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A COMPARATIVE STUDY ON A FIRM’S OPTIMAL PRODUCTION DECISION
CONSIDERING RISK AVERSION AND CARBON POLICIES

Qi Qi1,*, Qingguo Bai2, Jianteng Xu2 and Qian Feng3

Abstract. To cope with global warming and achieve the goal of carbon emission reduction, various
carbon policies have been implemented in many countries and regions. Some studies have indicated that
with the popularity of low carbon, a small proportion of consumers show a green purchasing tendency.
However, for firms, it is still difficult to predict the green purchase preferences of most consumers, and
firms may face greater market demand uncertainty, which will bring profit risks. We assume that a
firm’s decision is subject to its behavioral considerations, that is, its risk attitude. Considering the risk
preferences of decision-makers and carbon emission policies, this paper addresses decision optimization
in operations management. Our purpose is to analyze the optimal production decisions of risk-averse
firms under carbon cap and carbon tax policies. Adopting the CVaR (conditional value-at-risk) criterion,
we construct an optimization model with the constraints of carbon policies and obtain the analytic
formula of optimal solutions. Then, we compare the optimal operational decisions for risk-averse firms
and risk-neutral firms and further explore the impact of risk aversion on production and the parameters
of carbon policy. Finally, some numerical studies are presented to analyze the carbon policies and risk
aversion on firms’ operational decisions and give some managerial insights based on the analysis results.
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1. Introduction

The report of the United Nations Intergovernmental Panel on Climate Change (IPCC) in 2021 pointed out
that the Earth’s climate is changing, and the impact of human beings on the climate system is indisputable. Ed
Hawkins, a professor at Reading University and one of the main authors of the report, said he hoped that readers
would recognize from the report that climate change is undoubtedly caused by human activities (mainly fossil
fuel burning and deforestation) and that greenhouse gas emissions need to be reduced immediately, rapidly and
continuously to limit global temperature rise. Many countries and regions have set short-term and long-term
emission reduction targets. For example, in September 2020, the Chinese government proposed achieving carbon
peak and carbon neutral targets. In addition, carbon emission policies are being implemented, such as carbon
tax, carbon cap and carbon cap-and-trade [1, 2, 4, 5]. In academic circles, many scholars have paid attention
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to the optimization of the operation decisions of firms under carbon policy. They have analyzed the impact of
carbon policies on the optimal decisions and profits of firms [3, 15,22,30,48].

From the perspective of firms, many have also begun to adapt to the implementation of carbon emission
policies. To actively implement carbon emission reduction actions, more than 200 firms around the world
have signed the Climate Declaration to work together to achieve the goal of net zero carbon emissions. The
86 newly signed enterprises include P&G, HP, Salesforce, ASOS, Nespresso, etc. P&G has expanded the scale
of renewable energy power procurement by 97% and generated 15 million tons of carbon emission reduction
benefits through cold water washing. HP has also been committed to implementing the most comprehensive
and positive climate action in the industry and is promoting emission reduction initiatives in the entire product
and service portfolio, business scope and broader value chain. However, most firms are currently facing higher
market demand uncertainty than in the past because they do not understand consumers’ attitudes toward green
products, which threatens their profits. Many firms are more risk averse and more cautious in making decisions
[9,10,29,31] . However, most of the research assumes that decision-makers are risk-neutral, and few studies have
focused on the operational decision-making of risk-averse firms under the constraints of carbon policy.

Schweitzer and Cachon [38] showed that the final decision of a risk-averse firm always deviates from profit
maximization. Some scholars have introduced the study of risk or loss avoidance to avoid risks or minimize
losses. In the field of firm operations management and supply chain management, many scholars have studied
the decision-making optimization process of risk-averse decision-makers [9,28,37,42]. However, in a low-carbon
environment, in addition to paying attention to the minimum loss, a firm’s decision-makers must also consider the
constraints of carbon emission policies. Influenced by decision-makers’ risk aversion preference, it is difficult for
firms to make decisions under carbon emission policies to meet both economic performance and environmental
benefits. At present, few studies have focused on the decision-making optimization of risk-averse firms under
carbon policies. When giving up the assumption of a perfectly rational person in economics (that is, only focus
on the maximization of expected profits) and considering that decision-makers have a risk aversion preference,
the following issues arise: (i) How can firms with risk aversion make decisions under carbon policies? (ii) How
does risk aversion affect the performance of firms and the carbon emission reduction effect of carbon policies?
(iii) How do different carbon policies affect the economic performance and environmental benefits of risk-averse
firms?

To address the major issues mentioned above, we consider the operational decision-making of firms with
different risk attitudes under carbon cap and carbon tax policies. Considering the risk aversion preference of
firms, we use CVaR to construct the optimal decision model under two carbon policies and obtain the optimal
production decision. Furthermore, we compare the performance of risk-neutral firms and risk-averse firms under
two carbon policies. Finally, some numerical studies are conducted to present and verify the impact of risk
aversion and carbon policies on the optimal operational decisions.

Our work has the following research contributions. First, we consider the risk-averse attitude of firms and
use a downside risk measurement method, namely, CVaR, to measure firms’ risk under carbon policies. Second,
we analyze and compare the operational decisions for risk-averse firms and risk-neutral firms under carbon cap
and carbon tax policies. Finally, we numerically investigate how risk aversion affects the parameters of carbon
policy and optimal decisions and how different carbon policies affect the operational decisions of firms with
different risk attitudes.

The remainder of this paper is arranged as follows. Section 2 reviews the relevant literature and shows the
research gap. Section 3 interprets the considered problem and relevant notations. Sections 4 and 5 analyze
the optimal decisions for risk-averse firms and risk-neutral firms under carbon cap and carbon tax policies,
respectively. Section 6 contains some numerical studies to illustrate and complement the theoretical results.
Conclusions are presented in the last section.
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2. Literature review

Two streams of literature are related to this research: firms’ operation management under carbon policies
and the optimization of the operation decisions of risk-averse firms.

The first stream of research focuses on firms’ operations management under carbon policies. With the increas-
ing concern of the world on climate issues, green supply chain management has attracted more scholars’ attention
[35, 36]. At present, cap-and-trade policy is the most widely used in the world, and there are also many stud-
ies in the literature focused on relevant research [4, 7, 17, 20, 24, 40, 45]. Carbon tax and carbon cap are being
implemented in some countries and regions and have attracted the attention of many scholars [1, 8, 18, 19].
Bai et al. [3] used the mean-variance model and explored the carbon emission reduction investment of a risk-
averse firm under a carbon tax. Liu and Hu [26] considered consumer behavior and investigated the coordination
of a green supply chain under a carbon tax. Yang and Chen [48] considered revenue-sharing and cost-sharing
and investigated emission reduction decisions under a carbon tax. Ghosh et al. [22] studied optimal lot sizing
under a carbon cap policy. Qi et al. [30] explored the pricing decision in a two-stage supply chain considering
carbon emission capacity. Rami et al. [32] considered a sustainable dynamic lot sizing models under a carbon
cap policy.

The abovementioned literature only considers firms’ operation decisions under a single carbon policy. Some
scholars have compared the impact of different carbon policies on firms’ operation decisions [2,25]. Bai et al. [5]
investigated the robust decisions of sustainable manufacturing under carbon cap and carbon tax. Ghosh [21]
explored the problem of production-inventory in a two-stage supply chain under carbon tax and cap-and-trade
policies. Sun and Yang [41] considered the decisions between competitive manufacturers under carbon tax and
cap-and-trade policies. Different from the above research methods, Das et al. [15] studied a location problem in
a transportation system by using type-2 fuzzy logic under different carbon policies. There are also some studies
that use heuristic methods to study green supply chain problems [11–14,16, 39]. However, the abovementioned
literature assumes that the decision-maker is a completely rational person, without considering the risk aversion
attitude, except Bai et al. [3]. In contrast, in this paper, we introduce the risk attitudes of decision-makers and
discuss the impact of different risk attitudes on firms’ operation decisions and carbon emissions by using the
CVaR criterion.

The second stream of research focuses on optimization of the operation decisions of risk-averse firms. It has
been found that the operation decisions of firms in reality always deviate from those made when maximizing
profit because most firms are risk averse [46]. Different from the goal of risk-neutral firms to maximize expected
profit, the goal of risk-averse firms is to minimize risk; CVaR, which is a downside risk measurement, has
attracted the attention of many scholars. Chen et al. [9] used CVaR to explore the order and pricing decisions of
a risk-averse newsvendor. Wu et al. [43] considered CVaR and investigated the risk-averse newsvendor problem
with random capacity. Xue et al. [47] studied inventory and hedging decisions by using CVaR. Dai and Meng [10]
analyzed the order price and marketing under the CVaR criterion. Mohammad and Shokri [28] focused on the
multiproduct selective newsvendor problem and explored the order quantity by using CVaR. Xu et al. [44]
measured hedge against risks with CVaR and investigated the ordering decision of a loss-averse newsvendor.
Schur et al. [37] studied a dynamic pricing problem by using CVaR and contrasted it with the risk-neutral case.
Wang et al. [42] considered the CVaR measure and explored the inventory decisions of a risk-averse retailer
when offering layaway. Qi et al. [31] studied a risk-averse firm’s emission reduction and order quantity under
car-and-trade policy.

However, the abovementioned literature does not consider the impact of carbon emissions on the optimal
operation decisions, except Qi et al. [31]. Our research is most closely related to that of Qi et al. [31]. In contrast,
our research considers two carbon emission policies and analyzes the impact of different carbon policies on
optimal decisions and carbon emissions. Moreover, we comprehensively consider the risk attitude and carbon
policies and compare the optimal operation decisions for risk-neutral firms and risk-averse firms under two
different carbon policies.
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A comparison between previous related research and our work is presented in Table 1. Many studies have
explored the optimization decisions of firms in supply chains under carbon policy, and some of them have also
compared the impact of different carbon policies on firms’ operation decisions and emission reduction effects.
However, most of the existing studies have assumed that the decision-maker is a rational person, except for
Bai et al. [4]. Our research has been further expanded by using the CVaR criterion, which is a downward risk
measurement, to explore the optimal decisions of risk-averse firms. In addition, to achieve emission reduction
goals, carbon tax and carbon cap are two policies widely used by an increasing number of countries and
regions, including China, Canada, the European Union (EU), the International Maritime Organization and other
international institutions and organizations. Therefore, different from the literature, our research compares the
impact of different carbon policies on the operational decisions of risk-averse firms by using the CVaR criterion.

3. Model construction

3.1. Model hypothesis and parameters

This study considers two types of manufacturing firms, namely, risk-neutral firms and risk-averse firms, under
the constraints of carbon cap and carbon tax policies. To analyze the operational decisions of firms, we propose
the following hypothesis. The model parameters and decision variables are shown in Table 2.

Hypothesis 1. Firms produce certain types of products at cost 𝑐, and the production process will produce
carbon emissions. If the firm produces 𝑞 units of the product, then each unit emits carbon dioxide of 𝑒 tons.
Then, the total emission amount for producing 𝑞 units is 𝐸 = 𝑒𝑞 tons. Similar assumptions can be found in
[23,27,48].

Hypothesis 2. Considering the complexity and solvability of the model, the annual demand for the product
𝐷 is stochastic and nonnegative, with a probability density function 𝑓(·) and a cumulative distribution function
𝐹 (·).

Hypothesis 3. To make the model less complex and obtain a clear analytical solution to analyze the impact of
carbon policies and risk aversion on the decision-making of firms, we refer to certain literature, such as [10,44],
and use uniform distribution to measure uncertain demand. In what follows, we use subscript “𝑢” to represent
the uniform distribution of the random demand.

Hypothesis 4. For the sake of simplicity, we also assume that the salvage value of the product is zero.

3.2. Model description

The firm’s profit without carbon policies can be expressed as follows:

𝜋(𝑞) = 𝑝 ·min{𝐷, 𝑞} − 𝑐𝑞 = (𝑝− 𝑐)𝑞 − 𝑝(𝑞 −𝐷)+, (1)

where the first item on the right-hand side is sales revenue minus production cost, and the second item represents
the gap between production and actual demand. If the production is higher than actual demand, then (𝑞−𝐷)+ =
𝑞 −𝐷 and 𝜋(𝑞) = 𝑝𝐷 − 𝑐𝑞, which means that production is too high, and the maximum sales can only be the
actual demand; however, the firm has to pay the production cost of all the output. If the production is lower
than the actual demand, then (𝑞 − 𝐷)+ = 0 and 𝜋(𝑞) = (𝑝 − 𝑐)𝑞, which means that production is too low;
furthermore, the maximum sales can only be the production, which cannot meet the actual demand. We use the
subscripts “𝑐” and “𝑡” to represent the profit under the carbon cap policy and carbon tax policy, respectively,
that is, 𝜋𝑐 and 𝜋𝑡.

Considering the limitations of carbon policies, firms need to make optimal production decisions to achieve
their goals. For risk-neutral firms, the goal is profit maximization, while for risk-averse firms, the goal is risk
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Table 1. The comparison of previous related work with our research.

Works Firms’ operation
management
under single
carbon policy

Firms’ operation
decisions under
different carbon
policies

Decision
optimization of
risk-averse firms

Decision-making
of risk-averse
firms using CVaR

Bai et al. [4]

3 7 7 7

Chai et al. [7]
Dong et al. [17]
Fan et al. [20]
Kumar et al. [24]
Sun and Gao [40]
Chelly et al. [8]
Absi et al. [1]
Xu et al. [45]
Dou and Cao [18]
Duan et al. [19]
Ghosh et al. [22]
Liu and Hu [26]
Rami et al. [32]
Qi et al. [30]
Yang and Chen [48]

Bai et al. [3] 3 7 3 7

Bai and Chen [2]

7 3 7 7

Bai et al. [5]
Das et al. [15]
Ghosh [21]
Li et al. [25]
Shaw et al. [39]
Sun and Yang [41]
Das et al. [13]

Chen et al. [9]

7 7 3 3

Dai and Meng [10]
Mohammad and Shokri [28]
Schur et al. [37]
Xue et al. [47]
Xu et al. [46]
Wu et al. [43]
Xu et al. [44]
Wang et al. [42]

Qi et al. [31] 3 7 3 3

Our research 3 3 3 3

minimization. Specifically, risk-neutral firms would like to maximize their expected profit, which can be expressed
as follows:

max 𝜋(𝑞) = 𝑝 ·min{𝐷, 𝑞} − 𝑐𝑞 = (𝑝− 𝑐)𝑞 − 𝑝(𝑞 −𝐷)+. (2)

For risk-averse firms, we use the downside risk measurement CVaR to investigate the optimal production
decision under carbon policies. CVaR focuses on average profit maximization below a certain quantile level or
loss minimization above a certain quantile level [43]. Specifically, for profit, it measures the average profit falling
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Table 2. Model parameters and decision variables.

Model parameters Description

𝐷 Market demand, a random variable
𝑐 Unit production cost of the product
𝑝 Unit selling price of the product
𝑒 Carbon emission of per unit product produced in the measure of tons
𝐸 Total carbon emission from the production and 𝐸 = eq, with 𝑞 as the production quantity
𝑒 Unit carbon emissions per unit product
𝜋 Firm’s expected profit
𝜂 Risk-averse attitude, 𝜂 ∈ (0, 1]
CVaR𝜂(𝜋) Conditional value of risk of profit at given risk attitude of 𝜂

Decision variable
𝑞 Production quantity

below the 𝜂-quantile level: CVaR𝜂(𝜋) = 𝐸[𝜋|𝜋 ≤ 𝑣𝜂(𝜋)], where we assume 𝑣𝜂 as the 𝜂-quantile of random profit
𝜋 as follows: 𝑣𝜂(𝜋) = inf{𝑣|Pr(𝜋 ≤ 𝑣) ≥ 𝜂}, and 𝑣 is a real number that is denoted as a target level of profit.

CVaR was first introduced by Rockafellar and Uryasev [33, 34] and has been widely used in financial risk
management [44]. In recent years, many scholars in operations research have started to use CVaR to investigate
the optimal operational decisions of risk-averse firms. Rockafellar and Uryasev [33] and Pflug [29] provided a
general and analytically convenient definition [10]: CVaR𝜂(𝜋) = max

𝑣∈𝑅

{︁
𝑣 + 1

𝜂 𝐸[min(𝜋 − 𝑣, 0)]
}︁

, where 𝜂 ∈ (0, 1]

reflects the degree of risk aversion. The smaller 𝜂 is, the more risk-averse the firm is. When 𝜂 = 1, it means risk
neutrality.

Therefore, the objective function of risk-averse firms can be expressed as follows:

max
𝑞

CVaR𝜂(𝜋) = max
𝑞

max
𝑣∈𝑅

{︂
𝑣 +

1
𝜂
𝐸[min{𝜋(𝑞)− 𝑣, 0}]

}︂
. (3)

4. Model analysis with carbon cap policy

In this section, we focus on the situation in which the firm is constrained by the carbon cap policy; that is,
the firm’s carbon emissions cannot exceed the emission capacity given by the government, or the firm will face
a huge penalty. In this situation, we consider two kinds of firms according to different risk attitudes. The firm
needs to determine the production decision to maximize profit for the risk-neutral firm or to minimize risk for
the risk-averse firm.

4.1. The case with a risk-neutral firm

For the risk-neutral firm, the goal is to maximize the firm’s own profit under the constraint of the carbon
cap policy, and the optimization model can be expressed as follows:{︂

max 𝜋𝑐(𝑞) = (𝑝− 𝑐)𝑞 − 𝑝(𝑞 −𝐷)+
s.t. eq ≤ 𝐾Cn

(4)

It is easy to verify that Model (1) is a convex programming problem, which implies that the optimal solution
of Model (4) is unique. We can find the optimal production decision by constructing the Lagrange function as
follows:

𝐿1(𝑞, 𝑟1) = 𝜋𝑐(𝑞) + 𝑟1(𝐾Cn − eq), (5)

where 𝑟1 is the Lagrange multiplier. To solve the optimization problem with inequality constraints, it is nec-
essary to maximize the Lagrangian by satisfying KKT conditions to obtain feasible solutions under inequality
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constraints. KKT conditions refer to the process of solving all Lagrange multiplier problems that meet the
conditions. KKT conditions mainly include (1) the necessary conditions for the Lagrangian to obtain feasible
solutions, (2) the relaxation complementarity conditions, (3) the initial constraint conditions, and (4) the con-
ditions for the Lagrange multiplier with inequality constraints, that is, multipliers greater than or equal to 0.
By solving the KKT conditions, we can obtain the following results.

Proposition 1. There exists a unique equilibrium solution. The optimal decision is 𝑞*𝑐𝑛 = 𝐹−1
(︁

𝑝−𝑐−𝑒𝑟1
𝑝

)︁
. For

a uniformly distributed demand with support over [0, 𝑈 ], the optimal solution 𝑞*𝑐𝑛𝑢 = 𝑈(𝑝−𝑐−𝑒𝑟1)
𝑝 · When 𝑟1 > 0,

the results can be expressed as follows: 𝑟1 = 𝑈𝑒(𝑝−𝑐)−𝑝𝐾Cn
𝑈𝑒2 ·

Proof. 𝜋(𝑞) = (𝑝 − 𝑐)𝑞 − 𝑝(𝑞 − 𝐷)+ = (𝑝 − 𝑐)𝑞 − 𝑝
∫︀ 0

𝑞
𝐹 (𝐷)d𝐷, and the Lagrange function is 𝐿1(𝑞, 𝑟1) =

(𝑝− 𝑐)𝑞 − 𝑝
∫︀ 0

𝑞
𝐹 (𝐷)d𝐷 + 𝑟1(𝐾Cn − 𝑒𝑞), then the KKT conditions are as follows:⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝜕𝐿1(𝑞,𝑟1)
𝜕𝑞 = 0

𝑟1(𝐾Cn − eq) = 0
𝐾Cn − eq ≥ 0

𝑟1 ≥ 0

Solving 𝜕𝐿1(𝑞,𝑟1)
𝜕𝑞 = 𝑝− 𝑐−𝑝 ·𝐹 (𝑞)−𝑟1𝑒 = 0, we can obtain 𝑞*𝑐𝑛 = 𝐹−1

(︁
𝑝−𝑐−𝑒𝑟1

𝑝

)︁
. For a uniformly distributed

demand with support over [0, 𝑈 ], 𝐹 (𝑞) = 𝑞
𝑈 , and we have 𝑞*𝑐𝑛𝑢 = 𝑈(𝑝−𝑐−𝑒𝑟1)

𝑝 · When 𝑟1 > 0, then 𝐾Cn − 𝑒𝑞 = 0.

Substituting 𝑞*𝑐𝑛𝑢 into 𝐾Cn − 𝑒𝑞 = 0, we can obtain 𝑟1 = 𝑈𝑒(𝑝−𝑐)−𝑝𝐾Cn
𝑈𝑒2 · �

From the model setting, 𝑟1 = 0 means no constraint and 𝑟1 > 0 means that the constraint is working.
Proposition 1 indicates that a fully used carbon emission capacity can result in a lower production quantity.
Furthermore, substituting 𝑟1 = 𝑈𝑒(𝑝−𝑐)−𝑝𝐾Cn

𝑈𝑒2 into 𝑞*𝑐𝑛𝑢 = 𝑈(𝑝−𝑐−𝑒𝑟1)
𝑝 , we can obtain 𝑞*𝑐𝑛𝑢 = 𝐾Cn

𝑒 · The result
shows that under a strict carbon cap policy, the optimal production decision is only related to the carbon
capacity allocated by the government and the carbon emissions per unit product produced by the firm.

Corollary 1. The optimal decisions under the carbon cap policy satisfy the following:

(1) When 𝑟1 = 0, the optimal decision exists only if the carbon capacity satisfies 𝐾Cn ≥ 𝑈𝑒(𝑝−𝑐)
𝑝 ;

(2) When 𝑟1 > 0, the optimal decision exists only if the carbon capacity satisfies 𝐾Cn < 𝑈𝑒(𝑝−𝑐)
𝑝 ·

Proof. When 𝑟1 = 0, we have 𝐾Cn− eq ≥ 0, then we can obtain 𝐾Cn ≥ 𝑈𝑒(𝑝−𝑐)
𝑝 ; however, when 𝑟1 > 0, we have

𝑈𝑒(𝑝−𝑐)−𝑝𝐾Cn
𝑈𝑒2 > 0, then we can obtain 𝐾Cn < 𝑈𝑒(𝑝−𝑐)

𝑝 · �

Corollary 1 indicates that to realize the restrictive effect of the carbon cap policy on the carbon emissions
of the firm, there should be an upper limit to the emission capacity. Otherwise, a high capacity will cover the
carbon emissions under the optimal decision of the firm and thus will not have a constraint effect on carbon
emissions. In addition, combined with Proposition 1, we further verify that an effective carbon cap policy will
reduce the firm’s optimal production decision, which is consistent with the general understanding of people.

4.2. The case with a risk-averse firm

In this section, we discuss the risk-averse firm’s optimal decision on production quantity under a carbon cap
policy. For a risk-averse firm that pays more attention to risk, the goal is no longer to maximize expected profit
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but to minimize risks. Referring to certain literature [10, 42, 44], we use CVaR criteria to measure the firm’s
risk. According to the description of expression (3), the objective function for the risk-averse firm is as follows:

max𝑞 CVaR𝜂(𝜋𝑐) = max𝑞 max
𝑣∈𝑅

{︂
𝑣 +

1
𝜂
𝐸[min{𝜋𝑐(𝑞)− 𝑣, 0}]

}︂
, (6)

where 𝜋𝑐(𝑞) represents the profit of a risk-averse firm with carbon cap policy, 𝑣 is denoted as a target level of
profit, and 𝜂 ∈ (0, 1] reflects the degree of risk aversion.

Considering the constraint of carbon emissions, the optimization model of the risk-averse firm is expressed
as follows: {︃

max𝑞 CVaR𝜂(𝜋𝑐) = max𝑞 max
𝑣∈𝑅

{︁
𝑣 + 1

𝜂 𝐸[min{𝜋𝑐(𝑞)− 𝑣, 0}]
}︁

s.t. eq ≤ 𝐾Cr

(7)

Since we do not have a specific distribution for the demand, we now first discuss how the risk-averse firm sets
its target profit by considering the following two cases:

(1) If (𝑝− 𝑐)𝑞 − 𝑣 ≤ 0, then we have the following:

CVaR𝜂(𝜋𝑐) = max
𝑣∈𝑅

{︂
𝑣 +

1
𝜂
𝐸[(𝑝− 𝑐)𝑞 − 𝑝(𝑞 −𝐷)+ − 𝑣]

}︂
= 𝑣 +

𝑝− 𝑐

𝜂
𝑞 − 𝑣

𝜂
− 𝑝

𝜂

∫︁ 𝑞

0

(𝑞 −𝐷)𝑓(𝐷) d𝐷

= 𝑣 +
(𝑝− 𝑐)𝑞 − 𝑣

𝜂
− 𝑝

𝜂

∫︁ 𝑞

0

𝐹 (𝐷) d𝐷

To maximize CVaR𝜂(𝜋𝑐), we set 𝑣* = (𝑝 − 𝑐)𝑞 as the optimal target profit 𝑣* for a given risk attitude 𝜂.
Then, we have CVaR𝜂(𝜋𝑐) = (𝑝− 𝑐)𝑞 − 𝑝

𝜂

∫︀ 𝑞

0
𝐹 (𝐷) d𝐷.

If (𝑝− 𝑐)𝑞 − 𝑣 > 0, then CVaR𝜂(𝜋𝑐) = max
𝑣∈𝑅

{︁
𝑣 + 1

𝜂 𝐸[min{(𝑝− 𝑐)𝑞 − 𝑝(𝑞 −𝐷)+ − 𝑣, 0}]
}︁

.

From (𝑝 − 𝑐)𝑞 − 𝑝(𝑞 −𝐷)+ − 𝑣 < 0, we have 𝑞 −𝐷 > 0 and 𝐷 < 𝑐𝑞+𝑣
𝑝 ; then, we can obtain CVaR𝜂(𝜋𝑐) =

𝑣 + 1
𝜂

∫︀ 𝑐𝑞+𝑣
𝑝

0 (𝑝𝐷 − 𝑐𝑞 − 𝑣)𝑑𝐹 (𝐷).

Let 𝐺(𝑣) = 𝑣 + 1
𝜂

∫︀ 𝑐𝑞+𝑣
𝑝

0 (𝑝𝐷 − 𝑐𝑞 − 𝑣)𝑑𝐹 (𝐷), and the first-order derivative is 𝜕𝐺(𝑣)
𝜕𝑣 = 1 − 1

𝜂 𝐹
(︁

𝑐𝑞+𝑣
𝑝

)︁
. From

𝜕𝐺(𝑣)
𝜕𝑣 = 0, we can obtain the optimal target profit 𝑣* = 𝑝𝐹 ( − 1)(𝜂)− 𝑐𝑞.
After the optimal target profit is set, the conditional value of the risk of profit is expressed as follows:

CVaR𝜂(𝜋𝑐) = 𝑝𝐹−1(𝜂)− 𝑐𝑞 − 𝑝

𝜂

∫︁ 𝐹−1(𝜂)

0

𝐹 (𝐷) d𝐷.

Because CVaR𝜂(𝜋𝑐) is a continuous risk measure, (𝑝 − 𝑐)𝑞 − 𝑝
𝜂

∫︀ 𝑞

0
𝐹 (𝐷) d𝐷 = 𝑝𝐹−1(𝜂) − 𝑐𝑞 −

𝑝
𝜂

∫︀ 𝐹−1(𝜂)

0
𝐹 (𝐷) d𝐷; we then have 𝑞 = 𝐹−1(𝜂). We now substitute the optimal target profit, 𝑣* = 𝑝𝐹−1(𝜂)− 𝑐𝑞,

into (𝑝− 𝑐)𝑞− 𝑣 > 0, which yields 𝑞 > 𝐹−1(𝜂); thus, we have CVaR𝜂(𝜋𝑐) = 𝑝𝐹−1(𝜂)− 𝑐𝑞− 𝑝
𝜂

∫︀ 𝐹−1(𝜂)

0
𝐹 (𝐷) d𝐷

when 𝑞 > 𝐹−1(𝜂).
To further simplify CVaR𝜂(𝜋𝑐), we obtain the following expressions:

CVaR𝜂(𝜋𝑐) =

{︃
(𝑝− 𝑐)𝑞 − 𝑝

𝜂

∫︀ 𝑞

0
𝐹 (𝐷) d𝐷, 𝑞 ≤ 𝐹−1(𝜂)

𝑝𝐹−1(𝜂)− 𝑐𝑞 − 𝑝
𝜂

∫︀ 𝐹−1(𝜂)

0
𝐹 (𝐷) d𝐷, 𝑞 > 𝐹−1(𝜂)
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If 𝑞 > 𝐹−1(𝜂), then CVaR𝜂(𝜋𝑐) = 𝑝𝐹−1(𝜂) − 𝑐𝑞 − 𝑝
𝜂

∫︀ 𝐹−1(𝜂)

0
𝐹 (𝐷) d𝐷. Note that at the optimal target,

CVaR𝜂(𝜋𝑐) must satisfy the condition of 𝜕CVaR𝜂(𝜋𝑐)
𝜕𝑞 = 0. However, 𝜕CVaR𝜂(𝜋𝑐)

𝜕𝑞 = −𝑐 < 0. Therefore, we need
only to consider the first case of 𝑞 ≤ 𝐹−1(𝜂) as follows: If 𝑞 ≤ 𝐹−1(𝜂), CVaR𝜂(𝜋𝑐) = (𝑝− 𝑐)𝑞 − 𝑝

𝜂

∫︀ 𝑞

0
𝐹 (𝐷) d𝐷.

Next, we will investigate whether CVaR has an optimal solution for 𝑞 ≤ 𝐹−1(𝜂). From the above analysis,
the CVaR function can be rewritten as follows:{︂

max CVaR𝜂(𝜋𝑐) = (𝑝− 𝑐)𝑞 − 𝑝
𝜂

∫︀ 𝑞

0
𝐹 (𝐷) d𝐷

s.t. 𝑞 ≤ 𝐹−1(𝜂)
(8)

Then, the optimization model of the risk-averse firm can be rewritten as follows:⎧⎨⎩max CVaR𝜂(𝜋𝑐) = (𝑝− 𝑐)𝑞 − 𝑝
𝜂

∫︀ 𝑞

0
𝐹 (𝐷) d𝐷

s.t. eq ≤ 𝐾Cr

𝑞 ≤ 𝐹−1(𝜂)
(9)

It is easily verified that Model (9) is a convex programming problem, which implies that the optimal solution
of Model (9) is unique. We can find the optimal production decision by constructing the Lagrange function as
follows:

𝐿2(𝑞, 𝑟2, 𝑟3) = CVaR𝜂(𝜋𝑐) + 𝑟2(𝐾Cr − eq) + 𝑟3(𝐹−1(𝜂)− 𝑞), (10)

where 𝑟2 and 𝑟3 are the Lagrange multipliers. By solving the KKT conditions, we can obtain the following
results.

Proposition 2. There exists a unique equilibrium solution. The optimal decision is 𝑞*cr = 𝐹−1
(︁

𝜂(𝑝−𝑐−𝑒𝑟2)
𝑝

)︁
. For

a uniformly distributed demand with support over [0, 𝑈 ], the optimal solution 𝑞*𝑐𝑟𝑢 = 𝜂𝑈(𝑝−𝑐−𝑒𝑟2)
𝑝 · In addition,

𝑟2 ≥ 0 and 𝑟3 = 0; thus when 𝑟2 > 0, the results can be expressed as 𝑟2 = 𝜂𝑈𝑒(𝑝−𝑐)−𝑝𝐾Cr
𝑈𝑒2 ·

Proof. The Lagrange function is 𝐿2(𝑞, 𝑟2, 𝑟3) = (𝑝− 𝑐)𝑞 − 𝑝
𝜂

∫︀ 𝑞

0
𝐹 (𝐷) d𝐷 + 𝑟2(𝐾Cr − 𝑒𝑞) + 𝑟3(𝐹−1(𝜂)− 𝑞), and

the KKT conditions are as follows: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜕𝐿2(𝑞,𝑟2,𝑟3)
𝜕𝑞 = 0

𝑟2(𝐾Cr − eq) = 0
𝑟3(𝐹−1(𝜂)− 𝑞)
𝐾Cr − eq ≥ 0
𝐹−1(𝜂)− 𝑞 ≥ 0
𝑟2 ≥ 0, 𝑟3 ≥ 0

Solving 𝜕𝐿2(𝑞,𝑟2,𝑟3)
𝜕𝑞 = 𝑝−𝑐− 𝑝

𝜂 ·𝐹 (𝑞)−𝑟2𝑒−𝑟3 = 0, we can obtain 𝑞*cr = 𝐹−1
(︁

𝜂(𝑝−𝑐−𝑒𝑟2−𝑟3)
𝑝

)︁
. For a uniformly

distributed demand with support over [0, 𝑈 ], 𝐹 (𝑞) = 𝑞
𝑈 , and we have 𝑞*𝑐𝑟𝑢 = 𝜂𝑈(𝑝−𝑐−𝑒𝑟2−𝑟3)

𝑝 ·
When 𝑟3 > 0 and 𝑟2 = 0, then 𝐹−1(𝜂) − 𝑞 = 0; furthermore, we have 𝑟3 = −𝑐, which conflicts with 𝑟3 > 0.

When 𝑟3 > 0 and 𝑟2 > 0, then 𝐾Cr − 𝑒𝑞 = 0 and 𝐹−1(𝜂) − 𝑞 = 0; furthermore, we have 𝑟2 + 𝑟3 = −𝑐, which
conflicts with 𝑟2 > 0 and 𝑟3 > 0. Therefore, 𝑟3 > 0 does not exist; that is, 𝑟3 = 0. Therefore, 𝐹−1(𝜂) − 𝑞 ≥ 0
must be satisfied. When 𝑟2 > 0 and 𝑟3 = 0, then 𝐾Cr − 𝑒𝑞 = 0; thus, substituting 𝑞*𝑐𝑟𝑢 into 𝐾Cr − 𝑒𝑞 = 0, we
can obtain 𝑟2 = 𝜂𝑈𝑒(𝑝−𝑐)−𝑝𝐾Cr

𝑈𝑒2 · �

Similar to the case with a risk-neutral firm, 𝑟2 = 0 means no constraint, and 𝑟2 > 0 means that the constraint
is working. Proposition 2 indicates that a fully used carbon emission capacity can result in a lower production
quantity. However, considering the firm’s risk attitude, the result is different from the case with a risk-neutral
firm. Substituting 𝑟2 = 𝜂𝑈𝑒(𝑝−𝑐)−𝑝𝐾Cr

𝑈𝑒2 into 𝑞*𝑐𝑟𝑢 = 𝜂𝑈(𝑝−𝑐−𝑒𝑟2)
𝑝 , we can obtain 𝑞*𝑐𝑟𝑢 = 𝜂(1−𝜂)𝑈(𝑝−𝑐)

𝑝 + 𝜂𝐾Cr
𝑒 · The
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result shows that under a strict carbon cap policy, the optimal production decision is related not only to the
carbon capacity allocated by the government and the carbon emissions per unit product produced by the firm
but also to the risk aversion of the firm.

Exploring the relationship between risk aversion and the optimal production decision, the following corollaries
can be obtained.

Corollary 2. The optimal decisions under the carbon cap policy satisfy the following:

(1) When 𝑟2 = 0, the optimal decision exists only if the carbon capacity satisfies 𝐾Cr ≥ 𝜂𝑈𝑒(𝑝−𝑐)
𝑝 ;

(2) When 𝑟2 > 0, the optimal decision exists only if the carbon capacity satisfies 𝐾Cr < 𝜂𝑈𝑒(𝑝−𝑐)
𝑝 ·

Proof. When 𝑟2 = 0, we have 𝐾Cr − eq ≥ 0; then we can obtain 𝐾Cr ≥ 𝜂𝑈𝑒(𝑝−𝑐)
𝑝 · When 𝑟2 > 0, we have

𝜂𝑈𝑒(𝑝−𝑐)−𝑝𝐾Cr
𝑈𝑒2 > 0; then we can obtain 𝐾Cr < 𝜂𝑈𝑒(𝑝−𝑐)

𝑝 · �

Similar to Corollary 1, Corollary 2 also indicates that to realize the restrictive effect of the carbon cap policy
on the carbon emissions of the firm, there should be an upper limit to the emission capacity. Otherwise, a
high capacity will cover the carbon emissions under the optimal decision of the firm and thus will not have a
constraint effect on carbon emissions. In addition, we also find that the upper limit is related to the firm’s risk
aversion. For a firm with a high degree of risk aversion, the upper limit will be smaller. This result indicates
that for a risk-averse firm, the emission capacity allocated by the government should be lower to ensure the
effectiveness of the carbon cap policy. This may be because the optimal production of a risk-averse firm is lower.

Corollary 3. The change in the optimal production decision with the increase in risk aversion is as follows:

(1) When 𝑟2 = 0, the optimal production decision decreases with increasing risk aversion.
(2) When 𝑟2 > 0, the optimal production decision increases first and then decreases with increasing risk aversion.

When 𝜂 = 1
2 + 𝑝𝐾Cr

2𝑈𝑒(𝑝−𝑐) , the optimal production is highest.

Proof. When 𝑟2 = 0, 𝑞*𝑐𝑟𝑢 = 𝜂𝑈(𝑝−𝑐)
𝑝 ; then, we have 𝜕𝑞*𝑐𝑟𝑢

𝜕𝜂 = 𝑈(𝑝−𝑐)
𝑝 > 0. When 𝑟2 > 0, 𝑞*𝑐𝑟𝑢 = 𝜂(1−𝜂)𝑈(𝑝−𝑐)

𝑝 +
𝜂𝐾Cr

𝑒 , then 𝜕𝑞*𝑐𝑟𝑢

𝜕𝜂 = (1−2𝜂)𝑈(𝑝−𝑐)
𝑝 + 𝐾Cr

𝑒 and 𝜕2𝑞*𝑐𝑟𝑢

𝜕𝜂2 = −2𝑈(𝑝−𝑐)
𝑝 < 0. When 𝜂 = 0, then 𝜕𝑞*𝑐𝑟𝑢

𝜕𝜂 > 0, and when

𝜂 = 1, then 𝜕𝑞*𝑐𝑟𝑢

𝜕𝜂 < (𝜂−1)𝑈(𝑝−𝑐)
𝑝 < 0. Let 𝜕𝑞*𝑐𝑟𝑢

𝜕𝜂 = 0; then, we can obtain 𝜂 = 1
2 + 𝑝𝐾Cr

2𝑈𝑒(𝑝−𝑐) < 1. �

Corollary 3 indicates that the optimal production decision without the constraint of the carbon cap policy
(that is, 𝑟2 = 0) decreases with increasing risk aversion, which is consistent with existing research results on
the impact of risk aversion on firms’ optimal decisions. However, under the strict constraint of the carbon cap
policy (that is, 𝑟2 > 0), the firms’ optimal production increases first and then decreases and achieves the highest
production when 𝜂 = 1

2 + 𝑝𝐾Cr
2𝑈𝑒(𝑝−𝑐) · The result shows that the carbon policy that strictly restricts the carbon

emissions of firms has changed the impact of risk aversion on firms’ decisions in general; that is, the risk aversion
attitude does not have a negative impact on the decision-making of firms in all cases.

4.3. Comparison of firms’ decisions under different risk attitudes

Under the constraint of the carbon cap policy, the optimal production of firms with different risk attitudes is
summarized in Table 3. By comparing the optimal decisions under risk-neutral firms and risk-averse firms, the
following corollaries can be obtained.

Corollary 4. Under carbon cap policy, whether risk-neutral firms or risk-averse firms, optimal production will
be affected by carbon emission constraints, and risk-averse firms will also be affected by risk-averse attitudes.

Corollary 4 describes an obvious conclusion, which can be obtained under the general distribution of demand.
However, the specific distribution function of demand needs to be defined if we want to further analyze the impact
of carbon emission capacity and risk aversion on firms’ optimal decisions. The following Corollaries 4 and 5 give
the analysis results that the demand follows a uniform distribution.
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Table 3. The optimal decisions under different risk attitudes.

Risk attitude Optimal production Lagrange multiplier Carbon capacity

General distribution
Risk-neutral 𝑞*𝑐𝑛 = 𝐹−1

(︁
𝑝−𝑐−𝑒𝑟1

𝑝

)︁
– –

Risk-averse 𝑞*cr = 𝐹−1
(︁

𝜂(𝑝−𝑐−𝑒𝑟2)
𝑝

)︁
– –

Uniform distribution
Risk-neutral 𝑞*𝑐𝑛𝑢 = 𝑈(𝑝−𝑐−𝑒𝑟1)

𝑝
𝑟1 = 𝑈𝑒(𝑝−𝑐)−𝑝𝐾Cn

𝑈𝑒2 𝐾Cn < 𝑈𝑒(𝑝−𝑐)
𝑝

Risk-averse 𝑞*𝑐𝑟𝑢 = 𝜂𝑈(𝑝−𝑐−𝑒𝑟2)
𝑝

𝑟2 = 𝜂𝑈𝑒(𝑝−𝑐)−𝑝𝐾Cr
𝑈𝑒2 𝐾Cn < 𝜂𝑈𝑒(𝑝−𝑐)

𝑝

Corollary 5. If the demand follows a uniform distribution with support over [0, 𝑈 ], the upper limits are different
for risk-neutral firms and risk-averse firms, and the upper limit of risk-averse firms is related to risk aversion.

Corollary 5 shows that firms’ risk attitudes will affect the upper limit of carbon emission capacity when the
carbon cap policy is effectively implemented. The higher the degree of risk aversion is (𝜂 decreases), the smaller
the upper limit is. These results mean that to make the carbon cap policy work, compared with risk-neutral
firms, risk-averse firms should set a smaller carbon emission capacity.

Corollary 6. If the demand follows a uniform distribution with support over [0, 𝑈 ], 𝑞*𝑐𝑛𝑢 = 𝐾Cn
𝑒 and 𝑞*𝑐𝑟𝑢 =

𝜂(1−𝜂)𝑈(𝑝−𝑐)
𝑝 + 𝜂𝐾Cr

𝑒 · Furthermore, 𝑞*𝑐𝑟𝑢 > 𝑞*𝑐𝑛𝑢 if 𝐾Cr = 𝐾Cn.

Proof. Substituting 𝑟1 and 𝑟2 into 𝑞*𝑐𝑛𝑢 and 𝑞*𝑐𝑟𝑢, respectively, we can obtain 𝑞*𝑐𝑛𝑢 = 𝐾Cn
𝑒 and 𝑞*𝑐𝑟𝑢 =

𝜂(1−𝜂)𝑈(𝑝−𝑐)
𝑝 + 𝜂𝐾Cr

𝑒 , respectively. 𝑞*𝑐𝑟𝑢 − 𝑞*𝑐𝑛𝑢 = 𝜂(1−𝜂)𝑈(𝑝−𝑐)
𝑝 + 𝜂 𝐾Cr

𝑒 − 𝐾Cn
𝑒 , when 𝐾Cr = 𝐾Cn, 𝑞*𝑐𝑟𝑢 − 𝑞*𝑐𝑛𝑢 =

(1− 𝜂)
(︁

𝜂𝑈𝑒(𝑝−𝑐)−𝑝𝐾𝐶

𝑝𝑒

)︁
. According to 𝑟2 = 𝜂𝑈𝑒(𝑝−𝑐)−𝑝𝐾Cr

𝑈𝑒2 > 0, we have 𝜂𝑈𝑒(𝑝− 𝑐)− 𝑝𝐾Cr; then, we can obtain
𝑞*𝑐𝑟𝑢 − 𝑞*𝑐𝑛𝑢 > 0. �

Corollary 6 shows that the optimal production of risk-neutral firms is only related to carbon emission capacity
and carbon emission per unit product, while the optimal production of risk-averse firms is also affected by many
factors, including market demand, selling price, product costs and risk aversion degree. In addition, the optimal
production of risk-averse firms is higher than that of risk-neutral firms when their emission capacities are the
same. These results are interesting because the usual research conclusion is that the decisions of risk-averse firms
are lower than those of risk-neutral firms due to the caution of decision-makers; however, due to the setting of
carbon emission capacity, the optimal decision of risk-averse firms is higher.

5. Model analysis with carbon tax policy

In this section, we focus on the situation in which firms need to pay tax to the government according to
their carbon emissions. Referencing certain extant literature [6], we assume that the carbon tax has a linear
relationship with the amount of carbon emissions generated from production. Let 𝑡 denote the carbon tax on
the emission per ton and then the total amount of carbon tax that the firm needs to pay to the government
is 𝑡𝑒𝑞. Similar to Section 4, we also consider two kinds of firms according to different risk attitudes in this
situation. The firm still needs to determine the production decision to maximize profit for the risk-neutral firm
or to minimize risk for the risk-averse firm.

5.1. The case with a risk-neutral firm

For the risk-neutral firm, the goal is to maximize the firm’s own profit under carbon tax policy, and the profit
function of the firm is as follows:

𝜋𝑡(𝑞) = 𝑝 ·min{𝐷, 𝑞} − 𝑐𝑞 − 𝑡𝑒𝑞, (11)



2036 QI QI ET AL.

and the optimal model can be expressed as follows:

max
𝑞

𝜋𝑡(𝑞) = max
𝑞
{𝑝 ·min{𝐷, 𝑞} − 𝑐𝑞 − 𝑡𝑒𝑞}. (12)

By solving Model (12), we can obtain the following Proposition 3.

Proposition 3. There exists a unique equilibrium solution. The optimal decision is 𝑞*𝑡𝑛 = 𝐹−1
(︁

𝑝−𝑐−𝑡𝑒
𝑝

)︁
. For

a uniformly distributed demand with support over [0, 𝑈 ], the optimal solution is as follows: 𝑞*𝑡𝑛𝑢 = 𝑈(𝑝−𝑐−𝑡𝑒)
𝑝 ·

Proof. According to 𝜕2𝜋𝑡(𝑞)
𝜕𝑞2 < 0, we have that the function of 𝜋𝑡(𝑞) is concave; thus, if we let 𝜕𝜋𝑡(𝑞)

𝜕𝑞 = 0, then

we can obtain the optimal response function of the firm’s production quantity 𝑞*𝑡𝑛 = 𝐹−1
(︁

𝑝−𝑐−𝑡𝑒
𝑝

)︁
. When the

demand follows a uniform distribution, we can obtain 𝑞*𝑡𝑛𝑢 = 𝑈(𝑝−𝑐−𝑡𝑒)
𝑝 · �

Proposition 3 indicates that the optimal production is proportional to the maximum demand (𝑈) and the
unit profit (𝑝 − 𝑐) but negatively correlated with the tax rate of 𝑡. This means that as the carbon tax and
emissions per unit product increase, the optimal production decreases.

Corollary 7. 𝜕𝑞*𝑡𝑛𝑢

𝜕𝑡 < 0.

Corollary 7 shows that the optimal production is negatively correlated with the carbon tax. These results are
easy to understand. The higher the carbon tax is, the lower the production of firms to pay less carbon tax is.
The lower the production of firms is, the lower the carbon emissions are; that is, the carbon tax policy plays a
role in reducing carbon emissions.

5.2. The case with a risk-averse firm

In this section, we discuss the risk-averse firm’s optimal decision on production quantity under carbon tax
policy. Similar to Section 4.2, we also use CVaR criteria to measure the firm’s risk, and the objective function
for the risk-averse firm is as follows:

max𝑞 CVaR𝜂(𝜋𝑡) = max𝑞 𝑚𝑎𝑥
𝑣∈𝑅

{︂
𝑣 +

1
𝜂
𝐸[min{𝜋𝑡(𝑞)− 𝑣, 0}]

}︂
, (13)

According to the analysis of Section 4.2, we can obtain the following results of optimal production under
carbon tax policy.

Proposition 4. There exists a unique equilibrium solution. The optimal decision is 𝑞*𝑡𝑟 = 𝐹−1
(︁

𝜂(𝑝−𝑐−𝑡𝑒)
𝑝

)︁
. For

a uniformly distributed demand with support over [0, 𝑈 ], the optimal solution is as follows: 𝑞*𝑡𝑟𝑢 = 𝜂𝑈(𝑝−𝑐−𝑡𝑒)
𝑝 ·

Proof. According to 𝜕2CVaR𝜂(𝜋𝑡)
𝜕𝑞2 < 0, we have that the function of CVaR𝜂(𝜋𝑡) is concave; thus, if we

let 𝜕CVaR𝜂(𝜋𝑡)
𝜕𝑞 = 0, then we can obtain the optimal response function of the firm’s production quan-

tity 𝑞*𝑡𝑟 = 𝐹−1
(︁

𝜂(𝑝−𝑐−𝑡𝑒)
𝑝

)︁
. Therefore, when the demand follows a uniform distribution, we can obtain

𝑞*𝑡𝑟𝑢 = 𝜂𝑈(𝑝−𝑐−𝑡𝑒)
𝑝 · �

From Propositions 3 to 4, we find that the difference between the optimal production of risk-neutral firms and
risk-averse firms is that the optimal production for the risk-averse firm is related to the risk attitude, while that
of the risk-neutral firm is not. Comparing the optimal production in the two cases, we can obtain Corollary 8.

Corollary 8. 𝑞*𝑡𝑟𝑢 ≤ 𝑞*𝑡𝑛𝑢 and 𝑡 < 𝑝−𝑐
𝑒 ·
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Table 4. The optimal decision under different carbon policies.

Risk-neutral firm Risk-averse firm
Optimal production Lagrange multiplier Optimal production Lagrange multiplier

Carbon cap

General

distribution
𝑞*𝑐𝑛 = 𝐹−1

(︁
𝑝−𝑐−𝑒𝑟1

𝑝

)︁
– 𝑞*𝑐𝑟 = 𝐹−1

(︁
𝜂(𝑝−𝑐−𝑒𝑟2)

𝑝

)︁
–

Uniform

distribution
𝑞*𝑐𝑛𝑢 =

𝑈(𝑝−𝑐−𝑒𝑟1)
𝑝

𝑟1 =
𝑈𝑒(𝑝−𝑐)−𝑝𝐾Cn

𝑈𝑒2 𝑞*𝑐𝑟𝑢 =
𝜂𝑈(𝑝−𝑐−𝑒𝑟2)

𝑝
𝑟2 =

𝜂𝑈𝑒(𝑝−𝑐)−𝑝𝐾Cr
𝑈𝑒2

Carbon tax

General

distribution
𝑞*𝑡𝑛 = 𝐹−1

(︁
𝑝−𝑐−𝑡𝑒

𝑝

)︁
– 𝑞*𝑡𝑟 = 𝐹−1

(︁
𝜂(𝑝−𝑐−𝑡𝑒)

𝑝

)︁
–

Uniform
distribution

𝑞*𝑡𝑛𝑢 =
𝑈(𝑝−𝑐−𝑡𝑒)

𝑝
– 𝑞*𝑡𝑟𝑢 =

𝜂𝑈(𝑝−𝑐−𝑡𝑒)
𝑝

–

Proof. If 𝑞*𝑡𝑟 = 𝜂𝑈(𝑝−𝑐−𝑡𝑒)
𝑝 > 0, then we have 𝑡 < 𝑝−𝑐

𝑒 · Moreover, 𝑞*𝑡𝑟𝑢 − 𝑞*𝑡𝑛𝑢 = 𝑈(𝑝−𝑐−𝑡𝑒)
𝑝 − 𝜂𝑈(𝑝−𝑐−𝑡𝑒)

𝑝 =

(1− 𝜂)𝑈(𝑝−𝑐−𝑡𝑒)
𝑝 ≥ 0. �

Compared with Corollary 6, we find that the influence of risk aversion on optimal production is different
under different carbon policies. Considering the carbon cap policy, the optimal production of risk-averse firms
may be higher than that of risk-neutral firms; however, considering the carbo tax policy, the optimal production
of risk-averse firms is lower than that of risk-neutral firms. In addition, there must be an upper limit of the
carbon tax to ensure the normal operation of firms.

5.3. Comparison of carbon cap policy and carbon tax policy

Under two different carbon policies, the optimal production of firms with different risk attitudes is summarized
in Table 4. By comparing the optimal decisions under the carbon cap policy and carbon tax policy, the following
corollaries can be obtained.

Corollary 9. For risk-neutral firms, the optimal production under two carbon policies satisfies the following
conditions: ⎧⎪⎪⎨⎪⎪⎩

𝑞*𝑐𝑛𝑢 > 𝑞*𝑡𝑛𝑢, if 𝐾Cn > 𝑈𝑒(𝑝−𝑐−𝑡𝑒)
𝑝 ,

𝑞*𝑐𝑛𝑢 = 𝑞*𝑡𝑛𝑢, if 𝐾Cn = 𝑈𝑒(𝑝−𝑐−𝑡𝑒)
𝑝 ,

𝑞*𝑐𝑛𝑢 < 𝑞*𝑡𝑛𝑢, if 𝐾Cn < 𝑈𝑒(𝑝−𝑐−𝑡𝑒)
𝑝 ·

Proof. Under the carbon cap policy, the optimal production is 𝑞*𝑐𝑛𝑢 = 𝑈(𝑝−𝑐−𝑒𝑟1)
𝑝 , and the Lagrange multiplier

is 𝑟1 = 𝑈𝑒(𝑝−𝑐)−𝑝𝐾Cn
𝑈𝑒2 · Substituting 𝑟1 into 𝑞*𝑐𝑛𝑢, we have 𝑞*𝑐𝑛𝑢 = 𝐾Cn

𝑒 · Under a carbon tax policy, the optimal
production is 𝑞*𝑡𝑛𝑢 = 𝑈(𝑝−𝑐−𝑡𝑒)

𝑝 · From 𝑞*𝑐𝑛𝑢 − 𝑞*𝑡𝑛𝑢 = 𝑝𝐾Cn−𝑈𝑒(𝑝−𝑐−𝑡𝑒)
𝑝𝑒 , we can obtain that 𝑞*𝑐𝑛𝑢 > 𝑞*𝑡𝑛𝑢 if

𝐾Cn > 𝑈𝑒(𝑝−𝑐−𝑡𝑒)
𝑝 , 𝑞*𝑐𝑛𝑢 = 𝑞*𝑡𝑛𝑢 if 𝐾Cn = 𝑈𝑒(𝑝−𝑐−𝑡𝑒)

𝑝 , and 𝑞*𝑐𝑛𝑢 < 𝑞*𝑡𝑛𝑢 if 𝐾Cn < 𝑈𝑒(𝑝−𝑐−𝑡𝑒)
𝑝 · �

From Corollary 9, we find that the optimal production of risk-neutral firms under different carbon policies
is different unless the carbon emission capacity and carbon tax satisfy 𝐾Cn = 𝑈𝑒(𝑝−𝑐−𝑡𝑒)

𝑝 · Otherwise, when the

emission capacity is high and the carbon tax is also high (that is, 𝐾Cn > 𝑈𝑒(𝑝−𝑐−𝑡𝑒)
𝑝 ), the optimal production

with the carbon cap policy is higher than that of the carbon tax policy (𝑞*𝑐𝑛𝑢 > 𝑞*𝑡𝑛𝑢). The carbon tax policy
will impose a heavier burden on firms. When the emission capacity is small and the carbon tax is also small
(that is, 𝐾Cn < 𝑈𝑒(𝑝−𝑐−𝑡𝑒)

𝑝 , the optimal production with the carbon cap policy is higher than that of the carbon
tax policy (𝑞*𝑐𝑛𝑢 < 𝑞*𝑡𝑛𝑢). The carbon cap policy will impose a heavier burden on firms.
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Corollary 10. For risk-averse firms, the optimal production under two carbon policies satisfies the follow-
ing conditions: for risk-neutral firms, the optimal production under two carbon policies satisfies the following
conditions: ⎧⎪⎪⎨⎪⎪⎩

𝑞*𝑐𝑟𝑢 > 𝑞*𝑡𝑟𝑢, if 𝐾Cr > 𝑈𝑒(𝜂(𝑝−𝑐)−𝑡𝑒)
𝑝 ,

𝑞*𝑐𝑟𝑢 = 𝑞*𝑡𝑟𝑢, if 𝐾Cr = 𝑈𝑒(𝜂(𝑝−𝑐)−𝑡𝑒)
𝑝 ,

𝑞*𝑐𝑟𝑢 < 𝑞*𝑡𝑟𝑢, if 𝐾Cr < 𝑈𝑒(𝜂(𝑝−𝑐)−𝑡𝑒)
𝑝 ·

Proof. Under the carbon cap policy, the optimal production is 𝑞*𝑐𝑟𝑢 = 𝜂𝑈(𝑝−𝑐−𝑒𝑟2)
𝑝 , and the Lagrange multiplier

is 𝑟2 = 𝜂𝑈𝑒(𝑝−𝑐)−𝑝𝐾Cn
𝑈𝑒2 · Substituting 𝑟2 into 𝑞*𝑐𝑟𝑢, we have 𝑞*𝑐𝑟𝑢 = 𝜂(1−𝜂)𝑈(𝑝−𝑐)

𝑝 + 𝜂𝐾Cn
𝑒 · Under a carbon tax

policy, the optimal production is 𝑞*𝑡𝑟𝑢 = 𝜂𝑈(𝑝−𝑐−𝑡𝑒)
𝑝 · From 𝑞*𝑐𝑟𝑢 − 𝑞*𝑡𝑟𝑢 = 𝜂

𝑝𝑒 [𝑝𝐾Cr − 𝑈𝑒(𝜂(𝑝 − 𝑐) − 𝑡𝑒)], we

can obtain that 𝑞*𝑐𝑟𝑢 > 𝑞*𝑡𝑟𝑢 if 𝐾Cr > 𝑈𝑒(𝜂(𝑝−𝑐)−𝑡𝑒)
𝑝 , 𝑞*𝑐𝑟𝑢 = 𝑞*𝑡𝑟𝑢 if 𝐾Cr = 𝑈𝑒(𝜂(𝑝−𝑐)−𝑡𝑒)

𝑝 , and 𝑞*𝑐𝑟𝑢 < 𝑞*𝑡𝑟𝑢 if

𝐾Cr < 𝑈𝑒(𝜂(𝑝−𝑐)−𝑡𝑒)
𝑝 · �

From Corollary 10 we can also find that the optimal production of risk-averse firms under different carbon
policies is different unless the carbon emission capacity and carbon tax satisfy 𝐾Cr = 𝑈𝑒(𝜂(𝑝−𝑐)−𝑡𝑒)

𝑝 · Compared
with Corollary 9, the results show that there is an additional influence of the risk aversion degree for risk-averse
firms. Furthermore, the impact of risk aversion is only shown in the unit income and will not affect the cost of
the carbon tax. In contrast with risk-neutral firms, for a given carbon tax, the emission capacity that makes the
optimal production of risk-averse firms under two carbon policies equal will be smaller (that is, 𝐾Cr < 𝐾Cn).
Therefore, if the government sets emission capacity without considering firms’ risk aversion attitude, that is,
implementing the same capacity to control carbon emissions, then it is more likely that the optimal production
under a carbon cap policy is higher than that under a carbon tax policy.

6. Numerical analysis

In this section, we conduct a numerical experiment to verify the theoretical results obtained in the proposed
models. We analyze the impact of risk aversion 𝜂 and demand 𝑈 on a firm’s operational decision and profit,
the impact of risk aversion and demand on carbon capacity 𝐾, and the impact of two different carbon policies,
namely, carbon capacity 𝐾 and carbon tax 𝑡, on optimal production and profit. On the basis of considering the
actual situation and literature, we select the numerical data of the model parameters. Specifically, we set the
parameters of numerical examples with reference to [5, 40, 45] and the parameters are chosen as 𝑝 = 40, 𝑐 =
10, 𝑒 = 1, 𝑡 = 20, 𝐾 = 1200, 𝑈 = 3000, and 𝜂 = (0, 1].

Under two different carbon policies, namely, carbon cap and carbon tax, the impact of risk aversion and
demand on firms’ optimal production and profit is shown in Figures 1 and 2.

Figure 1 shows the impact of risk aversion on firms’ optimal production and profit under carbon cap and
carbon tax policies. It can be seen that the decision-making of the risk-neutral firm is not affected by the degree
of risk aversion (see two horizontal lines), while that of the risk-averse firm is affected (see the green line and the
blue line). Under a carbon cap policy, the optimal production of a risk-averse firm (see the green line) increases
first and then decreases with risk aversion (that is, 𝜂 decreases). Moreover, the optimal production of risk-averse
firms may be higher than that of risk-neutral firms under some conditions (see the green line and the magenta
line). Under a carbon tax policy, the stronger the risk aversion is, the smaller the optimal production is (see the
blue line). From the perspective of firms’ profit, risk aversion has a negative influence under a carbon tax; that
is, the profit of risk-averse firms is lower than that of risk-neutral firms, which is consistent with existing studies.
However, under a carbon cap policy, the profit of a risk-averse firm may be higher than that of a risk-neutral
firm in some cases. This result is interesting and indicates that the carbon cap policy would change the negative
influence of risk aversion on firms’ operational decisions.
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Figure 1. The impact of risk aversion 𝜂 on a firm’s operational decisions. (a) The impact of
𝜂 on production and (b) the impact of 𝜂 on profit.

Figure 2. The impact of demand 𝑈 on a firm’s operational decisions. (a) The impact of
demand U on production and (b) the impact of demand U on profit.

Figure 2 shows the impact of demand on firms’ optimal production and profit under carbon cap and carbon
tax. Setting 𝜂 = 0.5, 𝑈 changes from 1000 to 10 000 in steps of 1000. It can be shown that the optimal production
increases with demand except in the case of risk-neutral firms under the carbon cap policy. When 𝑈 > 3000, the
optimal production of risk-averse firms is higher than that of risk-neutral firms, which verifies the conclusion of
Figure 1(a). From the perspective of profit, the decreased demand brings increased profit for different carbon
policies and different risk attitudes. Moreover, when demand is within a certain range, the profit of risk-averse
firms is higher than that of risk-neutral firms.

Figure 3 shows the impact of risk aversion 𝜂 and demand 𝑈 on the upper limit of carbon emission capacity.
Figure 3(a) considers three different demands, that is, 𝑈 = 1000, 5000, 10 000, and we find that higher demand
and less risk aversion bring a higher upper limit of carbon emission capacity. Figure 3(b) considers three different
risk aversion levels, namely, 𝜂 = 0.2, 0.6, and 1; we can also find that higher demand and less risk aversion
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Figure 3. The impact of risk aversion 𝜂 and demand 𝑈 on carbon capacity. (a) The impact
of 𝜂 on carbon capacity and (b) the impact of U on carbon capacity.

Figure 4. The impact of parameters of carbon policies on production. (a) The impact of
carbon capacity on production and (b) the impact of carbon tax on production.

bring a higher upper limit of carbon emission capacity. The results show that the upper limit of carbon emission
capacity is positively related to risk aversion and demand.

Furthermore, we analyze the impact of two different carbon policies, carbon cap and carbon tax, on the
optimal production and profit for risk-neutral firms and risk-averse firms, which is shown in Figures 4 and 5.

Figure 4 shows the impact of carbon cap and carbon tax on the optimal production for risk-neutral firms and
risk-averse firms. Setting 𝜂 = 0.2, 0.6, and 1, 𝐾 changes from 0 to 1500 in steps of 100, and t changes from 0 to
30 in steps of 3. Under a carbon tax policy, no matter how much risk aversion there is, the optimal production
decreases with the carbon tax. Under the carbon cap policy, the optimal production decreases with the carbon
capacity. Furthermore, production with risk aversion of 0.6 is higher than that with risk aversion of 0.2, which
is consistent with the comment result that risk aversion has a negative influence. However, for risk-neutral firms
(𝜂 = 1), this result is tenable. From Figure 4(a), we find that the production of risk-neutral firms may be
lower or higher than that of risk-averse firms with the change in carbon emission capacity. This is because the
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Figure 5. The impact of parameters of carbon policies on profit. (a) The impact of carbon
capacity on profit and (b) the impact of carbon tax on profit.

production of risk-neutral firms is only related to carbon capacity and emissions per unit of product, which is
shown in Proposition 1.

Figure 5 shows the impact of carbon cap and carbon tax on the optimal profit for risk-neutral firms and
risk-averse firms. Consistent with Figure 4, we set 𝜂 = 0.2, 0.6, and 1, and 𝐾 changes from 0 to 1500 in steps of
100, while t changes from 0 to 30 in steps of 3. The profit results are basically consistent with the information
shown in Figure 4. The optimal profit decreases with the carbon tax under the carbon tax policy, and the
optimal profit increases with the carbon capacity under the carbon cap policy. Considering risk aversion, a
higher degree of risk aversion leads to less profit except for risk-neutral firms under a strict carbon cap policy.

7. Conclusions and limitations of the research

Considering the risk preference of decision-makers, this study incorporates different risk attitudes into firms’
decision-making process under the constraints of carbon cap and carbon tax policies. First, we construct the
decision optimization model under two carbon policies based on the CVaR criterion to measure firms’ risk
aversion. The optimal decisions of firms can be obtained by using KKT conditions and convex optimization
theory. Then, we compare the optimal operational decisions for risk-neutral firms and risk-averse firms with
different carbon policies. Finally, numerical studies are carried out to verify the impact of risk aversion and
carbon policies on firms’ operational decisions and profit. The results show that the optimal production of
risk-averse firms is lower than that of risk-neutral firms under the carbo tax policy. A carbon cap policy would
change the influence of risk aversion on firms’ operational decisions, and the optimal production of risk-averse
firms may be higher than that of risk-neutral firms. This also means that risk aversion may not only have a
negative impact on firms’ production decisions. In addition, when the carbon capacity and carbon tax satisfy
some conditions, the optimal decisions of production are consistent under the two carbon policies. This shows
that different carbon policies may also have the same impact on firms, which will depend on the setting of
carbon policy parameters.

However, our paper has some limitations. This study assumes that the demand function follows a uniform
distribution. Further research can be conducted from other distribution functions or unknown demand functions
in the future. In addition, the model proposed in this study only investigates the optimization of firms’ production
decisions under carbon policies and does not consider active emission reduction actions, such as investing in
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cleaner technologies and equipment. Thus, the joint decision optimization of a firm’s production and emission
reduction is an interesting research issue.
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