RATIRO-Oper. Res. 57 (2023) 2393-2410 RAIRO Operations Research
https://doi.org/10.1051/ro/2023120 WWW.rairo-ro.org

RESTRAINED {2}-DOMINATION IN GRAPHS

KAZHAL HAGHPARAST!, JAFAR AMJADI!,
MUSTAPHA CHELLALI?> AND SEYED MAHMOUD SHEIKHOLESLAMI*

Abstract. A restrained {2}-dominating function (R{2}DF) on a graph G = (V, E) is a function
f:V —{0,1,2} such that : (i) f(N[v]) > 2 for all v € V, where N[v] is the set containing v and all
vertices adjacent to v; (ii) the subgraph induced by the vertices assigned 0 under f has no isolated
vertices. The weight of an R{2}DF is the sum of its function values over all vertices, and the restrained
{2}-domination number 7, {23 (G) is the minimum weight of an R{2}DF on G. In this paper, we initiate
the study of the restrained {2}-domination number. We first prove that the problem of computing this
parameter is NP-complete, even when restricted to bipartite graphs. Then we give various bounds on
this parameter. In particular, we establish upper and lower bounds on the restrained {2}-domination
number of a tree T in terms of the order, the numbers of leaves and support vertices.
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1. INTRODUCTION

In this paper, we only consider finite simple graphs G with vertex set V' = V(@) and edge set E = E(G). The
order of Gisn = n(G) = |V|. For a vertex v € V, the set N(v) (or Ng(v) to refer to G) denotes the set of vertices
adjacent to v while N[v] (or Ng[v]) is the set N(v) U {v}. The degree of a vertex v € V is degs(v) = |N(v)],
and the mazimum degree in G is denoted by A = A(G). The girth of G, denoted by ¢g(G), is the minimum
length of a cycle in G. The subgraph of G induced by a set of vertices S is denoted by G[S]. A path joining two
vertices « and y is called a (z, y)-path. The diameter of a connected graph G, denoted diam(G), is the length of
the shortest path between the most distanced vertices. A diametral path of a graph G is a shortest path whose
length is equal to diam(G).

As usually, the path, cycle and the complete graph of order n are denoted by P,,, C, and K, respectively. A
tree is a connected acyclic graph. A star of order n > 2 is the tree K ,,—; in which at least n — 1 vertices have
degree one.

A set S C V is a restrained dominating set, abbreviated RD-set, if every vertex in V' \ S has at least one
neighbor in S and another one in V'\ S. The restrained domination number ~,(G) of a graph G is the minimum
cardinality of an RD-set in G. A restrained dominating set of cardinality v, (G) is called a 7, (G)-set. Restrained
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domination was introduced by Telle and Proskurowski [16], albeit indirectly, as a vertex partitioning problem,
and widely studied later by several authors. For more details we refer the reader to the recent book chapter by
Hattingh and Joubert [9]. The restrained version of some domination parameters have been studied in literature
(see for example [2,5,14,15,17-19]).

In 2000, Harary and Haynes [10] introduced the concept of double domination in graphs. A set S C V is a
double dominating set, or DD-set for short, if for every vertex v € V, |[N[v] N S| > 2, that is, v is in S and has at
least one neighbor in S or v is in V'\ S and has at least two neighbors in S. The minimum cardinality of a DD-set
is the double domination number dd(G) of G. In 2008, Kala and Nirmala Vasantha introduced the restrained
version of DD-sets, where a restrained double dominating set, or RDD-set for short, of G is a DD-set S such
that G[V'\ S| has no isolated vertices. The minimum cardinality of an RDD-set dd,(G) of G is the restrained
double domination number.

In 1991, Domke et al. [7] introduced the concept of {2}-dominating functions as follows. For a graph G, a
{2}-dominating function is a function f : V. — {0,1,2} having the property that for every vertex v € V,
f(N[v]) > 2. The weight of a {2}-dominating function is the sum w(f) = f(V) = >, .y f(v), and the minimum
weight of a {2}-dominating function f is the {2}-domination number, denoted (2} (G). For any {2}-dominating
function f of G,let V; = {v € V| f(v) =i} fori = 0,1, 2. Since these three sets determine f, we can equivalently
write f = (V, V1, V2), and we observe that f(V) = |V4| + 2|V2|. Further results on {2}-dominating functions
can be found in [3,4].

In this paper, we are interested in studying the restrained version of {2}-dominating functions. A restrained
{2}-dominating function on a graph G, abbreviated R{2}DF, is a {2}-dominating function f = (Vp, V1, V2) such
that G[Vo] has no isolated vertex. The restrained {2}-domination number 7,(2;(G) of G is the minimum weight
of an R{2}DF on G. A 7,193 (G)-function f is an R{2}DF of G with f(V) = 7,421 (G). It is straightforward to
see that if D is a dd,.(G)-set, then the function f = (V' \ D, D, () is an R{2}DF of G and thus

Yr(23(G) < dd,(G). (1)

We start this paper by showing that the decision problem for the restrained {2}-domination number is NP-
complete even when restricted to bipartite graphs. Then various bounds on the restrained {2}-domination
number are presented. In particular, we establish upper and lower bounds on the restrained {2}-domination
number of a tree T in terms of the order, the numbers of leaves and support vertices.

2. COMPLEXITY RESULT

We mainly show in this section that the decision problem for the restrained {2}-domination number is NP-
complete for bipartite graphs. For this purpose, consider the following decision problem.

Restrained {2}-domination number problem (R{2}DN)
Instance: A nonempty bipartite graph G and a positive integer k.

Question: Is 7,2 (G) < k7

The NP-completeness of R{2}DN problem is shown by transforming the 3-SAT problem to it in polynomial
time. Recall that the 3-SAT problem specified below has been proven to be NP- complete in [8].
3-SAT problem
Instance: A collection C = {C1,Cy,...,Cy,} of clauses over a finite set U of variables such that |C;| = 3 for
each j € {1,2,...,m}.
Question: Is there a truth assignment for U that satisfies all the clauses in C?7

Theorem 2.1. Problem R{2}DN is NP-complete for bipartite graphs.

Proof. Problem R{2}DN belongs to NP since checking that a given function f : V — {0,1,2} on a bipartite
graph has weight at most k& and is an R{2}DF can be done in polynomial time. Now let us show how to transform
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FIGURE 1. The graphs H; and F'.

any instance of 3-SAT into an instance G of R{2}DN so that one of them has a solution if and only if the other
one has a solution. Let U = {uy,ua,...,u,} and € = {C1,Cs,...,Cp} be an arbitrary instance of 3-SAT.

We will build a bipartite graph G' and a positive integer & such that ¢ is satisfiable if and only if 7,121 (G) < k.
The graph G is built as follows.

For each i € {1,2,...,n}, we associate to the variable u; € U a bipartite graph H;, as depicted in Figure 1.
For each j € {1,2,...,m}, we associate to the clause C; = {p;,q;,7;} € € a single vertex ¢; to which a set of
edges E; = {c;p;,c;jq;,c;rj} is added. Finally, we add the graph F' depicted in Figure 1 by connecting s; to
every vertex ¢j. Set k = 4n+4. Clearly, G is a bipartite graph of order 12n+m+4-6. Figure 2 provides an example
of the bipartite graph G built from the instance (U, %), where U = {uq, ug, u3, us} and ¢ = {C1, Ca, C5}, where
Cl = {Ul,UQ,Tg},CQ = {m, UQ,’LL4} and 03 = {’UE, U37U4}.

We shall prove that 7,21 (G) = 4n + 4 if and only if there is a truth assignment for U satisfying each clause
in €. To that end, we will need the following two claims.

Claim 2.2. v,(21(G) > 4n+4. Moreover, if v,(2y(G) = 4n+4, then for any 7,2y (G)-function f = (Vy, V1, Va),
FV(H)) = 4, {uw,wi} NV =0, {ui,w;} NVa| =1 for each i, f(cj) = 0 for each j, f(s2) = f(ss) = 2 and
f(x) =0 for any other vertex v € V(F).

Proof of Claim 1. Let f = (Vo,V1,Va) be a 7,421 (G)-function. It is easy to note that f(V(H;)) > 4 for each
i €{1,2,...,n} and f(V(F))+ 377", f(c;) > 4. Therefore,

m

W2y (G) = FV(G) = D_FVHD)) + | f(VF) + 3 fley) | 2 4n+4.

j=1

Suppose now that 7,.(21(G) = 4n+4. Then we must havef(V (H;)) = 4 for each i and f(V(F))+Z§"=1 flej) =4.
If f(s1) = 1, then for the remaining vertices of F, we need that f(N[ss]) U {s¢}) > 4 which leads to a
contradiction. Hence f(s1) # 1. Now assume that f(s1) = 2. If f(s2) = 0, then f(s3) =0 and so f(s4)+ f(s5) +
f(sg) > 3 which again results in a contradiction. Hence f(s2) # 0, and thus the remaining vertices of F' will
fulfill f(s3)+ f(s4) + f(s5) + f(ss) > 3, a contradiction too. Hence f(s1) = 0. A similar argument as above
shows that if f(sg) # 2, then f(V(F)) + 327", f(c;) > 4, leading a contradiction. Hence f(s) = 2. Therefore,
f(s6¢) = 2 and each remaining vertex of F' as well as every vertex ¢; must be assigned a 0.

To complete the proof of the claim, we shall show that for each i, exactly one of u; and u; is assigned 2 and
that {u;,u;} N V3 = 0. Assume first that f(u;) = f(@;) = 2 for some ¢ € {1,...,n}. Since f(V(H;)) = 4, it
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FIGURE 2. The graph G.

follows that f(x) = 0 for each x € V(H;) \ {u;,; }. But then the third neighbor of w; has no neighbor assigned
a non-zero value which leads to a contradiction. Therefore, |[{u;, w;} N Va| < 1. Now if [{u;,u;} N V2| = 0, then
the four common neighbors of u; and @; different from w; will be assigned non-zero values (2 or 1 depending on
the values assigned to u; and u;). But in any case, we will definitely get the contradiction that f(V(H;)) > 4.
Consequently, |{u;,u; } N V3| = 1. Assume now, without loss of generality, that f(u;) = 1. Then by the previous
fact f(u;) = 2 and thus the four common neighbors of u; and @; different from w; will be assigned non-zero
values leading to the contradiction f(V(H;)) > 4. Hence {u;,u;} NV3 =0. ¢ O

Claim 2.3. 7,2}(G) = 4n + 4 if and only if € is satisfiable.

Proof of Claim 2. Suppose that v,123(G) = 4n +4 and let f be a {21 (G)-function. By Claim 2.2, at most one
of f(u;) and f(u;) is 2 for each ¢ € {1,2,...,n}. Define a mapping t : U — {T, F} by

) = {T if f(u;) = 2, @)

F  otherwise,

for i = 1,...,n. We now show that ¢ is a satisfying truth assignment for €. It is sufficient to show that every
clause in ¢ is satisfied by ¢. To this end, we arbitrarily choose a clause C; € € for some j € {1,...,m}.

By Claim 2.2, f(s1) = f(c;) = 0. Hence, there exists some ¢ € {1,...,n} such that ¢; is adjacent to either
u; with f(u;) = 2 or to u; with f(w;) = 2. If the first situation occurs, then by (2), ¢(u;) = T, implying that
the clause C; containing such a literal w; is satisfied by ¢. Moreover, if the latter situation occurs, t(u;) = F'
by (2). Thus, t assigns @; the truth value T, that is, ¢t satisfies the clause C; containing such a literal @;. By
the arbitrariness of j, we have shown that ¢ satisfies all clauses in %, that is, ¥ is satisfiable.
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Conversely, suppose that ¢ is satisfiable, and let ¢ : U — {T, F'} be a satisfying truth assignment for €.
We construct a subset D of vertices of G as follows. If t(u;) = T, then put the vertices u; and r; in D while
if t(u;) = F, then put the vertices @; and p; in D. Hence in any case, |D| = 2n. Now, define the function g
on V(G) by g(z) = 2 for every z € D, g(s2) = g(s¢) = 2 and g(y) = 0 for the remaining vertices. Since ¢ is a
satisfying truth assignment for ¢, the corresponding vertex ¢; in G is adjacent to at least one vertex in D. Also,
one can easily check that g is an R{2}DF on G of weight 4n + 4 and thus 7,(2(G) < 4n + 4. By Claim 2.2,
Yri2y(G) > 4n + 4, and therefore 7,51 (G) =4n+4. ¢
This completes the proof. O

3. EXACT VALUES FOR PATHS AND CYCLES

As shown in the previous section, since the decision problem for the restrained {2}-domination number is
NP-complete even for bipartite graphs, it is natural to consider specific graphs for which the exact value can
be computed. In this section, we determine the restrained {2}-domination number for paths and cycles. The
following result will be used.

Proposition 3.1 ([6]). Let G be a connected graph of order n. Then v,.(G) =n if and only if G is a star.

Since 7,421 (G) > 7-(G) for any graph G, Proposition 3.1 leads that 7,(2}(P2) = 2 and v,(2}(P3) = 3. For
paths of order at least four, we have the following proposition.

Proposition 3.2. Ifn >4, then v,(2;(Py) = [2"—;4] More precisely,

2240 if =0 (mod 3)
Yrg2p(Pa) = § 252 if n =1 (mod 3)
S if =2 (mod 3)

Proof. Let P, = vyvs...v,. Define the function f on P, as follows: if n = 1 (mod 3), then let f(v3;4+1) =
for 0 < i < 2z and f(x) = 0 otherwise; if n = 2 (mod 3), then let f(v,) =1, f(vsi11) =2 for 0 < i < 222
and f(x) = 0 otherwise; finally if n = 0 (mod 3), then let f(v,) = f(vp_1) =1, f(vziy1) =2 for 0 <4 < 2=
and f(z) = 0 otherwise. Clearly f is an R{2}DF of P, of weight [2%] as outlined for each case. Hence
Trgoy (Pn) < [25E2]

To prove the inverse inequality, we proceed by induction on n. Since the result is immediate for n € {4,5,6,7},
we assume that n > 8 and let f be a ,(2)(P,)-function. We only consider the case n = 1 (mod 3), and the
same argument can be applied for the two remaining cases. Obviously, f(v,) > 1. If f(v,) = 2, then we have
f(wn—1) = f(vp—2) = 0 and thus f(v,_3) = 2. In this case, the function f restricted to P’ = P,—{vy, vp_1,Un_2}
is an R{2}DF of P,_3 and by the induction hypothesis on P’ we get

L\

w

2(n—3)+4  2n+4
3 T3

Now, let f(v,,) = 1. Then f(vp—1) > 1. If f(vp—1) = 2, then we have f(v,—2) = f(v,—3) = 0 and thus f(v,_4) =
2. In this case, the function g defined on P’ = P, — {v,, vn_1,Vn—2} by g(v,_3) = 1 and g(z) = f(z) otherwise,
is an R{2}DF of P,_3 and by using as above the induction hypothesis we obtain 7,(21(FP,) > %. Hence
we can assume that f(v,_1) = 1. Clearly, f(vn—2) # 0. If f(v,—2) = 2, then we have f(v,—3) = f(vp—a) =0
and f(v,—5) = 2, and thus the function g defined on P’ = P, — {vn, vp—1,Vn—2} by g(vn_3) = g(vn_4) =1
and g(z) = f(z) otherwise, is an R{2}DF of P,_3. The desired bound is therefore obtained after applying the
induction on P’. Finally, if f(v,—2) = 1, then f(v,—3) > 1. Note that if f(v,—3) = 1, then f(v,—4) # 0. In
either case, the function g defined on P’ = P,, — {vp, Un—1,0n—2} by g(vn—3) = 2 and g(z) = f(z) otherwise, is
an R{2}DF of P, _3 and the desired bound is obtained by induction. Consequently, v,{23(FP,) = 2”3—+4. O

Trizy(Pn) = w(f) =2 2+

The proof of the next result is analogously to that of Proposition 3.2.
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Proposition 3.3. Ifn > 4, then

2 if n=0 (mod 3)
Y2} (Cr) = 222 if n =1 (mod 3)
208 if n =2 (mod 3).

Proof. Let C,, = viva...v,v1. Define the function f on C,, as follows: if n = 0 (mod 3), then let f(vsit1) = 2
for 0 <4 < 222 and f(z) = 0 otherwise; if n =1 (mod 3), then let f(v3i11) =2 for 0 <i < 21 and f(z) =0
otherwise; finally if n = 2 (mod 3), then let f(v,) =1, f(vzis1) =2 for 0 < i < 222 and f(x) = 0 otherwise.
Clearly f is an R{2}DF of C,, with the desired weight in each case, whence the upper bound follows.

To prove the lower bound in each case, we proceed by induction on n. Since the result is immediate for
n € {4,5,6,7}, we assume that n > 8. Let f = (Vo,V1,V2) be a 7,(2;(Cp)-function. If Vo = (), then we
have w(f) = n and the bounds are immediate. Hence let Vy # 0, and assume, without loss of generality,
that f(v2) = f(vs) = 0. Then we have f(v1) = f(v4) = 2. Consider the restriction of f on the vertices of
V(Cyn) \ {va,vs,v4}. Certainly, such a function has weight w(f) — 2 and it is an R{2}DF of the cycle of order
n— 3 obtained from C, by removing vertices vs, v3, v4 and adding the edge v1vs. Using the induction hypothesis,
the desired lower bound is obtained according to the case of n. This completes the proof. O

4. BOUNDS
In this section we present various bounds on the restrained {2}-domination number.

4.1. Bounds in terms of the order, size, girth and diameter
We begin by presenting two simple bounds.

Proposition 4.1. Let G be a graph of order n with no isolated vertex with mazimum degree A. The following
hold.

(i) {ﬁ—ﬁl—‘ < Yrg23(G) < n. Both bounds are attained

(ii) If 0(G) > 3, then v,123(G) < n — 2, and the bound is sharp for K,.

(iii) If G has a non-support vertex v of degree at least three, then v,(21(G) <n — 1.

Proof. (i) The upper bound follows from the fact that since G has no isolated vertex, assigning a 1 to every
vertex of G provides an R{2}DF of weight n. To prove the lower bound, let f = (Vp, V1, V2) be a 7,421 (G)-
function. Let Vi C Vj be the set of vertices with label 0 having a neighbor in V2 and let Vi = V5 \ V. Then
‘Vol| < A|Vz|. Moreover, since each vertex in V; must have a neighbor in V; UV, and each vertex in Vi has
at least two neighbors in V3, we get [VZ| < B=DVl Hence 2(Vp| = 2|Vit| + 2|V2| < 2A[Va| + (A — 1)|V4],
and thus

2n = 2|V + 2[V1| + 2| V2|

(2AVa| + (A = 1)[V1|) + 2[Va| + 2[V5

(A+1)[Vi| +2(A +1)|Va

= (A + 1)%”{2}(G)7

Il IA

and the lower bound follows.
The upper bound is attained for stars of order at least two, while the lower bound is attained for cycles
C,, of order n with n =0 (see Prop. 3.3).

(ii) Let v and u be two adjacent vertices of G. Then assigning to u and v a 0 and a 1 to any other vertex of G
provides an R{2}DF of G of weight n — 2, and hence 7,(21r(G) < n — 2.

(iii) Let u be a neighbor of v and v’ € N(u)\ {v}. Then assigning to v and v a 0, a 2 to v’ and a 1 to any other
vertex of G provides an R{2}DF of G of weight n — 1, and hence 7,(21r(G) <n — 1.
(I
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Next we present a lower bound on 7,{2}(G) in terms of the order and size of the graph.

Theorem 4.2. Let G be a connected graph of order n > 2 and size m. Then

5n —2m 4m 3n+1—2m}

. > mi _
Y2y (G) > mm{ 1 ,2n 3 5

Proof. Let k = min 5"227",272 - 477”, W} The result is immediate for n € {2,3,4,5}. Hence assume
that n > 6 and let f = (Vp, V1, V2) be a 7,123 (G)-function. Let m; be the number of edges in G[V;] for each
i €{0,1,2}, and m; ; = |[V;, V}]| be the number of edges between sets V; and Vj, with 0 < i < j < 2. Suppose

first that Vo = (). Since the induced subgraph G[V;] has no isolated vertices, m; > “g' for each i € {0,1}.
Moreover, since each vertex in Vj has at least two neighbors in Vi, mg1 > 2\V0|. It follows that

5n
m=mg+mi+mg1>n/2+2|Vy| =n/2+2(n—|Vi]) = 5 27423 (G),

leading to v,{2}(G) > 5"127” > k.

In the following, we can assume that V5 # (). If V; = (), then f is a restrained Roman dominating function of G
(a variant of Roman dominating functions), for which it is observed in [1] that y,.121(G) = w(f) > 2n — 12 > k.
Hence we assume that V; # 0. Let V' be the set of vertices in Vj having a neighbor in V and let ViZ =V \ V.
As above, mg > [Vp|/2. Since each vertex in Vi has at least two neighbors in Vi and each vertex in V{ has a
neighbor in Va, we have |[Vi', V]| > |Vi | and |[VE, Vi]| > 2|VZ|. Now, let Vil be the set of vertices in V4 having
a neighbor in Va, V2 be the set of vertices in V4 \ Vi! having a neighbor in Vi', V3 be the set of vertices in
Vi \ (Vi U V) having a neighbor in V2 and so on. Let this process end in kth step (note that V; is a finite set)
and let Vlk‘*'1 i \U 1V1 Since each vertex in V4 has a neighbor in Vi U V5, we have,

|[v11,vz]|+|[V12%1]|+ o VEVET 4 (VT VR
VA + [VE]+ -+ [VF] + [V /2

k+1
>y |v1|/2—|v1\/2

I[V1, Va]| + Vi, Vi]| >
>

It follows that
m > mo + | [Vg', Val| + VG, Vall + [[Vi, V| + | [V, Vel

Vol/2+ Vo' |+ 2|V§| + Vil /2
Bl |3 /2
Al a4y
2 2015] — Val + [Val 2
32n+1 %A{2} (G> + 2

_’YT{Q}(G)7

— m > k. This completes the proof. (I

v Iv

Il I\/ ||

and 50 7,(2}(G) > 2551
Proposition 4.3. For any connected graph G of order n with minimum degree at least two and girth d > 6
such that G is not a cycle,
n—9 if n=0 (mod 3)
Yri23(G) < {4 n— gg if n=1 (mod 3)
n— d%ﬁ" n =2 (mod 3).

Proof. Let d = g(G), and let C = (z122...2x421) be a cycle of G on d vertices. Since G # C, we may assume
that z; has a neighbor w; € V(G) \ V(C). Let wy € N(wy) \ {z1}. Observe that since d > 6, each vertex in
V(G)\ V(C) has at most one neighbor in V(C). Let f be a 7,421 (C)-function and define the function g on G
by g(z) = f(x) for x € V(C) and g(z) = 1 otherwise. Clearly g is an R{2}DF on G of weight 7,.(2(C) +n —d.
Applying Proposition 3.3, the desired result follows. (]
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Proposition 4.4. Let G be a connected triangle-free graph of order n with §(G) > 2. Then

diam(G)J.

N (G) Sn+1- |5

Proof. Let P = vov1...vq be a diametral path of G (d = diam(G)) and let f = (Vo, V1, V2) be a 7,42 (P)-
function. Define the function g : V(G) — {0, 1,2} by g(z) = f(x) for z € V(P) and g(z) = 1 otherwise. Since
G is triangle-free and P is a diametral path, each vertex in V(G) \ V(P) has at most one neighbor in V(P).
Therefore, g is an R{2}DF of G of weight 7,21 (P) +n — (d + 1). Applying Proposition 3.2, we obtain

Yr2p(G) <n—(d+1) + [Qd;ﬂ —n+1-— gJ

O

The following example of graphs shows that the bound in Proposition 4.4 is asymptotically reached. Consider
the graph G obtained from a path P = vjvy...v; with kK =2 (mod 3) and k > 5, by adding two new vertices
z and y by attaching = to v; and vs and attaching y to vy and vi_s. Note that G has order k£ + 2 and diameter
k—1. Moreover, G is triangle-free with minimum degree two having a restrained {2}-domination number equals
number %TJFE’ +1= %T“g while the bound in Proposition 4.4 gives the value %

4.2. Bounds in terms of the restrained domination number

In this subsection, we establish a relationship involving the restrained {2}-domination number with the
restrained domination number.

Theorem 4.5. Let G' be a connected graph of order n > 2 different from the star K ,_1. Then
7T(G) +1< Vr{2} (G) < 2'71“(0)'

Proof. The upper bound follows from the fact that for any ~,.(G)-set D, the function g = (V '\ D, 0, D) is an
R{2}DF of G of weight 27, (G).

To prove the lower bound, let f = (Vo,V1,V2) be a y,(2} (G)-function. If V; # 0, then clearly V3 U V; is an
RD-set of G and so v, (G) < |[Vi| + |[Va| < [Vi| +2[Va| = 1 = 7,123 (G) — 1. Hence we assume that V; = (). Then
V1 # 0 and each vertex in V; (if any) has at least two neighbors in V;. Moreover, every vertex u € V; must have
a neighbor in Vy; otherwise f(N[u]) = 1 contradicting f is an R{2}DF of G. Now if Vj = ), then v,(2,(G) = n
and since G is not a star we get from Proposition 3.1 that 7,23 (G) > 7,-(G) + 1. So assume that Vj # ), and let
v € V1 be a vertex having a neighbor in V4. Then Vi \ {v} is an RD-set of G leading to 7,(G) < y,(2;(G) — 1.
This completes the proof. O

The next result provides a necessary and sufficient condition for connected graphs G such that v,19}(G) =
27,(G).

Proposition 4.6. Let G be a nontrivial connected graph G. Then v,12y(G) = 2v,(G) if and only if there exits
a Yr(2y (G)-function f = (Vo, V1, Va) such that Vi = ().

Proof. Clearly, if v,(2}(G) = 27,(G), then for any ~,(G)-set D, the function g = (V' \ D,0, D) is an R{2}DF
on G of weight 27,(G), implying that g is a 7,.(2} (G)-function such that Vi = 0.

Conversely, if f = (Vo, V1, V2) is a 7,23 (G)-function such that Vi = (), then V5 is an RD-set of G, and thus,
27, (G) < 2|Va| = 7,123 (G). The equality follows from Theorem 4.5, and the proof is complete. O

Restricted to connected graphs with minimum degree at least two, we establish a necessary and sufficient
condition for such graphs reaching the lower bound of Theorem 4.5.
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Proposition 4.7. Let G be a nontrivial connected graph with minimum degree at least two. Then 7,42y (G) =
v (G) + 1 if and only if either v.(G) =1 or dd,.(G) = ~.(G) + 1.

Proof. Assume first that 7,421 (G) = 7-(G) + 1, and let f(Vp, V1, V2) be a 7,421 (G)-function. Since V3 U V3 is an
RD-set of G,

(G) + [Vl < Vil +2[Va| = 7423 (G) = 7 (G) + 1.

Hence, |Va| < 1. If |V5| = 0, then V5 # (), and since each vertex of Vj has at least two neighbors in V;, and
each vertex of V] also has a neighbor in Vi, we deduce that V; is an RDD-set of G. Hence, dd.(G) < |V4| =
Yri23(G) = 7-(G) + 1 and since v,123(G) < dd,.(G) by (1), we conclude that dd,(G) = 7,(G) + 1. Hence we can
assume in the next that |Va| = 1, say Vo = {v}. We claim that V; = (). Suppose to the contrary that V; # 0,
and let u € V. By definition N(u) N (V3 U Va) # 0. If w has a neighbor in Vp, then the set (V3 U{v})\ {u} is an
RD-set of G implying that

Y (G) < [(ViU{o}) \ {u}| = V1]
= V1| 4+ 2|Va| = 2|Va| = %423 (G) — 2,

a contradiction. Therefore, u has no neighbor in V4. But since 6(G) > 2 and |Vz| = 1, u must have a neighbor
w in V4. The same argument used above for u shows that w has no neighbor in V4. In this case, one can easily
see that (V4 U {v}) \ {u,w} is an RD-set of G, and hence

(@) < (ViU {op) \{w, wif = Vi =1
= Vil =1+ 2[V3| = 2Va| = 70423 (G) = 3,

a contradiction too, which completes the proof of the claim. Therefore Vi = ), and thus N[v] = V(G), i.e.
7 (G) =1,

Conversely, assume that G fulfills either v,.(G) = 1 or dd,(G) = 7-(G) + 1. If 4,.(G) = 1, then it follows from
Theorem 4.5 that 7,123 (G) = v(G) + 1, while if dd,.(G) = v,(G) + 1, then by (1) and Theorem 4.5 we have
Yr(23(G) = 7-(G) + 1 and the proof is complete. O

5. TREES

In this section, we establish an upper and two lower bounds on the restrained {2}-domination number in
trees. Since we are restricting to the class of trees, we give some additional definitions and notations. A leaf is
a vertex of degree 1, a support verter is a vertex adjacent to a leaf, and a strong support vertex is a support
vertex with at least two leaf neighbors. An end support vertex is a support vertex with at most one non-leaf
neighbor. For any tree T let s(T") and ¢(T") denote the number of support vertices and leaves of T', respectively.
A double star DS, 4 is a tree containing exactly two vertices that are not leaves, one of which is adjacent to p
leaves and the other to ¢ leaves. We are also considering rooted trees distinguished by one vertex r called the
root. For a vertex v # r in a rooted tree T, the parent of v is the neighbor of v on the unique (r, v)-path, while
a child of v is any other neighbor of v. A descendant of v is a vertex w # v such that the unique (r,w)-path
contains v. The mazimal subtree at v denoted by T, is the subtree of T induced by v and all its descendants.

Proposition 5.1. Let T be a tree of order n > 3. Then

2n+3(s(T) +4(T)) — 8]

Yri2y(T) < [ 3

The bound is attained for paths P, when n =1 (mod 3) and for the trees Ty and Ty illustrated in Figure 3.
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T1 T2

FIGURE 3. Two trees attaining the bound in Proposition 5.1.

Proof. We proceed by induction on the order n of T'. Since the result is valid for all trees of order n € {3,4},
let n > 5 and suppose that the result holds for every nontrivial tree T' of order less than n. Assume that T is
a tree of order n. If diam(7") = 2, then T'is a star K ,_1, where s(T') = 1,{(T) = n — 1,7,y2}(T) = n, and so

n < (ww If diam(7") = 3, then T is a double star DS,. ; for some integers 7, s > 1. In this case,
s(T) = 2,0(T) =r+ s and y,.q23(T) < n < [2278] = |—2"+3(2+3(T+S))_81. If T is a path, then Proposition 3.2

leads to the desired result. Hence we may assume that diam(7) > 4 and T is not a path.

Assume that T" has an end strong support vertex, say u, and let v be the unique non-leaf neighbor of u in T". Let
T" be the tree obtained from T by deleting v and its leaf neighbors, and let f = (Vp, V1, V2) be a has v, 123 (T")-
function. Note that degp(u) > 3 and T” has order at least three, where |V (T")| = n—degp(u), s(T") < s(T') and
UT") < U(T)— (degyp(u) —1)+ 1. Moreover, one can easily check that the function g = (Vo, Vi U(Nr[u]\ {v}), Va)
is an R{2}DF of T and hence 7,2} (T) < vp23(T") + degp(u). It follows from the induction hypothesis on 7’

that /
Vr2H(T) < g2y (T7) + degp(u)
< [2n=dery () +3s(TY+3UT)=81 | Goo ()

; zn—zdegT(u)Jr:)f)’s(T)Jr:a(e(T)—(degT(u)—1)+1)—8W
_ 2n+35(T)+3E(T)7(2degi(u)76)78-|

+ degp(u)

< (2n+35(T);»3€(T)§8-|’

as desired. Hence we can assume T has no end strong support vertex. Suppose that diam(T) = 4. If n = 5,
then T = P5 and %?}(T) =5= (WL while if n > 6, then s(T') + 4(T) € {n — 1,n} and thus
Y23 (T) = n < 2251 as desired.

In the following we can assume that diam(7") > 5. Let v1vs ... v4 be a diametral path in T and root T" at vg.
Since T has no end strong support vertex, deg,(ve) = degr(vg4—1) = 2 and every child of v3 is either a leaf or a

support vertex of degree 2. We consider two cases.

Case 1. degp(vs) > 3.
Let T =T — V(Ty,). Then |V(T")| =n —2,s(T") = s(T) — 1 and £(T7") = £(T) — 1. It is easy to see that
Yri23(T) < Ypg23(T7) + 2, and by the inductive hypothesis, we obtain

7?{2}(T) < 7?{2}(T/) +2
< 2(n72)+3(s(T/)+f(T'))78-| +2
_ |'27L+3(S(T)+E)(T))718‘| + 2

2n+3(s(T)3+l(T))—8 -|
3

<[

Case 2. degp(vs) =2.
We distinguish the following subcases.
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Subcase 2.1. degp(vy4) > 3.
Let T" = T — V(T,,) and f be a 7,(23(T")-function. Then [V(T")] = n -3 > 3,s(T") = s(T) — 1 and
L(T") = ¢(T) — 1. Since f can be extended to an R{2}DF of T by assigning 1 to vi,ve,vs, we have
Yr(2}(T) < Ypg23(T7) + 3. By the induction hypothesis, we get

ri2y(T') +3

V(23 (T) <
< [Q(TL 3)+3(9(T )T — 8] +3
=

< [=

2n+3( (T)+€(T)) 14_3
+4z() ]

Subcase 2.2. degp(vy) = 2.
Assume that degy(vs) > 3. Let T" =T — V(T,) and f be a 7,423 (T")-function. Then |V(T")] =n —4 >
3,8(T")=s(T)—1and £(T") = ¢(T) — 1. As above, f can be extended to an R{2}DF of T by assigning
1 to v1,v2,v3,v4, and thus v,(2}(T) < 7,423 (T") + 4. By the induction hypothesis, we have

’YT‘{Q}(T) < ’Y'I‘{Q}(T ) +4
< (R0 )+e(T DE S

; [2n43(s <T>+e< N=227 4 4
|—2n+3( (T)+£( ))— '|

<

In the following, we can assume that deg;(vs) = 2. Let k be the greatest integer such that deg,(vg) > 3 and
degp(v;) =2foralli € {2,...,k—1} (note that T is not a path). Consider the tree 77 = T'— V(T,,_, ). Clearly,
Ty, , isapathof order k — 1, [V(T")|=n—(k—1) >3, s(T") = s(T) — 1 and £(T") = £(T) — 1. Moreover, for
any (2} (1")-function f and 7,¢23(Pgx—1)-function h define the function g on V(T) by g(z) = f(z) if z € V/(T”)
and g(z) = h(z) if x € V(Ty,_,). Then g is an R{2}DF of T leading to v,(2}(T) < Yr(2}(T") + Vri2y (Pe—1)-
Using the induction hypothesis on T” and Proposition 3.2 for the path Pj_;, we can check that the upper bound
easily follows, which completes the proof. O

Our next result is a lower bound on the restrained {2}-domination number of trees different from stars.

Theorem 5.2. For every tree T of diameter at least three, order n, with £(T') leaves and s(T') support vertices,
(T) > 2n+€(T)—25(T)+6.
3

we have ,{2}

Proof. We proceed by induction on n. If diam(7T) = 3, then T is a double star for which w =

w =n = ,y2)(T). Hence assume that diam(7") > 4, and thus n > 5. Assume that the result holds
for every tree 7" of order n’ < n, and let f = (Vo, V1, V2) be a 7,193 (T)-function.

Suppose first that 7" has a strong support vertex of T, say z, and let y and z be two leaf neighbors of x.
Consider the tree T/ =T — {y}. Then n' =n —1,4(T") = 4(T) — 1 and s(T") = s(T). Also, y,z € V1 U Va. Now,
if f(z) # 0, then the minimality of f implies that f(y) = f(z) = 1 while if f(z) = 0, then f(y) = f(z) = 2
Hence in either case, the restriction of f to T” is an R{2}DF of T", and thus 7,(2}(T") < 7,423 (T) — 1. By the
induction hypothesis on 7" we have

Yr(2}(T) 2 Yrg2y (T7) + 1

> 20 +0(T")—2s(T")+6 1

_ 2(n—1) +£:(3T)71725( T)+9 _ 2n+0(T)—25(T)+6
3 3

Henceforth, we can assume that every support vertex of T is adjacent to exactly one leaf.
If diam(T") = 4, then T is a tree where every vertex, except possibly its center v, is either a leaf or a support

vertex. If n = 5, then T = Ps, and 50 7,(23(T) =5 = [5] = fww. Hence we assume that n > 6.

—n> 2n+€(T)523(T)+6

Now, if v is a support vertex, then s(T') = £(T) = % and thus 7,{2}(T) , while if v is not
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a support vertex, then s(T') = (T) = ;% and so v, 23(T) =n —1> w Therefore, the result is
valid when diam(7") = 4.

Hence assume that diam(7) > 5 and let v1vs ... vq be a diametral path in T and root T at v4. Since T has
no strong support vertex, we have degp(ve) = degp(vs—1) = 2. Moreover, every child of vs is either a leaf or a
support vertex of degree 2. Consider the following two cases.

Case 1. degp(vs) > 3.
First assume that vs is a support vertex. Let & be the unique leaf neighbor of vz, and let 77 =T — V(Ty,,).
Then ((T") = {(T) — 1 and s(T") = s(T) — 1. If f(v3) =0 and (N7 (vs) \ {z,v2}) N Vo # 0, then f(z) =2
f(v1) + f(v2) = 2 and so the restriction of f to V(1”) is an R{2}DF of T", yielding v, 21 (T") < ypq23(T) — 2.
Now if (N7 (vs) \ {z,v2}) N Vo = 0, then f(v2) = 0 and f(z) = f(v1) = 2. In this case, the function g
defined on V(T") by g(vs) = g(z) = 1 and g(z) = f(z), otherwise, is an R{2}DF of 7", yielding again
Yri23(T") < 4r(23(T') — 2. In either case, by the induction hypothesis, it follows that

23 (T) 2 Yry2) (T7) +2
S 20 HU(T)=1-2(s(T)~1)+6

2(n—2)+0(T)>25(T)49
3

+2

> 2n+4(T) ;25(T)+6 .

Now, assume that vs is not a support vertex. Let = be a child of v3 other than vo, and let y be the unique
leaf neighbor of z. Consider the tree 7" =T — V(T,,), where {(T") = ¢(T) — 1 and s(T7) = s(T) — 1. It is
easy to see that 7,21 (T") < 421 (T') — 1, and by the induction hypothesis we get

FY’I‘{2}( ) > FY’I‘{2}( ) +1
2n'+4(T)—1-2(s(T)—1)+6 +1

_ 2(n 2)+H(T)—1—2s(T)+249 _ 2n4+4(T)—2s(T)+6
- 3 - 3

Case 2. degp(vs) =2.
We distinguish the following subcases.
Subcase 2.1. degp(vs) > 3.
Assume first that f(vy) = 2. Then f(v1) = 2, f(vs) = f(v2) = 0, and the function f restricted to
the tree 7" = T — V(T,,) is an R{2}DF leading to v,123(T") < vp23(T) — 2. Since degp(vs) > 3,
Ty =4(T)—1,s(T") = s(T) — 1 and by the induction hypothesis we obtain

Yrg2y(T) > Tri2} (T )+ 2
S 20T 2s(D)=1)46 | o

_2 (n73)+£(T):11725(T)+2+12
_ 2n+€(T)—25(T%+7 2n+€(T)—2s(T)+6
= 3 3

>

Assume now that f(vq) = 1. Then f(vs) = f(ve) = f(v1) = 1. Consider the tree T/ = T — V(T,,),
and observe that the restriction of f to V(T") with f(vs) = 2 is an R{2}DF of T" yielding v,{2}(T") <
Yr{2}(T') — 2. Using the induction as above we get the desired bound.

Finally, assume that f(vs) = 0. Note that vs may be assigned a 0. But in any case f(v2) # 0 (because of
v3) and thus f(v1) # 0. Moreover, we observe that f(vs) + f(v2) + f(v1) = 3. In this case, by considering
the tree 7" = T — {v1 }, the restriction of f to 7" is an R{2}DF of T", yielding 7,2} (T") < 723 (T) — 1.
Using the induction and the fact that £(T") = ¢(T') and s(T') = s(T'), we obtain

’YT'{Q}(T) > 77"{2}( ) +1
> 2n’ +4(T")—2s(T")+6 +1

_ 2(n— D) +60T)—25(T)+9
o 2n+Z(T)72§( )47
- 3

> 2n+Z(T)gZS(T)+6 .
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Subcase 2.2. degp(vy) = 2.
If f(v2) = 0, then f(v1) = f(vg) = 2 and f(vs) = 0. By considering the tree 7" = T — V(T,,), we
have £(T") = (T),s(T") < s(T) and the restriction of f to V(1) is an R{2}DF of T”, leading to
Yri23(T") < 4pg23(T') — 2. By the induction hypothesis, we get

g2} (T) = Y2y (T7) + 2
2n'+4(T")—2s(T')+6 492

2(n73)+Z?T)725(T)+6 42
3
2n+0(T)—25(T)+6
3

Hence we can assume in the next that f(vg) # 0. Then f(v;) > 1. Note that vs may be assigned
a 0. But in either case, f(v1) + f(v2) + f(v3) > 3. In this case, let 7" = T — {v;} and note that
UT") = U(T),s(T") = s(T). Since the restriction of f to V(1”) is an R{2}DF of 1", it follows from the
induction that

Yri2y (T )>’7r{2( ) +1
S 20T 25(T)46

2(n— 1)+l?€ 25(T)+6_|_1
2n+6(T)—25(T)+6
3

V

and this completes the proof.

O
Our next result shows that % is also a lower bound for any tree T" of order n > 4. It is worth mentioning
that this new lower bound is better than that of Theorem 5.2 for all trees T with 2s(T") > I(T") + 2. In addition,

we will provide a characterization of all trees T' of order n with ~,.(2) (7)) = 2.
For a graph G, let

We = {u € V(G) | there exists a 7,{2} (G)-function f such that f(u) = 2}.

Define the family 7 of unlabeled trees T that can be obtained from a sequence Ty, 75, ..., T (k > 1) of trees
such that Ty = P; and T = Ty. If k > 2, then T; ;1 can be obtained recursively from 7T; by one of the following
operations.

Operation O;: If u € Wr,, then O; adds a path Ps : abc attached at v by an edge ua to obtain 751.

Operation Os: If u € Wy, then Oy adds the tree illustrated in Figure 5 attached at v by an edge us to obtain
Tita.

Proposition 5.3. For any tree T in T, v,(2}(T) < w-

Proof. Let T € 7. Then T is obtained from a sequence T3,7T5,..., T (k > 1) of trees such that Ty = P,
T = Ty and if k£ > 2, then T;;; is obtained recursively from 7T; by one of the operations O; and Oy. We
proceed by induction on k. The property is true for 77 = P;. Suppose the property is true for all trees of
T constructed with & — 1 > 0 operations. Let T' = T} with k > 2, and let f be a 7,(2}(T}—1)-function
such that f(u) = 2. If T is obtained from Tj_; by Operation Oy, then n(T) = n(Tk-1) + 3 and f can be
extended to an R{2}DF of T by assigning 0 to a and b and 2 to ¢. It follows from the induction hypothesis
that 7,02 (T) < w(f) +2 < Q"(T’“igl)'ﬂ +2= &3)#{ Now, if T is obtained from Tk—l by Operation Oy, then
n(T) = n(Tk—1)+6 and f can be extended to an R{2}DF of T by assigning 0 to s and s’ and a 1 to the remaining

vertices. It follows from the induction hypothesis that v,(2)(T) < w(f) +4 < w +4= W. O
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FIGURE 4. Tree T3 of order 10 with its unique 7,23 (73)-function of weight 8.

FIGURE 5. Tree used in Operation Os.

Theorem 5.4. If T is a tree of order n & {2,3}, then

2n +4
3 ?

7r{2}(T) >
with equality if and only if T € T U {T3, Ki1 3}.

Proof. We proceed by induction on n. If n = 1, then T' = Py and 7,5, (T) = 2 = %. If n = 4, then

T € {Py, K13} C TU{T3 K3} and clearly 7,5, (T) = 4 = w. These establish the base cases. Now,
since for stars K ,_1 of order n > 5, we have 7,12} (K1n-1) = n > 2”;4, we can assume that diam(7) > 3
and n > 5. If diam(T) = 3, then T is a double star DS, ; and clearly 7,(2}(Sp¢) = n > 2%, Hence, in the
following, we may assume that diam(7") > 4, and let f = (Vy, Vi, Va) be a v,.193(T)-function.

If any support vertex, say x, of T' is adjacent to two or more leaves, say y and z, then let 7" be the tree obtained
from T by removing y. Note that if f(x) # 0, then f(y) = f(z) = 1, while if f(x) = 0, then f(y) = f(z) = 2.
Hence in either case, the restriction of f to V(7") is an R{2}DF of 7", leading to 7,{2}(T") < vry23(T) — 1.
Using the induction on T, we obtain

2n' +4 2n—1)+7 _ 2n+4
+1= 3 >3

Yr{2} (T) > ’Y’I‘{Q}(T/) +12>

Henceforth, we can assume that every support vertex of T' is adjacent to exactly one leaf. If diam(T") = 4, then
every vertex of T except possibly the center vertex, say v, is either a leaf or a support vertex. Now, if n = 5,
then T = P5, and so by Proposition 3.2, 7,(0}(T) = 22 > 2244 Thus let n > 6. If v is a support vertex of
T, then v,.193(T) = n > 2”3—"’4 while if v is not a support vertex, then 7" is a healthy spider with n > 7 and
Yri2y(T) = n— 1 > 224 with equality if and only if n = 7. In this case, T € 7 since it is obtained from Py
applying operation Os. Therefore, in the following we can assume that diam(7T) > 5.

We now root T at a vertex ¢ of maximum eccentricity diam(T"). Let z be a leaf at maximum distance from
q, v be the parent of z, u be the parent of v, w be the parent of u and d be the parent of w in the rooted tree.
Clearly, degp(v) = 2 and every child of u is either a leaf or a support vertex of degree 2. Note that degy(d) > 2
(since diam(T") > 5) and z ¢ V. We consider two cases.

Case 1. degp(u) > 3.
First assume that u is a support vertex. Let z be the unique leaf neighbor of w, and let TV =T — V(T,).
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Observe that if f(u) # 0, then f(z) 4+ f(v) = 2 and thus the restriction of f to V(7I”) is an R{2}DF of
T', leading to v,{23(T") < 7,(23(T) — 2. Hence let us assume that f(u) = 0. If (N7 (u) \ {z,v}) NVy # 0,
then f(x) = 2, f(z) + f(v) = 2 and thus the restriction of f to V(T”) is an R{2}DF of T”, yielding again
Y2y (T") < Ypg2y(T) — 2. If (Np(u) \ {z,v}) N Vo = 0, then f(v) = 0 and f(z) = f(z) = 2, and thus the
function g defined on V(T”) by g(u) = g(x) = 1 and g(z) = f(z), otherwise, is an R{2}DF of 7" implying
that 4,021 (T") < ¥r(2}(T') — 2. Therefore, in either case, by the induction hypothesis we get

2n' +4 2(n—2)+4

2n+4
2=—"+4+2> .
3 + 3 + 3

Yri2p(T) = Vg3 (T7) +2 >

Now let us suppose that u is not a support vertex. Let x be a child of u besides v and let y be the leaf
neighbor of z. If f(u) # 0, then f(v) = f(2) = 1 and so f restricted to 7" = T — {z} is an R{2}DF of T”,
yielding 7,123 (T") < ¥p23(T) — 1. Using the induction hypothesis we obtain

2n' +4 2ln—1)4+7 _ 2n+4
T e e

’YT’{Q}(T) > 'VT{Q}(TI) +1>
Therefore assume that f(u) = 0, and consider the following two subcases.
Subcase 1.1. f(v) = 0.
Then f(z) = 2. Now, if u has a neighbor assigned 0 other than v, then the restriction of f on the tree
T' =T — {v,z} is an R{2}DF of T". By induction on 7", we have
2n' +4 2(n—2)4+10 _ 2n+4

2 =
3 * 3 ~ 3

Vr{2} (T) > Yr{2} (T,) +22>

Hence we can assume that v is the unique vertex assigned 0 adjacent to w. Since degy(u) > 3 and
every child s of u with s # v is a support vertex of degree two, we deduce that both s and its leaf
neighbor are assigned 1. In this case, let T/ = T — V(T,). If n(T’) = 3, then it is easy to verify that
Yr2p(T) = n—1 > 228 Let n(T’) > 4. Since the restriction of f to V(I”) is an R{2}DF of T’,
Yr(2}(T") < Ypg23(T') — 2(degp(u) — 1). By the induction hypothesis we have

(21 (1) 2 gy (") + 2(deg(u) — 1)

2n'+4

==+ 2(degp(u) — 1)
2(n72deg§(u)+1)+4 + 2(degT(u) _ 1)
2n3+4 + 2degT3(u)74 > 2n§r4_

v

Subcase 1.2. f(v) # 0.

According to Subcase 1.1, we assume that no child of u is assigned a 0. Now, if f(z) = 2, then f(y) =1
and the restriction of f on the tree 7" = T — {y} is an R{2}DF of 7", and by applying the induction
hypothesis on 7" we obtain v, (2} (T) > 2"3—+4. Hence we can assume that every child of u is assigned a
1 under f. Therefore, all leaves in T, are also assigned a 1 under f, and thus w must be assigned a 0
because of f is an R{2}DF.

Now, if w has a neighbor assigned 0 other than u, then consider the tree T = T — V(T,). Note that
T has order n' > 4. Since the restriction of f to V(T") is an R{2}DF of 7", we have 7,5, (T") <
Yr(23(T) — 2(degy(u) — 1). As seen in Subcase 1.1, using the induction on 7", we get 7,23 (T') > 2%,
In the next, we can assume that v is the unique vertex assigned 0 adjacent to w. If degp(u) > 4, then
by considering the tree 7" =T — {z,v} we see that f restricted to V(7"”) is an R{2}DF of 7", and using
the induction we get ,(2; (1) > 2”3—4'4. Hence we assume that deg,(u) = 3. We need to examine several
situations about vertex w.

(i)- If w is a support vertex with leaf neighbor w’, then f(w’) = 2. In this case, let T/ = T — V(T,,).
Clearly, the restriction of f to V(T”) by reassigning w and w’ the value 1 is an R{2}DF of 7" leading
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to Y21 (1) < g2y (T') — 4. Tt follows from the inductive hypothesis that

2n' +4 2(n—5)+16 _ 2n+4
4= :
5 T 3 ~ 73

’77"{2}(T) > Vr{2} (T/> +4 >

(ii)- Assume that w has a child w* which is a support vertex of degree two and let v* be the leaf neighbor of
w*. Then f(w*)+ f(v*) > 2. In this case, consider the tree T/ = T — (V (T3,) U{w™*,v*}), where n’ > 3.
If n’ = 3, then clearly T is precisely the tree T3 shown in Figure 4 belonging to 7 U{T3, K1 3}, where
Yrq2y(T3) = 252 Thus let n/ > 4, and define the function g on V(T”) by g(w) = 1 and g(t) = f(t)
otherwise. Then g is an R{2}DF of T" of weight v,{2}(T") — 5, and thus v,(2} (T") < ¥,123(T') — 5. By

the induction hypothesis, we get

2’ +4 2(n—"7)4+19 _ 2n+4
5= :
3 " 3 ~ 73

7r{2}(T) > Vr{2} (Tl) +52>

(iii)- Assume that w has a child w* of degree at least two such that every child of w* is a support vertex
of degree two. We note that w* cannot be a support vertex because it would have degree at least
three and since it plays the same role as u, such a situation was already discussed in the beginning
of Case 1. In addition, since it is assumed that u is the unique vertex assigned 0 adjacent to w,
all vertices in T, are assigned a 1 under f. Now, if deg,(w*) > 3, then again w* plays the same
role as w and w* is assigned a non-zero value, such a situation has already been considered before
Subcase 1.1. Hence we deduce that deg,(w*) = 2, that is T\« is a path P3 having w* as a leaf. Let
T =T — (V(T,) UV (Ty~)), and note that n’ > 4 (otherwise n’ = 3 and thus the diametral path
would have end vertices z and the other leaf in T),+). Define the function g on V(T") by g(w) =1
and g(t) = f(t) otherwise. Then g is an R{2}DF of T" of weight v,(2}(T) — 4 — 3 + 1, and thus
Yri23(T") < Yp(23(T') — 6. Using the induction hypothesis, we obtain

2 +4 2(n—5-3)+4

3 +6= 3 +6 3 3 > 3

(iv)- Finally, assume that deg;(w) = 2. Note that because of f(u) = f(w) = 0 we deduce that f(d) = 2.
Consider the tree T" = T — V(T,,), and note that n’ > 2. One can easily see that if n’ = 2, then
Yrq23(T) =n —1 =7 while if n = 3, then 7,2;(T) = n — 1 =8, and in any case 7,(2(T) > 2.
Hence we can assume that n’ > 4. Since u is the unique vertex assigned 0 adjacent to w, the
restriction of f to V(71") is an R{2}DF of 7", and thus 7,(2}(7") < vr23(T) — 4. By the induction
hypothesis we obtain

_2n—|—4 2 2n +4

71"{2}(T) > 'YT{Q}(TI) +62=>

2n'—|—4+4_2(n—6)+16_2n+4
3 n 3 B

Yrio3 (T) = Vg3 (T7) +4 >

If further 7,19y (T) = 2%, then 4,0y (") = 2254 and that the restriction of f to V/(T") is a yy(a) (T")-

function under which vertex d is assigned a 2, that is d belongs to Wy It follows from the induction
hypothesis that 7" € 7. Therefore T € T since it can be obtained from T by applying Operation O,.

Moreover, since T’ € T, Proposition 5.3 implies that 7,23 (T') < 2% and so 7,2y (T) = 225

Case 2. degp(u) = 2.
We distinguish the following subcases.
Subcase 2.1. degp(w) > 3.

Assume first that f(w) = 2. Then we have f(u) = f(v) =0 and f(z) = 2 and the restriction of f on the

tree T" =T — V(T,,) is an R{2}DF of T" leading to v,2}(T") < 7,423 (T) — 2. By induction on 7", we get
/ —

2n +4+2: 2(n 3)—&-4_'_2:271—&-4'

T) > ) +2>
Y2y (1) 2 12y (T) +22 —5 3 3
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If furthery, 23 (T) = 2%, then 7,2y (T") = Q"IT“ and that the restriction of f to V/(T”) is a 7,23 (T")-
function under which vertex w is assigned a 2, that is w belongs to Wy . It follows from the induction
hypothesis that 7" € 7. Now since T can be obtained from T by applying operation @1 we have T' € 7.
Moreover, since T' € 7, Proposition 5.3 implies that %{2}(T) < % and so ¥,(23(T) = %.

Now if f(w) = 1, then we must have f(u) = f(v) = f(2) = 1, and by reassigning the vertices z, v, u,w
the values 2,0,0,2 we would be in the preceding situation. Finally, we can assume that f(w) = 0. Then
either f(u) = 0 and thus f(v) =2, f(z) =1 or f(u) # 0 and thus f(v) = f(z) = 1. In either case, the
restriction of f to the tree 7" = T — {z} is an R{2}DF of 7" yielding 7,{21(T") < v423(T) — 1. The
induction hypothesis leads to

2n'—|—4+1_2(n—1)+4+1> 2n+4
3 B 3 3

rYT{?}(T) > 7r{2}(T/) +1>

Subcase 2.2. degp(w) = 2.
If n = 6, then T' = Ps and by Proposition 3.2, 7,123 (T') > 2ntd Tfn = 7, then since d cannot be adjacent

3
to two leaves by our earlier assumption), we deduce that T' = P;. In this case, by Proposition 3.2,
Yri2)(Pr) = 2";4, and one can easily see that T" € 7 because it can be obtained from 77 = P; by

applying twice Operation O;. Hence we assume that n > 8. If f(v) = 0, then f(z) = f(w) = 2 and
f(u) = 0, and thus the restriction of f on the tree 7" = T — V(T,) is an R{2}DF of T, yielding
Yri23(T") < ¥pg23(T) — 2. Applying the induction hypothesis we get 7,123 (T) > 2"3—+4. Using the same
argument as Subcase 2.1, we can see that the equality holds if and only if T' € 7. Hence let us assume
that f(v) # 0. Then f(z)+ f(v)+ f(u) > 3, and clearly the restriction of f on the tree 7" =T —{z} is an
R{2}DF of 7" of weight 7, (23(T") — 1 leading to y,.2)(T) > 2% by applying the induction hypothesis.
This completes the proof.
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