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A BIASED RANDOM-KEY GENETIC ALGORITHM FOR THE CHORDAL
COMPLETION PROBLEM

SAMUEL E. SiLvAa, CELSO C. RIBEIRO AND UEVERTON DOS SANTOS SOUZA*

Abstract. A graph is chordal if all its cycles of length greater than or equal to four contain a chord,
i.e., an edge connecting two nonconsecutive vertices of the cycle. Given a graph G = (V, E), the
chordal completion problem consists in finding the minimum set of edges to be added to G to obtain
a chordal graph. It has applications in sparse linear systems, database management and computer
vision programming. In this article, we developed a biased random-key genetic algorithm (BRKGA)
for solving the chordal completion problem, based on the strategy of manipulating permutations that
represent perfect elimination orderings of triangulations. Computational results show that the proposed
heuristic improve the results of the constructive heuristics fill-in and min-degree. We also developed
a strategy for injecting externally constructed feasible solutions coded as random keys into the initial
population of the BRKGA that significantly improves the solutions obtained and may benefit other
implementations of biased random-key genetic algorithms.
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1. INTRODUCTION

1.1. Problem description

Let G = (V, E) be a simple graph defined by a vertex set V and an edge set E C V x V. V(G) defines the
vertex set of G. E(G) defines the edge set of G. A walk in G is a sequence of vertices where any two consecutive
vertices are adjacent, i.e., share a common edge in E. A path is a walk where each vertex occurs exactly once. A
cycle C in G consists of a sequence of vertices vy, va, ..., v that form a path, where vy and vy (i.e., the first and
last vertices of the sequence) are also adjacent. In this case, E(C) = {(v1,v2), (v2,v3), ..., (Vk—1,0k), (Vk,v1)}
is the edge set of the cycle C. A chord of a cycle C' is any edge e € E\ E(C) that connects two vertices of C.
An induced (or chordless) cycle in a graph G is a cycle without chords.

A graph G is chordal when all its induced cycles have exactly three vertices, i.e., every cycle of length greater
than or equal to four of G has at least one chord. The class of chordal graphs is one of the most studied graph
classes in algorithmic graph theory, with practical applications in fields such as computer vision [16].
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FIGURE 1. Possible minimal and non-minimal triangulations of graph G. (a) Graph G,
(b) B = {(173), (475)}7 (c) B = (173)} and (d) B = (275), (274)7 (4,5)}-

A triangulation (or chordal completion) of the graph G = (V) E) is a set E/ C V x V such that the graph
G' = (V, EUFE’) is chordal. Figure 1 shows an example. Figure 1(a) illustrates the original graph G. Figure 1(b)
displays a minimal triangulation with two edges (1,3) and (4,5). Figure 1(c) shows a minimum triangulation
formed by the edge (1,3) that makes the original graph chordal. Finally, Figure 1(d) shows a triangulation
formed by three edges (2,5), (2,4), and (4,5) that also make G chordal but not is minimal.

The chordal completion problem (CCP) (also known as the minimum fill-in problem) consists in finding the
minimum cardinality set of edges to be added to a simple graph to make it chordal. In other words, given a graph
G = (V, E) and denoting by Cg the family of chordal graphs G’ such that V(G) = V(G’) and E(G) C E(G"),
the chordal completion problem problem consists in determining

. /
Jnin [E(G)\ E(G)], (1)
or, alternatively,
. /
Gr,nelgglE(G )l- (2)

CCP is a classical combinatorial optimization problem. It has many applications, e.g., in optimizing Gaussian
elimination on sparse symmetric matrices [27], computational phylogenetics [12], database management [4],
sparse matrix computation [26], artificial intelligence [33], semidefinite and nonlinear optimization (in particular
for exploiting the sparsity of linear and nonlinear constraint matrices [30,37,48]), and in several other contexts;
see the survey in [29]. It was one of the open problems in the first edition of Garey and Johnson’s monograph [23]
on NP-completeness [28] and was proved to be NP-hard in [49].

1.2. Related work

In [3], it was described an integer programming formulation for CCP. Most of the work in the literature has
focused on classes of graphs for which polynomial-time algorithms exist [5,11,14,31]. From the point of view of
parameterized complexity, CCP is fixed-parameter tractable when parameterized by the number k of edges that
need to be added to make the input graph chordal [13]. The fastest parameterized algorithm for this parameter
has a subexponential running time of 2°(®) + O(k?nm) [20]. The problem also admits a polynomial kernel with
respect to this parameter and the current best bound on the kernel size is O(k?) [38]. The best exact algorithms
for CCP are dynamic programming algorithms based on manipulating potential maximal cliques graph [7,20,21].

In [29], it was noticed that the best constructive heuristics for CCP are algorithms based on ordering the
vertices by some criterion. Two constructive heuristics using this idea are described in detail in Section 2.

The competition track B of the 2017 Parameterized Algorithms and Computational Experiments Challenge
(PACE 2017, see [17]) addressed exact algorithms for CCP. A benchmark set of 200 test instances was proposed
for the problem in this challenge. These instances will be used in the computational experiments with the biased
random-key genetic algorithm (BRKGA) proposed in this work for CCP.
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1.3. Our contributions and organization of this work

In this work, we propose a BRKGA for solving CCP. The computational experiments reported in Section 6
show that our approach outperforms the constructive heuristics in the literature and achieves competitive results
when compared to the exact algorithms evaluated in the PACE 2017 challenge. To the best of our knowledge,
the BRKGA algorithm developed in this work is the first metaheuristic for CCP.

The remainder of this article is organized as follows. In Section 2, we present some preliminaries and describe
constructive heuristics for CCP. Section 3 gives a general description of biased random-key genetic algorithms
and presents their customization to CCP. Section 4 describes the decoder of the BRKGA. Section 5 presents the
algorithm developed to inject good initial solutions built by the constructive solutions coded as random keys
in the initial population of the BRKGA. Computational results are presented in Section 6. Concluding remarks
are drawn in the last section.

2. PRELIMINARIES AND CONSTRUCTIVE HEURISTICS

This section presents some preliminaries in Section 2.1, with notations and definitions necessary to understand
the heuristics described in Section 2.2.

2.1. Preliminaries

Given a graph G = (V, E), with |V| = n, a vertex v € V(G) is a simplicial if its neighborhood (i.e., the
subset of vertices of V adjacent to v) induces a clique in G. In 1961, Dirac [18] proved that any chordal graph is
complete or has at least two non-adjacent simplicial vertices. In 1965, Fulkerson and Gross [22] used this result
to develop a polynomial-time algorithm for recognizing chordal graphs. Their algorithm finds and removes
simplicial vertices of the input graph until they are all removed. If the resulting graph is empty, the input graph
is chordal; otherwise, it is not. Note that whenever the input graph is chordal, the algorithm finds a sequence
of simplicial vertices in each intermediary graph.

A permutation p = vy,v9,...,v, of the vertices of graph G is a perfect elimination ordering if, for every
i =1,2,...,n, v; is a simplicial vertex of the subgraph G[X] induced in G by X, where X = {v;,...,v,}.
Considering Dirac’s characterization of chordal graphs, a graph is chordal if and only if it admits a perfect
elimination ordering of its vertex set. The algorithm of Fulkerson and Gross [22] guarantees that the input
graph G is chordal if and only if it finds a perfect elimination ordering of G.

According to the strategy established by Fulkerson and Gross [22], the following process based on perfect
elimination orderings can transform any graph G into a chordal one by edge additions. First, create a copy of G
and name it G’. Then, successively select at random a vertex v of the current graph G’, add edges to G’ until
the neighborhood of v becomes a clique (i.e., vertex v becomes simplicial), and remove x from the current graph
G'. When G’ becomes an empty graph, the set £’ of edges added during this process is a chordal completion
of G, and the permutation associated with the order of the vertex removals is a perfect elimination ordering of
the chordal graph G* obtained from G by adding the edges in E’. The following result holds:

Remark 1. Given a permutation p of the vertices of G, there is a unique supergraph G, of G such that:

(1) V(G) = V(G,);

(2) E(G) € E(G));

(3) pis a perfect elimination ordering of G, (thus, G,, is chordal); and

(4) E(G,) is an inclusion-wise minimal set of edges satisfying (2) and (3) above.

2.2. Constructive heuristics

Let E(G,) \ E(G) be the minimal chordal completion of G associated with permutation p.
The vertex selection order described in Section 2.1 generates a perfect elimination ordering p, and the minimal
chordal completion of G according to p coincides precisely with the set of edges arising from such a process.
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Algorithm 1 describes a framework for implementing this process, which takes the graph G as input. Line 1
creates a copy G’ of the input graph. Line 2 initializes the empty ordered list p that will store the permutation
generated by the algorithm, i.e., a perfect elimination ordering of the supergraph G, of G. Line 3 initializes
an empty edge set £’ that will be added to G’, forming a chordal completion of G. The loop from lines 4 to
14 successively removes vertices from G’ until V(G’) becomes empty. Each loop iteration starts in line 5 by
selecting a vertex x € V(G') following some specific criterion. Line 6 inserts vertex = in the queue p. The loop
from lines 7 to 12 iterates over all pairs of nodes a,b € V(G’) adjacent to  in G’. Line 8 checks if there is an
edge ab in G'. If it does not exist, edge ab is added to G’ in line 9. Otherwise, edge ab is added to E’ in line 10.
Line vertex z is removed from G’ in line 13. The algorithm returns the edge set E’ and the permutation p in
line 15.

Algorithm 1. Chordal completion heuristic framework.
Require: G = (V, E)
G — G
p0
E 0
: while V(G') # 0 do
Select a vertex  from E(G’) using some specific criterion
Insert x in the end of p
for all pair a,b of vertices of G’ which are both neighbors of z do
if edge ab does not exist in F(G’) then
E' — E' U {ab}
10: end if
11:  end for
12:  Remove vertex z from G’
13: end while
14: return E', p

One can see CCP as finding a vertex permutation (i.e., a perfect elimination ordering) p such that the chordal
graph G, obtained by the chordal completion of G' defined p has the minimum number of edges.

The classical constructive heuristics in the literature [29] differ by the criterion applied in line 5 of each
iteration of the Algorithm 1 to select the next vertex that will be added to the permutation p:

— Heuristic min-degree: select the vertex with minimum degree.

— Heuristic fill-in: let the neighborhood Ng(v) of vertex v be the set of vertices adjacent to it in G. Let 4, the
subset of edges of G whose extremities belong to Ng(v). Denote by F, = |Ng(v)|- (|[Ng(v)| —1)/2 —|A,]| the
number of edges that must be added between non-connected vertices of Ng(v) so that this neighborhood
becomes a clique. Next, select the vertex given by argmin,cy )%y, which is the one whose neighborhood is
the closest to being a clique.

Figures 2(b) to 2(i) illustrate the step-by-step application of heuristic fill-in to the graph in Figure 2(a). Red
vertices are those removed at each iteration of the loop in lines 4-14. Red edges indicate the neighborhood of
the vertex that will be removed at each iteration. Red dotted lines indicate the edges created to complete each
neighborhood.

Figure 3(a) shows that the chordal completion obtained problem by the fill-in heuristic for the graph in
Figure 2(a) has three edges, although the optimal solution has only two edges, as shown in Figure 3(b).

Other constructive heuristics based on perfect elimination orderings appeared in [4, 36, 43]. The following
section presents a BRKGA for CCP, whose decoder is based on the min-degree and fill-in heuristics.
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(c)

() (h @)

FIGURE 2. Step-by-step application of the fill-in heuristic to obtain permutation p =
(1,7,8,2,4,6,3,5). (a) Graph G = (V, E), (b) 1st step: vertex 1, (c) 2nd step: vertex 7, (d) 3rd
step: vertex 8, (e) 4th step: vertex 2, (f) 5th step: vertex 4, (g) 6th step: vertex 6, (h) 7th step:
vertex 3 and (i) 8th step: vertex 5.

FIGURE 3. On the left, the chordal completion founded by the fill-in heuristic with £’ =
{(2,3),(2,8),(3,6)}. On the right, the optimal solution with E' = {(4,7),(3,6)}. (a) Fill-in
heuristic and (b) optimal solution.
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FI1GURE 4. Population evolution between consecutive generations of a BRKGA.

3. BIASED RANDOM-KEY GENETIC ALGORITHMS FOR CHORDAL COMPLETION

Genetic algorithms with random keys, or random-key genetic algorithms (denoted by RKGA), were first
introduced in [2] for combinatorial optimization problems whose solutions may be represented by permutation
vectors. Solutions are represented as randomly generated vectors of real numbers in the interval [0,1) called
keys. A deterministic algorithm (a decoder) takes a vector of random keys as input and associates a feasible
solution to the combinatorial optimization problem at hand, for which an objective value or fitness can be
computed. Two parents are selected randomly from the entire population to implement the crossover operation
in an RKGA. Parents can be selected for mating more than once in the same generation.

A BRKGA differs from an RKGA in how parents are selected for a crossover; see [24] for a review. In a
BRKGA, each element is generated by combining one selected randomly from the current population’s elite
solutions while the other is a non-elite solution. The selection is said to be biased because one parent is always
an elite solution and has a higher probability of passing its genes to the new generation.

We used the parameterized uniform crossover scheme proposed in [46] to combine two parent solutions and
to produce offspring. The offspring inherits each of its keys from the best fit of the two parents with a higher
probability. The BRKGA developed in this work does not make use of the standard mutation operator, where
parts of the chromosomes are changed with a small probability. Instead, the concept of mutants is used: mutant
solutions are introduced in the population in each generation, randomly generated in the same way as in
the initial population. Mutants play the same role of the mutation operator in traditional genetic algorithms,
diversifying the search and helping the procedure to escape from locally optimal solutions [8,9,41].

The keys in the chromosome are generated randomly in the initial population. Each generation’s population is
partitioned into two sets: TOP and REST. The size of the population is | TOP|+|REST|. Subset TOP contains
the best solutions in the population. Subset REST is formed by two disjoint subsets: MID and BOT, with subset
BOT formed by the worst elements in the current population. As illustrated in Figure 4, the chromosomes in
TOP are copied simply to the next generation’s population. The elements in BOT are replaced by newly
created mutants placed in the new set BOT. The remaining elements of the new population are obtained by
crossover, with one parent chosen randomly from TOP and the other from REST. This process distinguishes a
BRKGA from the RKGA in [2], where both parents are selected randomly from the entire population. Since a
parent solution can be chosen for crossover more than once in a given generation, elite solutions have a higher
probability of passing their random keys to the next generation. In this way, | MID| = |REST|—|BOT)| offspring
solutions are created.
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FIGURE 5. BRKGA framework.

According to [25], the BRKGA framework requires the following parameters: (a) the population size (p =
|TOP| + |REST|); (b) the fraction pe of the population corresponding to the elite set TOP; (c) the fraction
pm. of the population corresponding to the mutant set BOTTOM; (d) the probability rhoe that the offspring
inherits its keys from the best fit of the two parents; and (e) the number k of generations without improvement
in the best solution until a restart is performed.

4. DECODER FOR CHORDAL COMPLETION

Implementing our BRKGA for CCP used the C++ library brkgaAPI framework developed in [47]. The
instantiation of the framework shown in Figure 5 to some specific optimization problem requires exclusively
the development of a class implementing the decoder for this problem. This component is the only problem-
dependent part of the tool. Other applications of this framework in implementing BRKGAs can be seen, e.g.,
in [1,8-10,15,25,40].

Algorithm 2 shows the decoder for CCP. It takes the graph G and the vector of random keys R associated
with the vertices of G as input. The edges that will be added to the graph (i.e., a chordal completion) are
initialized with £’ = () in line 1. A copy G’ of the graph G is created in line 2. Line 3 creates a candidate list
formed by all vertices yet to be eliminated from the graph G’. The outer loop in lines 4-14 is performed until
V(@) is not empty. Each iteration of this loop starts in line 5. The unselected vertex in G’ with the smallest
random key is saved in z. The inner loop in lines 6-11 iterates over all pairs of neighbors a and b of vertex z in
the current graph G’. Line 7 checks whether vertices a and b are adjacent in G'. If they are not, then edge ab is
added to the current graph G’ in line 8. Line 9 adds edge ab to the chordal completion under construction E’.
Therefore, after completing the loop in lines 6-11, the neighborhood of x in G’ is transformed into a clique. In
line 12, vertex z is removed from G’ and a new iteration of the outer loop starts, Line 14 returns the chordal
completion corresponding to set E’.

5. INJECTING HIGH-QUALITY SOLUTIONS INTO THE INITIAL POPULATION

Computational results reported in the literature show that genetic algorithms may benefit from the quality
of the solutions in the initial population, provided that enough diversity is warranted. For example, high-quality
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Algorithm 2. Decoder.
Require: G = (V,E),R

1. B —0

2: G'— G

3: CL—{1,...,|V]}

4: while CL # () do

5  x « argmin{R; : 1 € CL}

6: for all pairs a, b of neighbors of z in G’ do
7 if @ and b are not adjacent in G’ then
8: Add an edge between a and b in G’

9: E' — E’' U {ab}
10: end if

11:  end for
12:  Remove vertex z and the edges adjacents to it from G’
13:  CL+« CT\ {z}

14: end while
15: return E’

initial solutions can be explored using a greedy randomized algorithm to create the initial population instead of
generating completely random solutions. Another alternative is injecting a few high-quality solutions obtained
by specific construction procedures into the initial random population. These strategies have yet to be used in
the context of BRKGAs.

This section shows how this idea can be implemented and explored in the context of a BRKGA for CCP. We
describe how a permutation vector generated by any constructive heuristic can be coded by random keys and
injected into the initial population of the BRKGA.

Algorithm 3 shows the procedure to generate a vector of random keys representing the chordal completion
associated with some permutation vector p taken as input. The loop in lines 1-2 initializes the vector of random
keys X(1),...,X(V(QG)) that will be associated with the vertices of G. In line 4, the elements of vector R are
sorted in ascending order. The loop in lines 5-8 visits the vertices of the permutation vector p from first to last.
Line 6 picks the vertex v in position i of the permutation vector p, and line 7 sets the ith smallest random key
to vertices v of p. Finally, in line 9, the vector of random keys R associated with the permutation p is returned.

Algorithm 3. Creation of the vector of random-keys R associated with a permutation vector p.

Require: p
1: fori=1,...,|V(G)| do
2:  Randomly generate X (i) € [0, 1)
3: end for
4: Sort X in ascending order.
5: fori=1,...,|V(G)| do
6: Let v the vertex in position i of the permutation vector p
7 Set Ry, «— X(7)
8: end for
9: return R

The following example illustrates the application of Algorithm 3. Let the input permutation vector be p =
(5,3,1,4,2). Lines 1-3 generate the vector with elements X (1) = 0.4, X(2) = 0.9, X(3) = 0.2, X(4) = 0.7, and
X (5) = 0.3, which become X (1) = 0.2, X(2) =0.3, X(3) =0.4, X(4) = 0.7, and X (5) = 0.9 in ascending order
after line 4. Vertex 5 is the first in the permutation vector p, then R is set to X (1) = 0.2. Vertex 3 is the second
in the permutation vector p, then Rs is set to X (2) = 0.3. Vertex 1 is the third in the permutation vector p,
then R is set to X(3) = 0.4 Following, we obtain Ry = X(4) = 0.7, and Ry = X(5) = 0.9. As illustrated
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TABLE 1. Illustration of Algorithm 3 to create a vector of random-keys R associated with some
permutation vector p.

1 2 3 4 5

X 04 09 02 07 0.3
Sorted X 0.2 0.3 04 07 0.9
p 5 3 1 4 2

R 04 09 03 07 0.2

in Table 1, at the end, the vector of random-keys R = (0.4,0.9,0.3,0.7,0.2) encodes the original permutation
p=1(53,1,4,2).

The numerical results in Section 6.3 illustrate how the constructive heuristics min-degree and fill-in can be
combined with Algorithm 3 to generate high-quality solutions that can be injected in the initial population of
the BRKGA and how they contribute to improving the quality of the best solutions found.

6. COMPUTATIONAL EXPERIMENTS

In this section, we evaluate the effectiveness of a BRKGA heuristic for CCP.

The computational experiments were performed on an Intel Core i7-4770 CPU with a 3.40 GHz clock and
16 GB of RAM, running under the Ubuntu 18.04 kernel 4.15.0-112 generic operating system. The BRKGA and
the constructive heuristics were implemented in C++. The BRKGA uses the Mersenne Twister pseudo-random
number generator [35]

6.1. Test instances

The benchmark set used in this work is the same as the PACE 2017 Challenge [17], with the test instances
formed by graphs collected from several sources. In light of the application of optimizing Gaussian elimination,
several instances were taken from the Matrix Market [6] and the Network Repository [44]. In the context of
phylogenetic tree reconstruction, 39 instances come from alignments of mammalian DNA markers obtained
from the OrthoMaM database [19,42]. More challenging instances were created from sampled connected sub-
graphs of the real-world instances. The 200 graphs of the PACE 2017 Challenge were divided into 100 public
instances (on which the participants could test their implementations) and 100 hidden instances (used to rank
the submissions).

The computational experiments reported in this section were performed on the complete set of 200 benchmark
instances. All the input data for the test instances used in the experiments reported in this work are available
in Mendeley [45], together with the detailed numerical results.

6.2. Parameter tuning

The irace automatic tuning tool [34,39] was used to configure the parameters of the BRKGA.

We sought the appropriate values for the parameters p (population size), pe (fraction of the population
corresponding to the elite set), pm (fraction of the population corresponding to the mutant set), and rhoe
(probability that the offspring inherits each of its keys from the best fit of the two parents) used by the
BRKGA, as well as the number k of consecutive generations without improvement on the best solution found
until a restart is performed.

The irace tuning experiment was performed on 20 instances of different sizes of the PACE 2017 challenge
listed in Table 2, choosing one of the listed instances in each run.

The ranges suggested for the parameter values in [24] are listed in Table 3, side-by-side with the values
determined in the tuning experiment.
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TABLE 2. Test instances used in the irace tuning experiment.

Instance |V| |E| Instance |V| |E|
13 119 161 65 276 749
18 150 259 67 276 346
20 50 59 74 30 307
24 75 158 84 76 83
29 151 316 86 76 132
31 100 207 92 132 255
36 175 199 96 247 804
38 176 378 97 298 780
43 27 69 98 213 380
50 30 349 183 293 14074

TABLE 3. Value ranges and parameter values selected by the irace tuning experiment.

Parameter  Value ranges  Selected values

p 100, 150, 200 200
e 0.10,0.25]  0.19
pm [0.10,0.30]  0.10
rhoe [0.50, 0.80]  0.68
k 50, 100 100

6.3. Initial population with injected individuals by constructive heuristics

We developed in Section 5 an original strategy for injecting externally generated high-quality solutions gen-
erated by constructive heuristics, encoded as random keys, into the initial population of the BRKGA.

In this section, we evaluate the effect of this strategy on the quality of the best solutions obtained by the
BRKGA. We compare two versions of the BRKGA. The first version is the standard version of the algorithm,
with the initial population entirely randomly generated. The second version is characterized by an initial pop-
ulation that contains two externally injected solutions, one generated by the constructive heuristic min-degree
and the other by the fill-in heuristic.

For this experiment, we ran each version of the algorithm five times on ten instances of the PACE 2017
challenge with a time limit of 30 min each. Table 4 displays the numerical results. For each instance and each
algorithm version, it displays the best and the average best solution values obtained over the five runs. The
best values for each instance are underlined. The table shows that, for all instances, the BRKGA with the
injection of externally constructed solutions obtains better results. The best solution values were improved by
6.38% on average with the injection of initial solutions. Therefore, this algorithm version will be used in the
forthcoming sections and experiments. Other implementations of BRKGAs could further explore and benefit
from this strategy.

6.4. Experiments with the BRKGA

The Parameterized Algorithms and Computational Experiments Challenge (PACE) was conceived to help
deepen the relationship between parameterized algorithms and practice. The PACE 2017 challenge [17] addressed
exact algorithms for CCP. The participants were challenged to solve the maximum number of test instances
within the allowed time limit of 30 min. per instance. The winners were selected based on the number of solved
hidden instances. The participants were prohibited from using SAT solvers, MIP solvers, or similar general
solvers.
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TABLE 4. Comparative results obtained by BRKGA with and without the injection of externally
constructed high-quality solutions (best values for each instance are underlined).

Without injection With injection
Instance Best value  Avg. best value Best value  Avg. best value
99 403 408.0 388 389.2
100 382 389.4 371 372.6
144 506 516.0 493 494.2
179 1970 2068.8 1669 1697.0
182 403 426.8 381 381.0
184 1131 1194.0 1070 1075.2
186 716 733.4 663 664.2
187 433 448.2 419 419.8
190 1225 1274.0 1076 1078.0
192 3282 3366.6 3096 3111.6
Avg. improvement 6.38% 9.05

TABLE 5. Comparative results between BRKGA and the exact algorithm from [32] in terms of
feasibility and optimality on 200 instances of the PACE 2017 Challenge after 30 min. of running
time.

(200 instances, 1000 runs)  Feasible solution Optimal solution

BRKGA (all 5 x 200 runs)  1000/1000 (100%) 358/1000 (35.8%)
BRKGA (best of five runs)  200/200 (100%) 78,/200 (39%)
Exact algorithm 116,/200 (58%) 116,/200 (58%)

To the best of our knowledge, there are no metaheuristics published in the literature for CCP. Therefore,
in this section, we compare the solutions of the BRKGA proposed in Sections 3—4 using the injection strategy
discussed in Section 5 with the construction heuristics fill-in and min-degree introduced in Section 2.2 and the
winning algorithm of PACE 2017, see [32].

In these experiments, the solutions generated by the constructive heuristics fill-in and min-degree coded as
random keys are injected into the initial population of the BRKGA. The latter was run five times, with different
initial seeds for the pseudo-random number generator, for each of the 200 instances of the PACE 2017 challenge,
each with a time limit of 30 min. The exact algorithm from [32] running with the same time limit of 30 min. on
the 200 instances found the optimal solution for 116 instances. However, it failed to find a feasible solution for
the remaining 84 instances. All algorithms were executed on the same computer.

The BRKGA found a feasible solution for every one of the five runs for all 200 instances. Concerning the 116
instances where the exact algorithm found the optimum, the BRKGA improved the initial solutions generated
by the fill-in and min-degree constructive heuristics for 48 instances. The BRKGA managed to find the optimal
solution in 358 of the 1000 runs and at least one of the five runs for 78 instances. Table 5 summarizes these
results.

For the 38 (19%) instances where the BRKGA did not find the optimal solution in any of the five runs, but
the exact method did, a comparative study was carried out regarding the percent deviation between the optimal
value and the best value obtained over the five runs. Let opt be the optimal value and best be the best value
obtained by the BRKGA for some instance. 100 x (best — opt)/opt gives the percent deviation from the optimal
value. The plot in Figure 6 displays the fraction of instances with relative errors in each interval [0%, 5%], (5%,
10%], and (10%, 20%)]. For all instances, the BRKGA obtained solutions with a relative error smaller than or
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FIGURE 6. Error in percent in the instances not solved to optimality by the BRKGA.

equal to 20%. The relative error was smaller than or equal to 5% in 81.6% (i.e., 31 out of 38) of the instances
for which the optimum was not found.

We now compare the BRKGA with the existing constructive heuristics in the literature: min-degree and
fill-in. Table 6 details the results for the 48 instances for which the exact algorithm from [32] did not find a
feasible solution, and the BRKGA improved the solution obtained by the constructive heuristics. In addition
to the data characterizing each instance, it gives the solution values obtained by the heuristics min-degree and
fill-in, and the best solution value obtained by the BRKGA. It also gives the relative improvement in percent
provided by the best solution value obtained by the BRKGA concerning the best solution among the solutions
obtained by the constructive heuristics fill-in and min-degree. For each instance, let bestgrxga be the value
of the best solution value obtained by BRKGA, and bestpe, be the minimum between the solution values
obtained by the heuristics min-degree and fill-in. The relative improvement obtained by the BRKGA is given
by 100 X (bestpen, — bestprirca )/beSthey. Table A.1in A the results for all algorithms on the 200 instances used
in the computational experiments.

To conclude, we illustrate the convergence of the BRKGA toward the best solution. Figure 7 shows the best
solution value along the first 1000 generations for five BRKGA runs (using different seeds) on instance 179.
Figure 8 shows the same experiment on instance 144. In both cases, the solution obtained by the BRKGA is
compared with that obtained by the fill-in heuristic.

7. CONCLUDING REMARKS

In this work, we proposed a BRKGA for finding approximate solutions to CCP.

The algorithm obtained competitive solutions with the best exact algorithm of the PACE 2017 challenge and
obtained good feasible solutions for all 84 (42%) instances where the exact algorithm failed.

The computational experiments have shown that the BRKGA found optimal solutions for 78 (39%) instances.
The BRKGA improved the quality of the solution in relation to the constructive heuristics that are injected
into the initial population by 1.42% on average.

A very interesting conclusion from the computational experiments was that injecting high quality initial
solutions coded as random keys into the initial population can make BRKGA obtain better solutions than

starting with a completely random population. This strategy should be explored by other implementations of
BRKGAs.



TABLE 6. Comparative results between BRKGA and the constructive heuristics on the instances

A BRKGA FOR THE CHORDAL COMPLETION PROBLEM

where the exact algorithm did not return a feasible solution.

Instance |V]| |E| Min-degree Fill-in BRKGA BRKGA relative improvement (%)
19 300 617 483 451 449 0.44
23 200 661 840 816 807 1.10
29 151 316 595 526 513 2.47
37 176 443 1636 1510 1506 0.26
38 176 378 879 701 690 1.57
46 201 520 2163 2012 2001 0.55
52 226 501 1357 1133 1132 0.09
59 251 2746 1747 1754 1723 1.37
65 276 749 4233 3782 3739 1.14
90 1174 1417 1396 1316 1309 0.53
91 205 421 293 278 276 0.72
93 690 1029 1089 1021 1009 1.18
95 465 1004 584 549 546 0.55
96 247 804 642 599 589 1.67
97 298 780 625 576 573 0.52
99 166 396 476 406 398 1.97
100 152 377 408 389 378 2.83
111 500 1593 4062 4057 4040 0.42
115 150 299 368 348 343 1.44
116 300 887 2493 2084 2082 0.10
140 100 297 300 289 286 1.04
143 150 345 986 922 913 0.98
144 150 433 553 532 493 7.33
145 150 790 751 682 675 1.03
146 150 1203 1341 1181 1160 1.78
156 251 672 3324 2951 2922 0.98
159 301 3612 3142 3060 3049 0.36
161 301 3416 3853 3614 3587 0.75
162 300 1192 2392 2358 2348 0.42
163 300 1964 3205 2918 2873 1.54
165 500 4960 13557 12807 12793 0.11
166 500 4864 18197 17752 17749 0.02
167 500 6352 11711 11616 11555 0.53
174 1202 1772 1126 1009 1006 0.30
176 398 599 581 528 522 1.14
178 238 395 262 238 234 1.68
179 235 3395 2203 1828 1669 8.70
180 200 3177 2583 2505 2499 0.24
182 208 483 502 389 381 2.06
184 370 1767 1341 1095 1070 2.28
186 404 607 713 669 664 0.75
187 278 522 483 423 420 0.71
190 712 1085 1191 1087 1078 0.83
192 166 4455 3202 3183 3081 3.20
193 258 467 501 426 419 1.64
194 279 733 1444 1256 1228 2.23
195 227 1000 1640 1341 1279 4.62
197 889 2914 8847 8219 8198 0.26
Average 1.42
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APPENDIX A. DETAILED COMPUTATIONAL RESULTS

TABLE A.l. Detailed results for min-degree, fill-in, and BRKGA on the 200 instances of the
PACE 2017 challenge.

Instance |V |E| Min-degree  Fill-in Optimal Best BRKGA  Average BRKGA
1 2205 5964 86685.00 72850.00 — 72850.00 72850.00
2 129 4943 200.00 210.00 186.00 188.00 190.60

3 101 840 325.00 286.00 286.00 286.00 286.00

4 101 5050 0.00 0.00 0.00 0.00 0.00

5 101 110 28.00 23.00 21.00 21.00 21.00

6 101 1600 0.00 0.00 0.00 0.00 0.00

7 1030 2914 24955.00 20437.00 - 20437.00 20437.00
8 118 4880 138.00 129.00 129.00 129.00 129.00

9 27 254 9.00 9.00 9.00 9.00 9.00

10 151 7504 459.00 405.00 389.00 398.00 400.60
11 126 1095 193.00 189.00 182.00 182.00 182.80
12 126 245 1.00 0.00 0.00 0.00 0.00

13 119 161 95.00 94.00 91.00 91.00 92.40

14 126 1701 0.00 0.00 0.00 0.00 0.00

15 35588 572914 5407120.00 - - 5407120.00 5407120.00
16 187 11445 617.00 588.00 579.00 579.00 582.20
17 1000 1960 3108.00 3131.00 - 3108.00 3108.00
18 150 259 108.00 106.00 104.00 104.00 104.00
19 300 617 483.00 451.00 - 449.00 449.00
20 50 59 2.00 2.00 2.00 2.00 2.00

21 3391 4600 3540.00 3415.00 - 3415.00 3415.00
22 242 20176 1258.00 1135.00 1133.00 1133.00 1134.60
23 200 661 840.00 816.00 - 807.00 807.00
24 75 158 72.00 70.00 63.00 63.00 63.00

25 1612 2106 1668.00 1536.00 - 1536.00 1536.00
26 120 4904 254.00 229.00 226.00 229.00 229.00
27 151 2055 0.00 0.00 0.00 0.00 0.00

28 151 1522 131.00 144.00 131.00 134.00 134.00
29 151 316 595.00 526.00 - 513.00 513.00
30 151 2376 885.00 735.00 717.00 730.00 733.00
31 100 207 159.00 160.00 149.00 150.00 150.00
32 500 1653 5711.00 5572.00 - 5572.00 5572.00
33 427 43 819 2672.00 2672.00 - 2672.00 2672.00
34 9532 35023 289158.00 - - 289158.00 289158.00
35 8738 291583 2572961.00 — - 2572961.00 2572961.00
36 175 199 59.00 53.00 46.00 46.00 47.00

37 176 443 1636.00 1510.00 - 1506.00 1506.00
38 176 378 879.00 701.00 - 690.00 690.00
39 176 15400 0.00 0.00 0.00 0.00 0.00

40 147 7303 377.00 355.00 347.00 348.00 351.80
41 5489 107016  452289.00 - - 452289.00 452289.00
42 66 1460 12.00 12.00 12.00 12.00 12.00

43 27 69 3.00 0.00 0.00 0.00 0.00

44 111 4332 170.00 177.00 167.00 168.00 169.00
45 201 396 11.00 0.00 0.00 0.00 0.00

46 201 520 2163.00 2012.00 - 2001.00 2001.00
47 201 1871 1558.00 1490.00 - 1490.00 1490.00
48 201 7691 0.00 0.00 0.00 0.00 0.00

49 4960 9462 25.00 0.00 0.00 0.00 0.00

50 30 349 4.00 3.00 3.00 3.00 3.00

51 40 587 5.00 5.00 5.00 5.00 5.00
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TABLE A.1. Continued.

Instance |V |E| Min-degree  Fill-in Optimal Best BRKGA  Average BRKGA
52 226 501 1357.00 1133.00 - 1132.00 1132.00
53 226 3777 0.00 0.00 0.00 0.00 0.00

54 226 3777 0.00 0.00 0.00 0.00 0.00

55 226 3777 0.00 0.00 0.00 0.00 0.00

56 276 20850 4465.00 4465.00 4465.00  4465.00 4465.00
57 1624 2213 1788.00 1728.00 - 1728.00 1728.00
58 251 2020 11.00 0.00 0.00 0.00 0.00

59 251 2746 1747.00 1754.00 - 1723.00 1723.00
60 251 3481 0.00 0.00 0.00 0.00 0.00

61 251 4213 0.00 0.00 0.00 0.00 0.00

62 85 2516 78.00 78.00 78.00 78.00 78.00
63 17758 54196 0.00 0.00 - 0.00 0.00

64 276 7840 0.00 0.00 0.00 0.00 0.00

65 276 749 4233.00 3782.00 - 3739.00 3739.00
66 276 3840 0.00 0.00 0.00 0.00 0.00

67 276 346 226.00 213.00 207.00 210.00 210.20
68 5357 101169  344553.00 318000.00 - 318000.00 318000.00
69 202 13637 550.00 553.00 549.00 553.00 553.00
70 301 362 217.00 210.00 199.00 203.00 205.80
71 301 11593 8133.00 8133.00 8133.00  8133.00 8133.00
72 301 5510 4775.00 4074.00 - 4074.00 4074.00
73 301 4206 0.00 0.00 0.00 0.00 0.00

74 30 307 0.00 0.00 0.00 0.00 0.00

75 40 539 3.00 3.00 3.00 3.00 3.00

76 72 1121 25.00 26.00 25.00 25.00 25.00
" 194 11145 476.00 467.00 463.00 466.00 466.20
78 197 13052 733.00 700.00 690.00 700.00 700.00
79 120 4941 157.00 157.00 157.00 157.00 157.00
80 1454 1923 1602.00 1483.00 - 1483.00 1483.00
81 303 24 393 954.00 909.00 - 909.00 909.00
82 5489 137811  560979.00 - - 560979.00 560979.00
83 233 16 636 723.00 637.00 552.00 637.00 637.00
84 76 83 19.00 18.00 15.00 15.00 15.00
85 76 2850 0.00 0.00 0.00 0.00 0.00

86 76 132 168.00 147.00 118.00 121.00 124.80
87 76 2228 0.00 0.00 0.00 0.00 0.00

88 5300 8271 15005.00 13715.00 - 13715.00 13715.00
89 138 6338 235.00 239.00 235.00 235.00 235.00
90 1174 1417 1396.00 1316.00 - 1309.00 1309.00
91 205 421 293.00 278.00 - 276.00 276.00
92 132 255 224.00 205.00 - 205.00 205.00
93 690 1029 1089.00 1021.00 - 1009.00 1009.00
94 357 6225 3349.00 3363.00 - 3363.00 3363.00
95 465 1004 584.00 549.00 - 546.00 546.00
96 247 804 642.00 599.00 - 589.00 589.00
97 298 780 625.00 576.00 - 573.00 573.00
98 213 380 301.00 311.00 - 302.00 302.00
99 166 396 476.00 406.00 - 398.00 398.00
100 152 377 408.00 398.00 - 378.00 378.00
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TABLE A.1. Continued.

Instance |V]| |E| Min-degree  Fill-in Optimal Best BRKGA  Average BRKGA
101 225 16819  1018.00 911.00 898.00 911.00 911.00
102 30 327 3.00 3.00 3.00 3.00 3.00
103 40 531 15.00 15.00 15.00 15.00 15.00
104 204 14118  820.00 766.00 749.00 759.00 760.20
105 159 7429 174.00 172.00 171.00 172.00 172.00
106 30 292 1.00 1.00 1.00 1.00 1.00
107 75 110 30.00 30.00 30.00 30.00 30.00
108 200 363 189.00 186.00 183.00 183.00 183.20
109 3934 7873 27834.00 27759.00 — 27759.00 27759.00
110 100 164 161.00 155.00 145.00 151.00 151.80
111 500 1593 4062.00 4057.00 - 4040.00 4046.40
112 1000 3118 14316.00 13522.00 - 13522.00 13522.00
113 11823 33230 327210.00 - - 327210.00 327210.00
114 50 51 5.00 3.00 3.00 3.00 3.00
115 150 299 368.00 348.00 - 343.00 343.20
116 300 887 2493.00 2084.00 - 2082.00 2082.40
117 180 10098  537.00 544.00 521.00 542.00 543.20
118 194 13060  597.00 567.00 559.00 559.00 559.00
119 89 2675 64.00 63.00 63.00 63.00 63.00
120 141 7257 344.00 311.00 307.00 307.00 307.80
121 169 9867 439.00 440.00 423.00 429.00 436.20
122 156 8022 472.00 412.00 387.00 397.00 400.20
123 183 11540 712.00 679.00 654.00 667.00 668.00
124 50 765 8.00 8.00 8.00 8.00 8.00
125 190 12473  586.00 584.00 581.00 582.00 582.00
126 187 12342  632.00 636.00 611.00 632.00 632.80
127 120 4992 290.00 304.00 290.00 290.00 291.00
128 167 9504 354.00 347.00 339.00 341.00 341.00
129 27 280 3.00 3.00 3.00 3.00 3.00
130 138 6820 243.00 243.00 235.00 242.00 242.00
131 78 2014 68.00 63.00 62.00 62.00 62.40
132 258 20422 953.00 845.00 845.00 845.00 845.00
133 35 460 2.00 2.00 2.00 2.00 2.00
134 167 8969 298.00 308.00 298.00 298.00 299.80
135 66 1463 33.00 32.00 32.00 32.00 32.00
136 76 469 62.00 48.00 47.00 47.00 47.00
137 76 606 131.00 131.00 131.00 131.00 131.00
138 100 109 13.00 13.00 13.00 13.00 13.00
139 100 239 107.00 107.00 107.00 107.00 107.00
140 100 297 300.00 289.00 - 286.00 286.00
141 126 1980 552.00 552.00 552.00 552.00 552.00
142 151 169 25.00 20.00 18.00 18.00 18.00
143 150 345 986.00 922.00 - 913.00 914.40
144 150 433 553.00 532.00 - 493.00 495.80
145 150 790 751.00 682.00 - 675.00 676.40
146 150 1203 1341.00 1181.00 - 1160.00 1163.60
147 176 203 81.00 79.00 78.00 78.00 78.00
148 176 2983 1355.00 1005.00 965.00 1005.00 1005.00
149 176 2959 1457.00 1458.00 1408.00  1458.00 1458.00
150 201 3518 1682.00 1682.00 1570.00  1682.00 1682.00
151 226 2169 3057.00 2712.00 - 2712.00 2712.00
152 226 271 135.00 127.00 122.00 123.00 123.00
153 226 2487 300.00 282.00 144.00 282.00 282.00
154 225 13604  2278.00 2278.00 2278.00  2278.00 2278.00

155 251 308 113.00 109.00 100.00 106.00 106.40
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TABLE A.1. Continued.

Instance |V]| |E| Min-degree  Fill-in Optimal Best BRKGA  Average BRKGA
156 251 672 3324.00 2951.00 - 2922.00 2926.40
157 276 3300 516.00 498.00 360.00 498.00 498.00
158 276 332 199.00 195.00 187.00 190.00 192.00
159 301 3612 3142.00 3060.00 - 3049.00 3051.00
160 301 370 202.00 195.00 194.00 194.00 194.60
161 301 3416 3853.00 3614.00 - 3587.00 3604.60
162 300 1192 2392.00 2358.00 - 2348.00 2349.00
163 300 1964 3205.00 2918.00 - 2873.00 2879.00
164 300 2740 6247.00 6330.00 - 6324.00 6326.40
165 500 4960 13557.00 12807.00 — 12793.00 12799.40
166 500 4864 18197.00 17752.00 — 17749.00 17750.00
167 500 6352 11711.00 11616.00 — 11555.00 11587.00
168 750 8116 29164.00 28927.00 - 28927.00 28927.00
169 750 8816 48806.00 46801.00 — 46801.00 46801.00
170 800 8805 33943.00 31223.00 - 31223.00 31223.00
171 62 739 232.00 221.00 220.00 220.00 220.00
172 128 1644 1190.00 1114.00 1063.00 1106.00 1112.00
173 1202 1772 1126.00 1009.00 - 1006.00 1006.40
174 142 685 788.00 717.00 654.00 692.00 696.20
175 81 893 524.00 512.00 498.00 498.00 498.00
176 398 599 581.00 528.00 - 522.00 522.80
177 126 2243 234.00 178.00 178.00 178.00 178.00
178 238 395 262.00 238.00 - 234.00 235.20
179 235 3395 2203.00 1828.00 - 1669.00 1697.00
180 200 3177 2583.00 2505.00 - 2499.00 2499.00
181 609 6586 2653.00 3323.00 - 3310.00 3319.20
182 208 483 502.00 389.00 - 381.00 381.00
183 293 14074 184.00 184.00 184.00 184.00 184.00
184 370 1767 1341.00 1095.00 - 1070.00 1075.20
185 177 669 335.00 321.00 319.00 319.00 319.00
186 404 607 713.00 669.00 - 664.00 665.00
187 278 522 483.00 423.00 - 420.00 420.20
188 1854 21118 9183.00 9443.00 - 9183.00 9183.00
189 281 9075 94.00 85.00 80.00 85.00 85.00
190 712 1085 1191.00 1087.00 - 1078.00 1079.40
191 188 638 185.00 162.00 161.00 161.00 161.00
192 166 4455 3202.00 3183.00 - 3081.00 3097.80
193 258 467 501.00 426.00 - 419.00 419.00
194 279 733 1444.00 1256.00 - 1228.00 1236.40
195 227 1000 1640.00 1341.00 - 1279.00 1288.80
196 34 78 12.00 12.00 12.00 12.00 12.00
197 889 2914 8847.00 8219.00 - 8198.00 8210.00
198 2426 16630  62945.00 60130.00 - 62945.00 62945.00
199 5167 39432 510914.00 - - 510914.00 510914.00
200 12645 67053 337456.00 - - 337456.00 337456.00
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