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FURTHER RESULTS ON OUTER INDEPENDENT 2-RAINBOW DOMINATING
FUNCTIONS OF GRAPHS

BABAK SAMADI*® AND NASRIN SOLTANKHAH

Abstract. Let G = (V(G), E(G)) be a graph. A function f : V(G) — P({1,2}) is a 2-rainbow
dominating function if for every vertex v with f(v) = 0, f(N(v)) = {1,2}. An outer-independent 2-
rainbow dominating function (OI2RD function) of G is a 2-rainbow dominating function f for which the
set of all v € V(G) with f(v) = 0 is independent. The outer independent 2-rainbow domination number
(OI2RD number) 7oir2(G) is the minimum weight of an OI2RD function of G. In this paper, we first
prove that n/2 is a lower bound on the OI2RD number of a connected claw-free graph of order n and
characterize all such graphs for which the equality holds, solving an open problem given in an earlier
paper. In addition, a study of this parameter for some graph products is carried out. In particular, we
give a closed (resp. an exact) formula for the OI2RD number of rooted (resp. corona) product graphs
and prove upper bounds on this parameter for the Cartesian product and direct product of two graphs.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we consider G as a finite simple graph with vertex set V(G) and edge set E(G). We
use [14] as a reference for terminology and notation which are not explicitly defined here. The open neighborhood
of a vertex v is denoted by N (v), and its closed neighborhood is N[v] = N (v)U{v}. The minimum and mazimum
degrees of G are denoted by 0(G) and A(G), respectively. A leaf is a vertex of degree one, while its neighbor
is a support vertexr. A strong support vertex is a vertex with at least two leaf neighbors. Given the subsets
X, Y CV(Q), by [X,Y] we mean the set of all edges with one end point in X and the other in Y.

Given a graph G, a subset X C V(G) is called independent if no two distinct vertices of X are adjacent. The
size of a largest independent set is called the independence number of G and denoted by «(G). A wvertex cover
of G is a set Q C V(G) that contains at least one endpoint of every edge. The vertex cover number 3(G) is the
minimum cardinality among all vertex cover sets of G. A subset S C V(G) is said to be a dominating set (resp.
total dominating set) in G if every vertex in V(G)\ S (resp. V(Q)) is adjacent to a vertex in S. The domination
number v(G) is the minimum cardinality of a dominating set in G.

Domination presents a model for a situation in which every empty location (vertex with no guards) needs
to be protected by a guard occupying a neighboring location. A generalization of domination was proposed
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FIGURE 1. A k-unit.

in [1], where different types of guards are deployed, and the empty locations must have all types of guards
in their neighborhoods. This relaxation led to the definition of k-rainbow domination. Indeed, a function f :
V(G) — P({1,--- ,k}) is a k-rainbow dominating function (kRD function) if for every vertex v with f(v) = 0,
f(N(v)) = {1,---,k}. The k-rainbow domination number v x(G) is the minimum weight of >° v () [f(v)]
taken over all kRD functions of G. This concept was formally defined by Bresar et al. [1].

The existence of two adjacent locations with no guards can jeopardize them. Indeed, they would be considered
more vulnerable. One improved situation for a location with no guards is to be surrounded by locations in which
guards are stationed. This motivates us to consider a kRD function f for which the set of vertices assigned ()
under f is independent. More formally, we have the following definition. A function f is an outer independent
k-rainbow dominating function (OIKRD function) of G if f is a kRD function and the set of vertices with weight
() is an independent set. The outer independent k-rainbow domination number (OIKRD number) v,k (G) is
the minimum weight of an OIXRD function of G. An OIKRD function of weight v+ (G) is called a vpirk (G)-
function. This concept was first introduced by Kang et al. [8] and studied in [2,10]. Mansouri and Mojdeh [10]
showed that the problem of computing the OI2RD number is NP-hard even when restricted to planar graphs
with maximum degree at most four and triangle-free graphs.

In this paper, emphasizing the case k = 2, we first provide a characterization of all connected claw-free graphs
whose OI2RD numbers are equal to half of their orders, solving an open problem from [10]. In the second section
of the paper, we investigate the OI2RD numbers of some graph products such as the Cartesian, direct, rooted
and corona products of graphs. We refer the readers to the book [6] for a comprehensive survey of the graph
products.

For any function f : V(G) — P({1,2}), we let Vp, Vi3, Vi2y and Vi 5 stand for the set of vertices assigned
with 0, {1}, {2} and {1,2} under f, respectively. Since these four sets determine f, we can equivalently write
f= (V@, V{l}, V{2}7 V{LQ}). Note that w(f) = |V{1}| + ‘V{2}| + 2|V{112}| is the weight of f.

2. CLAW-FREE GRAPHS

Mansouri and Mojdeh [10] proved that the OI2RD number of a K ,-free graph G of order n with s’ strong
support vertices can be bounded from below by 2(n 4+ s’)/(1 + r). They also posed the open problem of char-
acterizing all K4 ,-free (or at least claw-free) graphs for which the lower bound holds with equality. Our aim
in this section is to solve the problem for the claw-free graphs (that is, the case r = 3). Let G be a claw-free
graph with components Gy, -+ ,Gt. Since Yoir2(G) = 22:1 Yoir2(Gi), it follows that v,i2(G) = (n + s')/2 if
and only if voir2(G:) = (|V(G;)| + s})/2 for each 1 < i < ¢, in which s} is the number of strong support vertices
of G;. In such a case, s’ = 2221 s, =0, unless G; = P3 for some 1 < ¢ < t. For such a component, we have
Yoir2(Gi) = ([V(G;)| + s)/2. So, in what follows, we may assume that G is connected and s’ = 0. In order to
solve the problem in such a case, it suffices to characterize all connected claw-free graphs G of order n for which
the equality holds in the lower bound 7/2 on v,ir2(G).

In this section, we show that the OI2RD number of a claw-free graph can be bounded from below by half of
its order. In order to characterize all claw-free graphs attaining this bound, we call a graph of the form depicted
in Fig. 1 a k-unit in which the number of triangles is £k — 1. We say v; and vy are the endpoints of the k-unit.

Note that a 1-unit is isomorphic to K;. We now let G be the family of all graphs of the form G;, G5 and
(3 depicted in Figure 2. Note that the graphs of G1-type can be considered as generalizations of the graphs of
Go-type when r = 1 and the vertex not in the ki-unit is adjacent to its both endpoints.
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FIGURE 2. The claw-free graphs G1, G2 and G3. In G5 (resp. G3), the number of triangles
is odd (resp. even). In Gy, k1 + --- + k- is even. Here two simple examples of the graphs of
G-types, i € {2,3}, with minimum OI2RD functions are given.

Theorem 2.1. Let G be a connected claw-free graph of order n. Then, voir2(G) > n/2 with equality if and only
ifGeg.

Proof. Let f be a 7yyir2(G)-function. We set Q@ = Vj N N (V123). Since G is a claw-free graph and because Vj is
independent, every vertex in Vi 53 has at most two neighbors in Q. Thus, |Q| < 2|Vi; 23]. On the other hand,
every vertex in V5 \ @ has at least two neighbors in V1, UV{2). This implies that 2|V\Q| < [[Vp\Q, Vi3 UV ]| <
2(|Viy | + Vi3 D)- So, [Vp \ Q] < [Vi1y| + [Vi2y|. We now have

2(n = Yoir2(G)) < 2(n — [Viiy| = [Vizy | = [Vingy|) = 21Vol = 2/Q| +2(Vp \ Q|
<2([Viy| + [Vizy| +2[Vin2y|) = 270ir2(G), (1)
implying the lower bound.

Suppose that the equality holds for a connected claw-free graph G. Then, all inequalities in (1) necessarily
hold with equality. In particular, Vi; 23 = 0 (and consequently @ = @) by the equality instead of the first
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inequality in (1). This implies that every vertex in Vj has at least one neighbor in each of V{1 and Vi,y. Taking
this fact into account, the resulting equality 2|Vy| = [[Vj, V{13 UV}2,]| shows that every vertex in Vj has precisely
one neighbor in each of Vi3 and Vi2y. On the other hand, |[Vy, Vi1 U Vig]l = 2(|Vi1y| + [Vi2y]) follows that
every vertex in Vi) U Vygy is adjacent to exactly two vertices in Vj.

Let H = G[V{13 U Vi93]. Suppose to the contrary that degy (v) > 3 for some v € V(H). Since G is claw-free
and because v has two neighbors in Vj, it follows that every vertex in Ny (v) must be adjacent to at least one
of the two neighbors of v, say x1 and zo, in V). This implies that deg(z1) > 3 or deg(x2) > 3, a contradiction.
The above discussion guarantees that A(H) < 2, and thus H is isomorphic to a disjoint union of some cycles
and paths.

Let H' be a cycle vivs---vv1 as a component of H. Let vy; and vy be the neighbors of vy in Vj. Since
G is claw-free, both v and v; have at least one neighbor in {vi1,v12}. Furthermore, because deg(vi1) =
deg(vi2) = 2, both ve and v; have exactly one neighbor in {v11,v12}. We may assume, without loss of generality,
that viivg, v12v2 € E(G). Let v be the second neighbor of vy in Vj. Again, because G is claw-free and
V12022, V1203 & E(G), we infer that veovs € E(G). Tterating this process results in a graph of the form Gs, in
which vyvy - - - v4v1 is the resulting cycle by removing all vertices of degree two. In addition, since all the vertices
in Vj have degree two, both {1} and {2} must appear on their neighbors on the cycle. This implies that ¢ is
even. Note that each vertex of H' has no other neighbors in G. Now G is of the form G3 by its connectedness.

In what follows, we may assume that H does not have any cycle as a component. If H is an edgeless graph,
then G is isomorphic to the cycle C),. Notice that

Yoir2(Cp) = |p/2] + [p/4] = p/4] (2)

for p > 3 (see [10]). Since 7Yoir2(Crn) = n/2, the formula (2) shows that n = 0 (mod 4). It is then easy to
observe that G is of the form of Gy, in which » = n/2 and k; = --- = k, = 1. Suppose now that H is not
edgeless and let H” be a path vivs --- vy, on t > 2 vertices, as a component of H. Let v be adjacent to two
vertices vo; and vao in Vj. Note that v; must be adjacent to at least one of vo; and vag, for otherwise G would
have a claw as an induced subgraph. If vy is adjacent to both vg; and wvag, then Gluy,va,v91] is a 2-unit and
G = Gvy, vg, Va1, Vo] = K4 —v21092. In such a case, G is of the form G5 since it is connected. So, G € G. In what
follows, we assume that vy is adjacent to only one of vo; and ves. We then proceed with ve. Since G is claw-free,
it follows that both v and v must have neighbors in {va;, ve2}. Moreover, deg(va1) = deg(vae) = 2 shows that
both v; and vs have exactly one neighbor in {va1,v22}. So, we may assume that vyve1, v3v22 € E(G). Similarly,
vs has two neighbors vsg; and vsy in Vj, in which we may assume that vs; = vy2. By repeating this process we
obtain a t-unit on the set of vertices K = {v1,v2,- -+ ,v¢, u12,u23, -+, U—_1)} in which u;;41) is adjacent to
both v; and v;41, for 1 <7 <t — 1. We now consider two cases depending on A = (N(vy) N N(v)) \ {v2}.

Case 1. A # 0. Let uy; be in A. Because the path H” is a component of H, ANV (H) = . Therefore, u1; € Vj.
Since both vy and v; have exactly two neighbors in Vj, it follows that A = {u;:}. In such a situation, the
subgraph induced by K U {u;} is isomorphic to G because it is connected. Notice that since all vertices in
Vp have degree two, both {1} and {2} must appear on their neighbors in {v1,--- ,v;}. This shows that ¢ is
even and hence G is of the form Gs.

Case 2. A = (). This implies that the subgraph induced by K is a t-unit. Then v; is adjacent to a vertex ' € Vj
and z’ is adjacent to vertex xz ¢ V(H) \ V(H") (note that if x € V(H"), then = v; € {v1, -+ ,0_1}. If
j =1, then G is of the form G and hence G € G. If j > 2, then v; has at least three neighbors in V{y which
is impossible). Let z belong to a component H"” of H. Since H does not have a cycle as a component, it
follows that H" is a path. In such a case, the vertices of H" belong to a |V (H')|-unit by a similar fashion.
Iterating this process we obtain some |V (Hy)|,- -, |V (Hs)|-units constructed as above, in which H; = H”
and s is the largest integer for which there exists such a |V(H.)|-unit. Let Hy = w; ---w, and w, be the
vertex which has only one neighbor in Vj in the subgraph induced by V(H;)U--- UV (H,). Similar to Case
1, there exists a vertex ui, € Vy adjacent to both v; and w,. On the other hand, both {1} and {2} must
appear on the neighbors of each vertex in Vj. This implies that Y., |V(H;)| must be even. Therefore, G is
of the form Gj.
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In both cases above, we have concluded that G € G.

Conversely, let G € G. Suppose first that G is of the form G5. Let vy - - - v9; be the path on the set of vertices of
degree at lest three of Go. Then (f(vai—1), f(ve;)) = ({1}, {2}) for 1 < i < ¢, and f(v) = () for the other vertices
defines an OI2RD function with weight half of the order. Let G be of the form G;. Let {u1,--- ,u2p} be the set
of vertices of degree at least three of G; such that wuj - --ug, is the path in the ki-unit, ug, 41 - Uk, 44, is the
path in the kg-unit, and so on. It is easy to see that (g(u2;—1),g(us;)) = ({1},{2}) for 1 <i < p, and g(u) =0
for the other vertices is an OI2RD function with weight n/2. Finally, we suppose that G is of the form G3. Let
1T - - - TaqT1 be the cycle on the vertices of degree four. Then the assignment (g(x2i—1),g(z2:)) = ({1},{2})
for 1 <i < g, and g(x) = () for the other vertices defines an OI2RD function of G with weigh half of its order.
Therefore, in all three possibilities, we have concluded that y,;-2(G) = n/2. This completes the proof. O

3. OI2RD NUMBER OF SOME GRAPH PRODUCTS

The concept of domination in graph products has been extensively studied. In fact, many authors have
focused on bounding n(G * H) from lower and above in terms of well-known graph parameters, where 7 is a
domination parameter and x is a graph product. For more information on these topics, the reader may consult
[6,7]. For instance, Vizing [13] in 1968 posed the following conjecture for any Cartesian product graph GOH,
which is still open:

V(GOH) = v(G)y(H).

Regarding rainbow domination, Pilipczuk et al. [11] proved that

Wk(GOH) 2 1= (G (H)

for all graphs G and H and every k > 1. Moreover, it was proved in [9] that v,.2(G o H) = 2v(G) for any
non-trivial connected graphs G and H with ~,2(H) > 4 (recall that in the lezicographic product graph G o H
the vertex set is V(G) x V(H), and two distinct vertices (g, h) and (¢’, ') are adjacent if either “g¢’ € E(G)”
or “g=g¢ and hh' € E(H)”).

Here we consider the OI2RD number of direct, Cartesian, rooted and corona products of two graphs (note
that in the lexicographic case, an exact formula was given in [2]).

3.1. Direct and Cartesian products

For the following two standard products of graphs G and H (see [6]), the vertex set of the product is
V(G) x V(H). In the edge set of the direct product G x H, two vertices are adjacent if they are adjacent in
both coordinates. On the other hand, in the edge set of the Cartesian product GOH, two vertices are adjacent
if they are adjacent in one coordinate and equal in the other.

For a graph G, we let I denote the set of isolated vertices of G. By G~ we denote the graph obtained from
G by removing all the isolated vertices of G. We observe that I = (Ig x V(H)) U (V(G) x I) is the set of
isolated vertices of the direct product G x H with |I| = |Ig||[V(H)|+ |Ix||V(G)| — |I¢||Ix|. On the other hand,
Yoir2(G X H) = voira(G~ x H™) + |I]. So, we may suppose that both G and H have no isolated vertices.

Theorem 3.1. Let G and H be two graphs with no isolated vertices. Then,
70ir2(G X H) < mln{Vozr?(H”V(G)L")/OZTZ(G)|V(H)|}
Moreover, this bound is sharp.

Proof. Let g be a voir2(H)-function. We define f : V(G) x V(H) — P({1,2}) by f(x,y) = g(y) for each
(z,y) € V(G) x V(H). Suppose that (z,y)(z',y') € E(G x H) for some (=,y),(z',y') € V{/. This shows that

yy' € E(H) and that g(y) = g(y’) = 0. This is a contradiction. Therefore, Vq)f is an independent set in G x H.
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For any (z,y) € V(G) x V(H) with weight § under f, the equality g(y) = 0 implies that g(Ng(y)) = {1,2}.
Moreover, Ng(x) # 0 since G has no isolated vertex. So, f(Ngxu(z,vy)) = f(Ng(z) x Ny(y)) = g(Nu(y)) =
{1,2}. Therefore, f is an OI2RD function of G x H. We then have 7,;2(G x H) < w(f) = Yoir2(H)|V(G)|.
Interchanging the roles of G and H establishes the upper bound.

That the bound is sharp, can be seen as follows. We consider the graph K,, x K, with m,n > 2. By the
structure, at most (K, X K,,) = max{m,n} vertices of K,, x K, are assigned () under any ~,;2 (G x H)-function.
This shows that

Yoir2(Km X Ky) > mn — max{m,n} = min{m(n — 1),n(m — 1)},

satisfying the equality in the upper bound. O
Regarding the Cartesian product GOH, we observe that
Yoir2(GOH) = Yoir2 (G"OH ™) + I |[Yoir2(H) + [T |7oir2(G) — |Ic|| x|
With this in mind, it suffices to assume that both G and H have no isolated vertices.
Theorem 3.2. Let G and H be two graphs with no isolated vertices. Then,
Yoira2(GOH) < a(G)B(H) + B(G)|V (H)| — min{B(G), B(H)}.
Furthermore, this bound is sharp.

Proof. Without loss of generality, we may assume that 3(G) < B(H). Let I and J denote an a(G)-set and an
a(H)-set, respectively. Suppose that V(G)\ I ={¢1, - ,9-} and V(H)\ J = {h1,--- , hs}, where r = 5(G) <

B(H) = s by our assumption and the well-known Gallai theorem [3] (which states that «(F) + S(F) = |V(F)|
for any graph F). It is a routine matter to see that

S={(gi;hi) |1 <i<rU(I xJ)
is independent in GLJH. Note that the subsets
S, Ix(V(H)\J) and ((V(G)\I)x V(H)\{(gi.hs) |1 <i <7}
form a partition of V(G) x V(H). We now define h: V(G) x V(H) — P({1,2}) by

0 if (z,y) €S,
h(z,y) = {1} if (z,y) € Ix (V(H)\J),
{2} if (zy) € (VG x V(H) \{(gs,hs) | L < i <7}

Notice that S = th is independent in GOH as mentioned above. Now let (x,y) € S. We distinguish two
possibilities depending on membership of (z,y).

(i) Suppose that (z,y) € I x J. Since H has no isolated vertices, y is adjacent to a vertex y' € V(H) \ J. So,
(x,y) is adjacent to (x,y") with h((x,y’)) = {1}. Similarly, since G has no isolated vertices, x is adjacent
to a vertex 2’ € V(G) \ I. Moreover, y ¢ {hy,---,hs}. This shows that (x,y) is adjacent to (z/,y) with
h(($/7y)> = {2} Therefore, h(NGDH((‘T7y)>) = {172}'

(ii) Suppose that (x,y) = (g, hi) for some 1 < i < r. Since I is an «(G)-set, = has a neighbor ' € I.
Therefore, (z,y) is adjacent to (z/,y) € I x (V(H) \ J) for which h((2’,y)) = {1}. Because H has no
isolated vertices, there exists a vertex y' € V(H) adjacent to y. So, (z,y) is adjacent to (z,y’). This implies
that (z,y") & {(g:, hi) | 1 <4 <r} as this set is independent. This shows that, (z,y) is adjacent to (z,y’) €
(VIG)\D) x VH)) \ {(gi, hi) | 1 < i < v} with h((z,y")) = {2}. Therefore, h(Neou((z,y))) = {1,2}.
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The above discussion guarantees that h is an OI2RD function of GOH. Thus,
Yoir2(GHH) < w(h) = a(G)(|V(H)| — a(H)) + ([V(G)| — a(G))|V (H)| = B(G). (3)

On the other hand, we have a(F) + S(F) = |V (F)| for any graph F. Taking this fact into account, the desired
upper bound follows from (3).

That the upper bound is sharp, may be seen by considering G = P,, and H = K,, for m,n > 2 and
n > |m/2] 4+ 1. Tt is easily observed that v,ir2(PrOK,) = m(n — 1). Moreover, m(n — 1) = a(Py,)B(K,) +
B(Pn)|V(Ky)| — B(Pp)- This completes the proof. O

3.2. Rooted and corona products

A rooted graph is a graph in which one vertex is labeled in a special way to distinguish it from the other
vertices. The special vertex is called the root of the graph. Let G be a labeled graph on n vertices. Let H be a
sequence of n rooted graphs Hy, ..., H,. The rooted product graph G(H) is the graph obtained by identifying
the root of H; with the ith vertex of G (see [5]). We here consider the particular case of rooted product graphs
where H consists of n isomorphic rooted graphs [12]. More formally, assuming that V(G) = {g1,...,9n} and
that the root vertex of H is v, we define the rooted product graph G o, H = (V, E), where V =V (G) x V(H)

and
n

E = (J{(gi-h)(gi, 1) | hh' € E(H)} U {(gi,0)(95,v) | 9i9; € E(G)}.

i=1

Note that subgraphs induced by H-layers of G o, H are isomorphic to H. We next study the OI2RD number
of rooted product graphs.

Theorem 3.3. Let G be any graph of order n. If H is any graph with root v, then
Yoir2(G 0y H) € {nir2(H) — (GQ), nYoira(H), nYoir2(H) + B(G)}.
Proof. We first prove that
Yoir2(H) — 0(G) < Yoir2(G oy H) < nypire(H) + B(G). (4)

In order to prove the lower bound, let f be a Yoir2(G o, H)-function. If fo = f |(Go, m)[{z}x v (&) is an OI2RD
function of H, = (G o, H)[{z} x V(H)] & H for every z € V(G), then vir2(H) < w(f,) for all z € V(G).
Therefore,
'70ir2(G Oy H) = (/J(f) = Z w(fw) > n')/oirQ(H) > n’YoirQ(H) - O{(G)
zeV(G)

So, in what follows, we may assume that f, is not an OI2RD function of H, for some x € V(G). Since f is an
OI2RD function of G o, H, there are no two adjacent vertices of H, which are assigned () under f,. Therefore,
there exists a vertex (z,y) of H, with f;((x,y)) = 0 for which f,(Ng,((z,y))) # {1,2}. By the structure of
rooted products and since f is an OI2RD function of G o, H, it follows that y = v. We now consider two cases.

Case 1. Let (z,v) be an isolated vertex of H,. In such a situation, G o, H is isomorphic to the disjoint union
of one copy of G and n copies of the graph H — v. On the other hand,

w(f lvic)) = Yoir2(G) = [Viiy NV(G)| + [Vigy NV(G)] + 2|Vi1 2y N V(G)|
>n—|VpnV(G)| >n-a(G)=B(G).

Therefore, Yoira(Goy H) = Yoira(G) +nYoir2 (H — 0) = Yoira(G) +n(Voira(H) —1) > B(G) +n(Yoire(H) —1) =
"Yoir2(H) — a(G).
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Case 2. Suppose that (z,v) is not an isolated vertex of H,. Since f,((z,v)) = 0, it follows that (x,v) is
adjacent to a vertex (z,w) of H, for which f,((z,w)) = {1} or {2}. Now the assignment f.((z,v)) = {1}
and fI((z,u)) = fz((x,u)) for the other vertices u € V(H) defines an OI2RD function of H, with weight
w(fz) + 1. Therefore, Voira(H) < w(fs)+ 1 for each vertex « € V(G) for which f, is not an OI2RD function
of H,.

Now let S be a 8(G)-set. This shows that at least 5(G) vertices in V(G) x {v} are assigned at least {1} or
{2} under f. Moreover, f, is an OI2RD function of H, for each vertex x with f((z,v)) # (. Therefore,

Yoir2(Goy H) = Y w(fe)= Y w(fa)+ Y w(fs)

zeV(G) zeV(G)\S z€S
> (n = B(G))Yoirz(H) — 1) + B(G)Yoirz(H) = noir2(H) — a(G).

We now prove the upper bound. Suppose that there exists a o2 (H)-function f for which f(v) # 0. Clearly,
f results in a 7eiro(H,)-function f, for each x € V(G). Therefore, vpira(G 0y, H) < Zmev(G)w(fw) =
Yoira(H) < nyoira(H) + 5(G). Assume now that every 7,2 (H)-function f assigns @) to v. Since the vertices
with weight () under f are independent, it follows that one 1 or one 2, say one 2, belongs to f(Ng(v)). Now
let S be a B(G)-set. We define g : V(G) x V(H) — P({1,2}) by

fly) ity #o,
9((z,y)) = ¢ {1} if y=vandzels,
0 if y=vandzeV(G)\S.

It is then easy to check that g is an OI2RD function of G o, H with weight w(g) = nYeir2(H) + 5(G),
implying the upper bound.
Note that if G is edgeless, then Yyi0(Goy H) = nYpir2(H) = noira(H) + B8(G). So, in what follows we assume
that G is not edgeless. We distinguish the following cases depending on the behavior of 7,2 (H )-functions.
Case 3. Let every 7,ir2(H)-function assign §) to v. Let f be a y,ir2(G o, H)-function. Suppose to the contrary
that there exists a vertex » € V(G) for which w(fz) < Yoir2(H) — 1, where fi = flizyxv(m). By the
properties of the rooted product graph G o, H and since f, is not an OI2RD function of H,, we have
f(z,v) = fo((z,v)) = 0 and | f(Ng, (z,v))] = 1. Now g(y) = fo(z,y) for y € V(H) \ {v}, and g(v) = {1}
defines an OI2RD function of H with w(g) = Yeir2(H) for which g(v) # 0. This is a contradiction. Therefore,
W(fz) = Yoire(H) for each x € V(G). Set A= {z € V(G) | w(fz) = Yoire(H)} and B = {z € V(G) | w(fy) >
Yoir2(H)}. Obviously, |A| + |B| = n. We then have

w(f) 2 [AlYoir2(H) + |B|(Yoir2(H) + 1) = m70ir2(H) + | B]. ()

If fu((z,v)) # 0 for some vertex x € A, then it is easy to see that g(y) = fo((z,y)) for all y € V(G) is an

OI2RD function of H with weight ;-2 H) for which g(v) # (). This is a contradiction. Therefore, f,((z,v)) =

() for all x € A. This implies that {(x,v) | « € A} is independent in (G o, H)[V(G) x {v}] =& G. Hence

|A| < a(G), implying that |B| =n — |A| > B(G). This results in vi2(G oy, H) = w(f) > nveira(H) + B(G)

by (5) Therefore, ’YoiTQ(G Oy H) = NY0ir2 (H) + ﬁ(G) by (4)

Case 4. Suppose that g(v) # 0 for some 7,2 (H)-function g. We need to consider two subcases depending on

the collection of such functions g.

Subcase 4.1. Let there exist such a function g under which v is not adjacent to any vertex of H with
weight (). Notice that at least one 1 or one 2, say one 1, belongs to g(Ng(v)) in H. Let I be an a(G)-set.
Then, h: V(G) x V(H) — P({1,2}) defined by

9(y) if xe€V(G)and y# v,
h((z,y)) =< 0 if zelandy=nu,
{2} if zeV(G)\Iand y =,
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is an OI2RD function of G o, H with weight nvyi2(H) — «a(G). This implies that vyir2(G o, H) =
"Yoir2(H) — a(G) in view of (4).

Subcase 4.2. Suppose now that for all such functions g, v is adjacent to a vertex of H with weight () under
g. Note that h((z,y)) = g(y) for all z € V(G) and y € V(H) defines an OI2RD function of G o, H with
weight nyei2(H). S0, Yoira(G 0y H) < nyeire(H). We again suppose that f is a vir2(G o, H)-function.
Let w(fy) < Yoire(H) — 1 for some z € V(G). This shows that f,((z,v)) = 0, for otherwise f, would
be an OI2RD function of H, = H with a weight less than ~,;-2(H ), which is impossible. Therefore, all
neighbors of (z,v) in {z} x V(H) must have nonempty weights under f. But the assignment h(v) = {1},
and h(y) = f((z,y)) for other vertices defines an OI2RD function of H with weight ~,;2(H) (that
is, a Yoire(H)-function) for which no vertices adjacent to v are assigned () under h. This contradicts
the fact that all 7,2 (H)-functions assigning a nonempty weight to v assign () to a neighbor of it. The
above argument guarantees that w(f.) > Yeir2(H) for all x € V(G). Therefore, vpir2(G 0o, H) = w(f) >
NYoire(H). This results in Yoir2(G 0y H) = nYpira(H).

All in all, we have shown that vu;2(G o, H) belongs to {nveira(H) — a(G), neira(H), nyoir2(H) + B(G)}.
This completes the proof. (I

Let G and H be graphs where V(G) = {v1,...,v,}. We recall that the corona G ® H of graphs G and H is
obtained from the disjoint union of G' and n disjoint copies of H, say Hy, ..., Hy, such that for alli € {1,...,n},
the vertex v; € V(G) is adjacent to every vertex of H;.

Unlike the cases of Cartesian and direct products, the existence of isolated vertices in H is irrelevant to the
number of components of G ® H. In particular, if H has isolated vertices, G ® H remains connected when G is
connected. In fact, as we next show, the exact formula for 7,;-2(G ® H) changes in the case when H has isolated
vertices. In particular, when |V (H)| = 1, it establishes the NP-hardness of the problem of computing v,ir2 even
for some special families of graphs (see [4,10]).

Cabrera Martinez [2] proved that v,i2(G © H) = |[V(G)|(|[V(H)| + 1) — |[V(G)|a(H) for all graphs G and H
with no isolated vertices. In what follows, we present an exact formula for 7,;2(G © H) for any graph G with
no isolated vertices and arbitrary graph H. By the way, the method by which we prove the following theorem
is different from that of [2].

Theorem 3.4. Let G be a graph of order n with no isolated vertices and let H be any graph with iy isolated
vertices. If |V (H)| = 1, then
Yoir2(G © H) = n+ B(G).
If [V(H)| =z 2, then
n(B(H)+1) if ig =0,
oir G H) = .
Yoir2(G © H) {n(ﬁ(H)+2) if ig #0.

Proof. We first suppose that H & K;. Let V(G) = {v1,--- ,v,}. Then, G ® K; is obtained from G by joining
n new vertices uj, -, U, to vy, , vy, respectively. Let f be a Yuir2(G © K1)-function. Clearly, 1 < |f(v;)| +
[f(u;)| <2foreach 1 <i <n.If|f(v;)|+]|f(u;)] =2 for some 1 < i < n, we may assume that f(v;) = {1,2} and
f(u;) = 0. Moreover, f(u;) = {1} or {2} whenever |f(v;)|+ |f(u;)] =1. Let A={1 <i<n||f(v;)|+|f(w)| =
1}. Note that
Yoira(G © K1) =Y (1 (W)l + [ £ (i) ) + D (1f (W)l + | (wi)]) = 2n — | A|. (6)
igA icA

On the other hand, |A| < a(G) as the vertices v;, for which i € A, are assigned () under f. So, Veira (GO K1) >
2n — a(G) = n+ B(G) by (6).

Let I be an a(G)-set. We can observe that the assignment @) to the vertices in I, {1} to the other vertices of
G, and {2} to uy,- - , u, defines an OI2RD function of G® K with weight n+ 3(G). Therefore, 7,2 (GO K;) <
n + (B(G). This results in the equality for the case when |V (H)| = 1.

Now let |V (H)| > 2. Consider a function fo = (Vp, V1), Vi2y, Vi1,2) of G such that Vj is an independent
set. We next define a function f: V(G ® H) — P({1,2}) as follows. Suppose that v; € V(G) = {v1, -+ ,v,}.
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(a) If fg(v;) = 0, we consider a function fg which assigns {1} and {2} to the vertices of H; for which both
{1} and {2} appear at least one time to the vertices of H;, and let f(w) = fg(w) for all w € V(H;).

(b) Let fa(v;) = {1} (resp. fa(vi) = {2}). Suppose that I is an a(H)-set and Iy is the set of isolated vertices of
H. Clearly, Iy C I. We define gp by g (w) = ) for each w € I'\ Iy, and g (w) = {2} (resp. g (w) = {1})
for the other vertices w of H. We next let f(w) = gy (w) for each w € V(H;).

(c) Let fa(v;) = {1,2}. Define kg by kg (w) = 0 for each w € I, and kg (w) = {1} for the other vertices. We
next let f(w) = kg (w) for each w € V(H;).

(d) For each 1 <14 <m, let f(v;) = fa(v;).

It is not hard to see that the above mentioned function f is an OI2RD function of G ® H with weight

w(f) = VollV(H)| + Vi |(IV(H)| — a(H) + i + 1) + [Vigy |V (H)| — a(H) + g + 1)
+ Vi [((V(H)| — a(H) +2).

Since fa = (Vo, V{13, V23, Vi1,23) is an arbitrary function of G for which Vj is independent and because o (H ) +
B(H) = |V(H)|, we deduce that

Yoir2(G ® H) < min{|Vy||V(H)| + |V{1}’(5(H) +ig +1)+ ‘V{2}|(5(H) +ig +1)+ ’V{1,2}’(ﬁ(H) +2)},

taken over all possible function fg = (Vp, V{13, V23, Vi1,23) of G for which Vj is an independent set in G.
On the other hand, let g = (Vij, V{1}, V{5, V(i 23) be a Y0ir2(G © H)-function and let v; € V(G). We consider
the following cases.
Case 1. g(v;) = 0. Since Vjj is independent, we have |g(w)| > 1 for all w € V(H;). Therefore, g(V (H;) U{v:}) >
\V(H)].
Case 2. g(v;) = {1} or {2}. Since Vj is independent, at most a(H) vertices of H; can be assigned () under
g. Moreover, the isolated vertices of H; = H cannot be assigned () under g. Therefore, |g(w)| > 1 for all
w € I\ Iy. This implies that g(V(H;) U{v;}) > |V(H)| —a(H) +ig +1=0(H)+ig + 1.
Case 3. g(v;) = {1,2}. Note that at most a(H) = |V (H)| — B(H) vertices of H; can be assigned {) under g by
a similar fashion. Therefore, g(V (H;) U{v;}) > B(H) + 2
On the other hand, since g is an OI2RD function of G ® H, it follows that the function ffi =
Vo' Vi Vs Viiey) = (Vg N VI(G), Vi, NVI(G),Viyy, NVI(G), V], 5, N V(G)) fulfills the independence of
Vy' = Vy NV(G). As a consequence of all the cases above, we deduce that
Yoir2(G © H) = Zg U {v:}) > |V |V (H)

(B(H) +ig +1) + (B(G) +ig +1)

+ V{1 |(B(H) +2)
> min{|[Vp||V (H)| + [Viy |(B(H) + i + 1) + [Vioy |(BH) + i + 1) + [Vin 2y | (B(H) + 2) },
taken over all possible functions fo = (Vy, Vi1y, Viay, Vi1,23) of G for which Vj is independent in G. Therefore,
Yoir2(G @ H) = min{ [Vy||V (H)| + [Viy |(B(H) + im + 1) + [Viy | (B(H) + i + 1) + [Vir 2y |(B(H) +2)},

taken over all possible above-mentioned functions fg.

Clearly, 5(H) + 1 < min{8(H) + 2,|V(H)|} when H has no isolated vertices, and S(H) + 2 < min{G(H) +
ig+1,|[V(H)|} otherwise. Taking these facts into consideration, the function fg for which we get the minimum
in the right-hand side of the last equality assigns {1} or {2} to all vertices of G when H has no isolated vertices,
and assigns {1,2} to all vertices of G otherwise. Consequently, Yoir2(G ® H) = n(8(H) + 1) when iy = 0, and
Yoir2(G ®© H) = n(B(H) + 2) when iy # 0. This completes the proof. O
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