPT _pi was the best that other three
improved heuristics (CSLPT_pi, OEEDLPT _pi, OEEDSPT _pi); and CSA1 was the best than other three meta-
heuristics (CSA2, CSA3, CSA4). It can also be observed that OSPTLPT or OSPTLPT pi did better than the
metaheuristics (CSA2, CSA3, CSA4). The reason was that the performance of CSA may be affected by the
initial heuristic or seed. Table 7 also reported that CSAHH with the smallest gap ratio did the best among all
proposed 13 approximate methods. It is also noted that the required CPU time of the above lower bound is less
than one second.

7. CONCLUSIONS

In this study, we discuss the customer order scheduling problem with jobs belonging to different classes. To
balance the costs incurred by holding the finished products and total tardiness, the optimality goal is to find a
job sequence that minimizes a linear combination of the holding cost and total tardiness objective. Embedded
with a dominance property, a branch-and-bound method is adopted to produce solutions for a small number of
jobs; it performs well up to n = 12 jobs, which consist of different combinations of the number of job classes and
the number of customers. For a relatively large number of jobs (n = 60, 100), four problem-based heuristics, each
coupled with a local (pairwise interchange) iteratively improved searching method, a cloud simulated annealing



SEQUENCING SINGLE MACHINE MULTIPLE-CLASS CUSTOMER ORDER JOBS 1439

(CSA) algorithm with four different seeds (found from four heuristics), and a CSAHH algorithm were proposed
for finding near-optimal solutions. It is found that the CSAHH performed best among all 8 heuristics and five
CSA algorithms at the number of jobs n = 60 and 100. This study also observed that a well-designed problem-
based heuristic improved with a simple pi-method (OSPTLSPT _pi) could be as powerful on producing (near-)
optimal solutions (sequences of jobs) as a metaheuristic (CSA algorithm).

Further research can consider extending the single-machine processing environment to a two-stage production
process scenario with multiple job classes and customer orders. The first stage might be with multiple machines
in parallel (identical, uniform or unrelated) or in flow-shop, and the second stage, an assembly production line.
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