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ITALTAN, 2-RAINBOW AND ROMAN DOMINATION NUMBERS IN MIDDLE
GRAPHS

Kuung Kiv*

Abstract. Given a graph G, we consider the Italian domination number ~;(G), the 2-rainbow domi-
nation number v,2(G) and the Roman domination number yr(G). It is known that 77 (G) < vr2(G) <
~vr(G) holds for any graph G. In this paper, we prove that v1(M(G)) = v2(M(G)) = yvr(M(G)) =n
for the middle graph M (G) of a graph G of order n, which gives an answer for an open problem posed by
Chellali et al. [Discrete Appl. Math. 204 (2016) 22-28]. Moreover, we give a complete characterization
of Roman domination stable middle graphs, 2-rainbow domination stable middle graphs and Italian
domination stable middle graphs.
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1. INTRODUCTION

Let G = (V, E) be an undirected graph with the vertex set V = V(G) and edge set E = E(G). The order
of G is defined as |V|. The open neighborhood of v € V(G) is the set N(u) = {w € V(G) | vw € E(G)} and
the closed neighborhood of u € V(G) is the set N{u] := N(u)U{u}. For a subset U C V, we denote |J o, N (u)
by N(U). The degree of u € V(G) is defined as |N(u)|, denoted by dege(u). For a subset S C V, the subgraph
obtained from G by deleting all vertices in S and all edges incident with S is denoted by G — S. We denote a
complete graph and a complete bipartite graph by K, and K,, ,, respectively. For terminology and notation
on graph theory not given here, the reader is referred to [4].

In [12], Hamada and Yoshimura introduced the concept of middle graph. The middle graph M(G) of a graph
G is as follows. The vertex set V(M (G)) is V(G) U E(G). Two vertices v,w € V(M (G)) are adjacent in M(G)
if (1) v,w € E(G) and v,w are adjacent in G or (2) v € V(G), w € E(G) and v, w are incident in G. Recently,
the authors of [14-19] studied domination-related parameters on middle graphs.

The study of Roman domination was motivated by the defense strategies used to defend the Roman Empire
during the reign of Emperor Constantine the Great, 274-337 AD. The concept of Roman domination was
introduced in [9,22,24]. A function f : V(G) — {0,1,2} is called a Roman dominating function on G if every
vertex v € V(G) for which f(v) = 0 is adjacent to at least one vertex u € V(G) for which f(u) = 2. The weight of
a Roman dominating function is the value } () f(v). The Roman domination number yr(G) is the minimum
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weight of a Roman dominating function on G. We say that a function f is a yg(G)-function if it is a Roman
dominating function with the weight vz(G). A function f : V(G) — P({1,2}) is called a 2-rainbow dominating
function on G if for each vertex v € V(G) for which f(v) = 0, it holds that |, ¢y, f(u) = {1,2}. The weight of
a 2-rainbow dominating function is the value >, /(g [f(v)|. The 2-rainbow domination number v,2(G) is the
minimum weight of a 2-rainbow dominating function on G. A function f : V(G) — {0, 1,2} is called an Italian
dominating function on G if for each vertex v € V(G) for which f(v) = 0, it holds that }°, (. f(u) = 2. The
weight of an Italian dominating function is the value 3° oy () f(v). The Italian domination number v;(G) is
the minimum weight of an Italian dominating function on G.

An Ttalian dominating function is a generalization of a Roman dominating function. A Roman dominating
function is a monochromatic version of a 2-rainbow dominating function. Motivated by this similarity, several
works have been done in [1,2,7,25]. In [25], it was shown that 7,2(G) < 3n for every connected graph of order
n > 3. The authors of [7] proved that vz(G) < 37,2(G) for every graph G and that v(T) < 37yr2(T) for every
tree T'. The following result provides a relationship between the three parameters mentioned above. The proof
follows from [25] and definitions of the three parameters.

Theorem 1.1. For every graph G, v1(G) < 72(G) < vr(G).
The next theorem follows from [3].
Theorem 1.2. If G is a graph of order n, then yr(M(G)) = n.

An interesting problem is investigating the class of graphs for which the equalities in v (G) < 7,2(G) < vr(G)
are satisfied. As partial results, the authors of [8] proved that v (T) = v,2(T) for every tree T'. In [5], it was given
a constructive characterization of the class of trees T satisfying that v;(T) = vg(T) and that v,.o(T) = yr(T).
As related results, the authors of [6] described the trees T' for which v.(T) = v/(T), v-(T) = 2(T) and
¥(T) = vr(T), where 7,.(T) is the weak Roman domination number of T. The authors of [10] presented a
characterization of the connected graphs G for which yr(G) — v2(G) = k for some non-negative integer k at
most %’YT2<G). In [2], it was proved that for every fixed non-negative integer k, the recognition of the connected
K,-free graphs with vr(G) — vr2(G) = k is NP-hard. In [1], it was proved that if G is a connected graph of
minimum degree at least 2 that is distinct from Cs, then v,2(G) +vr(G) < 3|V(G)|. In [8], it was proved that
Yr2(G) = v1(G) for trees and cactus graphs with no even cycle. The authors of [8] asked a question about the
existence of other classes of graphs with 7,2(G) = v;(G). In this paper, we prove the following theorem, which
is an answer for the above question.

Theorem 1.3. Let G be a graph of order n. Then yr(M(G)) = vr2(M(G)) = v1(M(G)) = n.

The concept of Roman domination stable graphs was introduced in [13]. A graph G is Roman domination
stable if yr(G) = yr(G — {v}) for any vertex v of G. Properties and upper bounds for the Roman domination
number in the class of Roman domination stable graphs were investigated in [11,23]. This paper studies the
above concept in the class of middle graphs. We find all Roman domination stable middle graphs. Since yz(G) =
Z§=1 vr(G;) for a graph G with components G1,...,G;, we only consider connected graphs in the following
theorem.

Theorem 1.4. Let G be a connected graph. Then M(G) is Roman domination stable if and only if G €
{KvaKm,m | m 2 ]-}

The concept of 2-rainbow domination stable graphs was introduced in [21]. A graph G is 2-rainbow domination
stable if vpo(G) = Yr2(G — {v}) for any vertex v of G. In this paper, we give the concept of Italian domination
stable graphs. We say that a graph G is [talian domination stable if v;(G) = ~v;1(G — {v}) for any vertex v of
G. Since v,2(G) = 2;;1 vr2(Gi) and v (G) = Z’;:l ~1(G;) for a graph G with components Gy, ..., Gy, we only
consider connected graphs. Based on Theorems 1.3 and 1.4, we obtain the following results.
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Theorem 1.5. Let G be a connected graph. Then M(G) is Italian domination stable if and only if G € {Kpm |
m > 1}.

Theorem 1.6. Let G be a connected graph. Then M(G) is 2-rainbow domination stable if and only if G €
{K2m7Km,m | m > 1}

This paper is organized as follows. In Section 2, we prepare basic concepts and results. In Sections 3 and 4,
we give proof of the main theorems.

2. PRELIMINARIES

In this section, we give some necessary terminology and notation. First, we give the concept of a middle
Roman dominating function to study the Roman domination number of the middle graph. A middle Roman
dominating function (MRDF) on a graph G is a function f : VUE — {0, 1, 2} satisfying the following conditions:
(1) every element z € V for which f(z) = 0 is incident to at least one element y € E for which f(y) = 2, (2)
every element x € F for which f(x) = 0 is adjacent or incident to at least one element y € V U E for which
f(y) = 2. An MRDF f gives an ordered partition (Vo U Eo, Vi U Ey, Vo U Ey) (or (V§ UEL, VI U B! Vi UE])
to refer to f) of VU E, where V; := {& € V | f(z) = i} and E; := {x € E | f(z) = i}. The weight of a
middle Roman dominating function f is Y .z f(z). The middle Roman domination number v3(G) of G
is the minimum weight of a middle Roman dominating function of G. A v} (G)-function is an MRDF on G
with weight 7% (G). Similarly, we can define a middle 2-rainbow dominating function (M2RDF') and a middle
Ttalian dominating function (MIDF), respectively. The middle 2-rainbow domination number v (G) of G is the
minimum weight of a middle 2-rainbow dominating function of G. A v (G)-function is an M2RDF on G with
weight 7% (G). The middle Italian domination number ~7(G) of G is the minimum weight of a middle Italian
dominating function of G. A v} (G)-function is an MIDF on G with weight v7(G). By the definition of middle
graphs, we state the following remark.

Remark 2.1. For any graph G, 7;(G) = vr(M(G)), 772 (G) = 7r2(M(G)) and 7} (G) = v1(M(G)).

For v € V(G), we denote {e € E(G) | e is incident with v} by Njs(v). For e € E(G), we denote {z €
V(G)UE(G) | z is either adjacent or incident with e} by Nys(e). We write Nas[x] = Nps(z) U{z}. For a subset
S CV(G)U E(G), we denote | J, g Nas(x) by Nas(S).

Observation 2.1. Let f = (Vi UEp, V1 UE1, VaUE3) be a v5(G)-function. Then the following assertions hold:

(i) Vo =0;

(ii) for ey, eq € Eo, ey is not adjacent to es;
(iii) for v € V4, e € Ea, v is not incident to e;
(IV) E1 = @

Proof. (i) See Proof of Theorem 2.1 from [19].

(ii) Suppose that e; is adjacent to ey for some e1,es € Es. Let e = vu and ez = uw. We assume that there
exist edges incident to v or w. Otherwise, by reassigning e; as an edge of Ey and v as a vertex of Vp, we
can reduce the value of 45 (G). This is a contradiction.

Now we show that there exists no edge of Es\ {e1, €2} incident to v or w. Without loss of generality, assume
that there exists an edge e3 € F5 incident to v. By reassigning e; as an edge of Ey, we can reduce the value
of v (G). This is a contradiction.
Now we consider G — {v,u,w} and define g : V(G — {v,u,w}) U E(G — {v,u,w}) — {0,1,2} by g(z) =
f(z). Then g is an MRDF with w(g) = n — 4. Since G — {v,u,w} has order n — 3, by Theorem 1.3
w(g) > vg(G — {v,u,w}) = n — 3, a contradiction.

(iii) Clear.
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(iv) See Proof of Theorem 2.1 from [19].
(]

In general, Roman domination number can change by the removal of a vertex. In the class of middle graphs,
the following results say that the Roman domination number of M (G) cannot be increased by the removal of
any vertex.

Observation 2.2. If v € Vlf for any yr(M (G))-function f, then yr(M(G) — {v}) = yr(M(G)) — 1. If v € Vof
for every yr(M(G))-function f, then yr(M(G) — {v}) = yr(M(Q)).

Proof. If v € Vi, then clearly vp(M(G) — {v}) = yr(M(G)) — 1.

Assume that v € Vj for every yr(M(G))-function f. Suppose to the contrary that vg(M(G) — {v}) <
Yr(M(Q)). Let g be a yr(M(G) — {v})-function. Then g(Nps(v)) < 1. Otherwise, g can be extended to an RDF
with weight vg(M(G) — {v}), a contradiction.

Let e; be an element of Ej incident to v, and let u be the other vertex incident to e;. To dominate u,
there must exist e € EJ adjacent to u. Since e is arbitrary, g(Ny(v)) = 0. By assigning the value 1 to
v, it is possible to extend g to an RDF on M(G) with weight ygr(M(G)). This is a contradiction to our
assumption. O

Observation 2.3. For any edge e € E(G), vr(M(G) — {e}) = vr(M(Q)).

Proof. Since M (G)—{e} = M(G’) for some graph G’ of order |V (G)|, by Theorem 1.3 we have ygr(M (G)—{e}) =
V(G- O

3. PROOF OF THEOREM 1.3
In this section, we show that for any graph G of order n, v5(G) = 7% (G) = vR(G) = n.

Lemma 3.1. Let G be a graph and f = (Vo U Eo, V1 UEy, Vo U Ey) an MIDF of G. Then there exists an MIDF
= (V] U b, V] U B, V3 UE}) of G such that N(V{) C Vi, Nat(V}) C Ep, V3 =0 and w(f') < w(f).

Proof. Tf N(V1) C Vg, Ny (V1) C Eg and Vo = (), then we are done. Suppose that there exists a vertex u € Vs.
Then define g : VU E — {0,1,2} by g(u) = 0,g(e) = 2 for some e € Nj(u), g(z) = f(z) otherwise. Clearly, g
is an MIDF of G with weight at most w(f). Since V4 is finite, by repeating this process we can assume that V5
is empty.

Let u € V4, and suppose there exists e € F; U Ey incident to u. If e € Ey, then define h : VU FE — {0,1,2}
by h(u) = 0,h(e) =2 and h(z) = f(z) otherwise. If e € E5, then define h : VU E — {0,1,2} by h(u) = 0 and
h(z) = f(z) otherwise. Clearly, h is an MIDF of G with weight at most w(f). Since V; is finite, this process
terminates after a finite number of steps. From now on, we assume that Ny (V1) C Ey and V5 = 0.

Let u € V4, and suppose that there exists w € V4 N N(u). Then let e = uw and define g : VU E — {0,1,2}
by g(u) = g(w) =0, g(e) = 2 and g(z) = f(z) otherwise. Clearly, ¢g is an MIDF of G with weight at most w(f).
Since V] is finite, this process terminates after a finite number of steps. This completes the proof. O

Lemma 3.2. Let G be a graph. Then there exists a v} (G)-function f = (Vo U Eo, V1 U Eq,Va U Es) such that
N(V1) C Vo, Ny (Vi) C Ey, Vo =0 and any two edges in Es are not adjacent.

Proof. By Lemma 3.1, we can assume that f = (Vo U Ey, V1 UE1, Vo U Es) such that N(Vq) C Vo, Ny (V1) C Ey,
Vo = . Tt suffices to prove that any two edges in E» are not adjacent.

Suppose to the contrary that there exist two edges e; = wv,eqs = vw € E3. Without loss of generality,
fix the edge e;. If Nps(ea) \ Nasler] = {w}, then define the function g : VU E — {0,1,2} by g(w) = 1,
g(e2) =0 and g(z) = f(x) otherwise. Clearly, g is an MIDF with weight less than w(f), a contradiction. Thus,
E(G) N (Nu(e2) \ Nulea]) # 0.
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Consider an edge es € Njys(e2) \ Nasei]. Since Nas(ez) C (Npsler] U Nasles]), we have f(es) = 0, otherwise
the assumption that f(e3) > 1 induces an MIDF with weight less than w(f).

Let e3 = wz. Now it follows from our assumption that there exist the following three cases: (i) Nas(es) \
Nulez2] = {z} and f(z) =1, (ii) f(z) =1, N(z) € Vo and Ny () C Ey, (iii) f(z) =0and 3 cn, o) f(¥) 2 2.
For cases (i) and (ii), define the function g : VUE — {0, 1,2} by g(e3) =2, g(e2) =0, g(x) =0 and g(z) = f(2)
otherwise. Clearly, g is an MIDF with weight less than w(f), a contradiction.

Now we can assume that for each e € Nps(e2) \ Narled], e is incident to z € Vo \ {w} and }° oy ) f(y) = 2.
Now we define g(w) = 1, g(e2) = 0 and g(z) = f(z) otherwise. Clearly ¢ is an MIDF with weight less than
w(f), a contradiction. This completes the proof. a

Proof of Theorem 1.3. Without loss of generality, we may assume that G is connected. By Theorem 1.2, we
have 75 (G) = n. By Theorem 1.1, we have 77 (G) < 75 (G) < vR(G).

Now, we show that 47(G) > n. We proceed by induction on |V (G)|. Obviously, 77(G) = n for a graph G of
order n < 3, Let G be a graph of order n > 4. Suppose that every graph G’ of order n/(< n) has v} (G') = n/.
By Lemma 3.2, we can assume that there exists a v} (G)-function f = (Vo U Ey, V1 U E1,V, U E3) such that
Ny (V1) C Ep, Vo =0 and any two edges in Ey are not adjacent.

If V1 # 0, then take a vertex v € V; and consider the subgraph G—{v}. Since the function f|v(¢—{v})uEG—{v})
is an MIDF of G — {v}, it follows that 77 (G — {v}) < ~47(G) — 1. Applying the induction hypothesis to G — {v},
we have 77 (G — {v}) = n — 1. Thus, n < 7}(G).

Now assume that V7 = ). Fix a vertex v € V. Then there exists a unique edge e = vw € E5 incident to v.
Note that if deg(w) # 1, then it follows from V; = ) that every edge in Ny (w) \ {e} is adjacent to one edge
of E5. Since every edge in (Nps(v) U Npr(w)) \ {e} is assigned 0 under f, the function g on G — {v} defined by
g(w) =1 and g(z) = f(x) otherwise is an MIDF of G — {v} with weight v}(G) — 1(> ~7(G — {v})). Applying
the induction hypothesis to G — {v}, we have n < ~47(G). This completes the proof. O

4. PROOF OF THEOREMS 1.4-1.6

In this section, we give a complete characterization of Roman domination stable middle graphs, 2-rainbow
domination stable middle graphs and Italian domination stable middle graphs.

Lemma 4.1. For a non-empty graph G, M(G) is Roman domination stable if and only if every v (G)-function
has Vi = 0.

Proof. (=): suppose that there exists a v%(G)-function f with Vi +# 0. Now we consider M(G) — {v} for some
v E Vlf. Define g : V(M(G) — {v}) — {0,1,2} by g(x) = f(x). Then g is an RDF on M(G) — {v} with
w(g) =|V(G)| — 1. Thus, M(G) is not Roman domination stable.

(«): the result follows from Observations 2.2 and 2.3.

[

Lemma 4.2. Let G be a connected graph of even order. For mnon-adjacent wvertices w,v €
V(G), if there exists a perfect matching in G — {u,v}, then M(G) is not Roman domination
stable.

Proof. Let M be a perfect matching of G — {u, v}. Define f : V(G) U E(G) — {0,1,2} by f(u) = f(v) =1,
f(z) =2 for x € M and f(x) = 0 otherwise. Then it is casy to see that f is a v} (G)-function.

Now we consider M (G) — {u}. It follows from Observation 2.2 that M(G) is not Roman domination stable.
U

Example 4.1. For a complete graph Ks,,, M (Ks,,) is Roman domination stable.
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Proof. Suppose that there exists a 5 (K2 )-function f with Vlf # (). Then the order of Kj,, implies that there
exist at least two vertices u,v € Vlf by Observation 2.1, and there must exist an edge e € Eg to dominate the
edge uv. By Observation 2.1(iii), this is a contradiction. It follows from Lemma 4.1 that M (K2,,) is Roman
domination stable. ([

Theorem 4.1 (Tutte’s theorem). A graph G has a perfect matching if and only if for every subset U of V(G),
the subgraph induced by V(G) \ U has at most |U| connected components with an odd number of vertices.

Example 4.2. For a complete bipartite graph K, n, M (K, m) is Roman domination stable.

Proof. Suppose that there exists a 75 (G)-function f with Vi # 0. Note that |[V/| > 2. Let u,v € V{. If
two vertices u,v € Vlf are adjacent, then there must exist an edge e € Eg to dominate the edge uv. By
Observation 2.1(iii), this is a contradiction.

Assume that u,v € V{ are non-adjacent. To dominate all edges in {uz,vz | € N(u)}, there must exist a
perfect matching in K, ,, — {u,v}. Note that K, ,, — {u,v} = K,,_2.m. Now we consider U := V(K,.m) \
({u,v} U N(u)) in Ky m — {u,v}. The subgraph induced by V (K, m — {u,v}) \ U has m singletons. By
Theorem 4.1, there exists no perfect matching in K, ,, — {u,v}. This implies that such function f does not
exist, a contradiction. It follows from Lemma 4.1 that M (K,, ,,,) is Roman domination stable. g

We make use of the notation [m] := {1,2,...,m}, and for two vertices u,v, we write u ~ v to indicate that
u is adjacent to v.

Proof of Theorem 1.4. (=): let M(G) be a Roman domination stable graph. It follows from Observation 2.1,
Theorem 1.3 and Lemma 4.1 that |V(G)| = 2m and there exists a v}, (G)-function f with |E§| = m. Without
loss of generality, we may assume that {v;w; € EJ | i € [m]}, where V(G) = {v;,w; | i € [m]}. We proceed
by proving three claims.

Claim 1. If the subgraph I of G induced by {v;,w;,v;,w;} is connected, then I is either a cycle Cy =
v;w;v;w;v; or a complete graph K.

Consider the number of edges between {v;, w;} and {v;, w;}, which is denoted by e(i,5) € {1,2,3,4}. We
show that e(4, j) is neither 1 nor 3.

Suppose that e(i,7) = 1. In the induced subgraph I, denote by x,y two vertices with degree one. Since there
exists a perfect matching in G — {xz,y}, it follows from Lemma 4.2 that M(G) is not Roman domination
stable, a contradiction.

Suppose that e(i, ) = 3. In the induced subgraph I, denote by z,y two vertices with degree two. Since there
exists a perfect matching in G — {x,y}, it follows from Lemma 4.2 that M(G) is not Roman domination
stable, a contradiction.

In the case of e(i,j) = 2, after relabeling v;,w, if necessary, the result follows. The case of e(i,j) = 4 is
clear. This completes the proof of Claim 1.

Claim 2. G contains a complete bipartite graph K, ,, as a subgraph.

Since G is connected, without loss of generality, we can assume that the induced subgraph by {v1, w1, v, w2}
is connected. By Claim 1, the induced subgraph by {v1, w1, ve, ws} is either a cycle Cy = viwivawavy or a
complete graph K. By the connectedness of G, we can assume that the induced subgraph by {ve, we, v, w3}
is connected. By Claim 1, the induced subgraph by {vs, we,vs, w3} is either a cycle Cy = vowsvzwzve or a
complete graph Kj.

We consider the adjacency relation between {v1,w1} and {vs,ws}. If v; # ws, then there exists a perfect
matching {vowy, vswe, Vawy, . .., VWt in G — {v1,ws}. By Lemma 4.2, M(G) is not Roman domination
stable, a contradiction. Thus, v; ~ w3 and by symmetry wy ~ vs.
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By the connectedness of G, we can assume that the induced subgraph by {vs, w3, vy, ws} is connected. By
Claim 1, the induced subgraph by {vs,ws,vs, w4} is either a cycle Cy = vswsvswavs or a complete graph
K,4. We consider the adjacency relation between {vi,w;} and {v4,ws}. If v1 4 wy, then there exists a
perfect matching {vowy, v3wa, v4ws, Vsws, ..., VW, } in G —{v1, ws}. By Lemma 4.2, M(G) is not Roman
domination stable, a contradiction. Thus, v; ~ w4 and by symmetry wyi ~ v4. By applying the same argument
for the adjacency relation between {vq, wo} and {vy, wy}, we obtain vy ~ wy and we ~ vy.

By repeating this process, the proof of Claim 2 is completed.

Claim 3. G € {Kapm, Kpmm | m > 1}

Note that it follows from Examples 4.1 and 4.2 that Ky, and K,, ,, are Roman domination stable. Now
suppose that G is neither a complete graph nor a complete bipartite graph. Then there exists a pair of
vertices which are not adjacent, say vy and vy. It follows from Claim 1 that w; o ws. By the assumption
that G % Koy, Ky m, there exists at least one edge in the subgraph induced by {ws,...,w,}. Without
loss of generality, we can divide our consideration into two case, i.e., wo ~ w3 and w3 ~ wy. In the case
of wy ~ ws, {v3w1, Wows, VaWy, ..., VnWy,} is a perfect matching in G — {vy,v2}. In the case of w3 ~ wy,
{vsw1, v4wa, W3W4, VsWs, . . ., VW, } 18 & perfect matching in G — {vy,v2}. In either case, it follows from
Lemma 4.2 that M(G) is not Roman domination stable. This completes the proof of Claim 3.
(«<): it follows from Examples 4.1 and 4.2.
|

Proof of Theorem 1.5. Theorems 1.1, 1.3 and Observations 2.2, 2.3 imply that v;(M(G)) = vr(M(G)) >
Yr(M(G) = {z}) > v1(M(G) — {x}) for any = € V(G) U E(G). So, if M(G) is Ttalian domination stable, then
M(G) is Roman domination stable. By Theorem 1.4, it suffices to consider whether M (Kay,) and M (K, m)
are Italian domination stable.

In the case of G = Ky, let v be an arbitrary vertex of G. Consider M (G) — {v}. By assigning 1 to each edge
in a Hamiltonian cycle of G — {v}, M(G) — {v} has an Ttalian dominating function with weight 2m — 1. Thus,
M (Ka,,) is not Italian domination stable.

In the case of G = K,y 1, let W and W’ be the bipartition, let v be an arbitrary vertex of W’, and let f be a
v1(M(G) — {v})-function. In M(G) — {v}, we consider the sum of weight of edges incident to v, i.e., f(Np(v)).
Suppose that v (M(G)) > v(M(G) — {v}) = 2m — 1.

When f(Ny(v)) > 2, by extending f to an Italian dominating function on M (G), clearly v;(M(G) — {v}) =
v1(M(G)) = 2m — 1, a contradiction.

When f(Ny(v)) = 1, let wo € Ey. Consider M (G — {v}) + wv, where V(M (G — {v}) + w) = V(M (G —
{v}))U{wv} and E(M(G — {v}) + uv) = E(M(G —{v}))U{uwv -z | © € Nps[u] \ {uv}}. Then this graph has an
Italian dominating function with weight 2m — 1. By combining such two graphs and the vertex v, we can have
a middle graph M (H) with wight 4m — 2, where H is a graph obtained by identifying a vertex of K, ,,—1 at
each end vertex of a path Ps. But, |V(H)| is 4m — 1, a contradiction.

When f(Np(v)) = 0, to dominate each edge uv € Nps(v), it must be f(Ny,[u]) > 2. So, we have v (M (G) —
{v}) > 2m, a contradiction. This implies y7 (M (G)) = v (M(G) — {v}). O

Proof of Theorem 1.6. Theorems 1.1, 1.3 and Observations 2.2, 2.3 imply that v.2(M(G)) = yr(M(G)) >
YyrR(M(G) = {z}) > 12(M(G) — {z}) for any x € V(G) U E(G). So, if M(G) is 2-rainbow domination stable,
then M(G) is Roman domination stable. By Theorem 1.4, it suffices to consider whether M (Ks,,) and M (K, )
are 2-rainbow domination stable.

In the case of G = Ko, let v be an arbitrary vertex of G. Consider M (G)—{v}. Let f be a v,2(M(G)) —{v})-
function. For each u € V(G) \ {v}, uv have to be dominated by {1,2}. So, Uzen,, ) f(z) = {1,2}. On the
other hand, every edge of G — {v} is adjacent to exactly two edges in {uv | v € V(G) \ {v}}. When Y :=
Uuev(@)\{v} Yzre Ny [u) f (%) is considered as a multiset, Y have to contain at least m elements 1 and 2, respectively.
Thus, the weight of f is at least 2m and so M (Ka,,) is 2-rainbow domination stable.



2052 K. KIM

In the case of G 2 K,y 1, let W and W’ be the bipartition, let v be an arbitrary vertex of W’, and let f be a
v1(M(G) — {v})-function. In M (G) — {v}, we consider the sum of weight of edges incident to v, i.e., f(Np(v)).
Suppose that v (M(G)) > y1(M(G) — {v}) =2m — 1.

When f(Na(v)) > 2, by extending f to a 2-rainbow dominating function on M (G), clearly v,2(M(G)—{v}) =
Yr2(M(G)) = 2m — 1, a contradiction.

When f(Na(v)) = 1, without loss of generality, assume uv € Ey1y. Consider M(G — {v}) + uv, where
V(M(G - {v}) + w) = V(M(G — {v})) U {uv} and E(M(G — {v}) + wv) = E(M(G — {v}))U{uv -z |z €
Nas[u] \ {uv}}. Then this graph has a 2-rainbow dominating function h with weight 2m — 1. Also, this graph
can have a 2-rainbow dominating function h’ with weight 2m — 1 by switching the assignment of 1, 2 in h. By
combining such two graphs and the vertex v, we can have a middle graph M (H) with wight 4m — 2, where H
is a graph obtained by identifying a vertex of K,, ,,—1 at each end vertex of a path P;. M(H) has a 2-rainbow
dominating function with weight 4m — 2. But, |V (H)| = 4m — 1, a contradiction.

When f(Np(v)) = 0, to dominate each edge uv € N (v), it must be |f(Ny,[u])] > 2 for u € W. So, we have
Yr2(M(G) — {v}) > 2m, a contradiction. This implies v,2(M(G)) = Yr2(M(G) — {v}). O
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