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NON-DIFFERENTIABLE SECOND-ORDER SYMMETRIC MULTIOBJECTIVE
FRACTIONAL VARIATIONAL PROGRAMMING WITH CONES CONSTRAINTS

RAMESH KUMAR'®, VISHNU NARAYAN MISHRA?® AND RAMU DUBEY"*

Abstract. In this article, we build a pair non-differentiable second-order symmetric multiobjec-
tive fractional variational programming models with cone constraints, where each objective function
component has a support function for a compact convex set. The (C, p, 0)-convexity/(C, p, 0)-pseudo-
convexity/(C, p, 8)-quasiconvexity functions are defined and also, constructed concrete numerical ex-
amples for existing such type of functions. The duality results are established by using these aforesaid
assumptions.
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1. INTRODUCTION

Multiobjective programming, also known as vector optimization, has advanced greatly in various directions
in the domains of game theory, Pareto optimality, variational inequalities and equilibria, as can be shown
in Chinchuluun et al. [4] and Oveisiha and Zafarani [23]. Dorn [6] developed symmetric duality in nonlinear
programming, in which the dual of the dual is primal. Mishra and Mukherjee [20] introduce a parametric
technique to connect efficient solutions of the primal and dual problems under the assumption of concavity
on the functions involved. A symmetric dual pair for a class of nondifferentiable multi-objective fractional
variational problems, according to Mishra et al. [21], is as follows:

f {o(t,v,0, K, k) + s(v|A) — KTz} dt
f {U(t,v,v,k, k) — s(v|B) + kTr}dt
(f {@1(t,v,0, K, i) + s(v| A1) — KTz }dt fj{@k(tﬂ/,l),ﬁ,fi) + s(v|Ag) — IiTZk}dt>

(MNFP)

9

[HO (v, 8, 5) — s BY) + KT YAt [ YWkt v, i, 5, k) — s(v|By) + wTry.} dt

subject to
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ZTi{[(I)iN — D(I)zn + ZZ]G:(V7 I'i) — [lllin — D\IJZH —|— TZ']FZ-*(Z/, I{)} S 0,

1=

=

d k
/ Z { — D(I),m + ’I"i]G:(V, /‘Q) — [\I/lﬁ — l)\I/”g —|— Ti]Fi* (Z/, /i)} Z O,
¢ i=1
>0, 7fe=1, tel,
z€X;,, r€Y;, ieN.
D(t , — s(s]X) + dt
f {@(t, 1, 41,6,¢) = 5(s|X) + " w} (MNFD)

f {W(t, s f1,6,6) + 5([Y) — pTs} dt
JH®(t 1y f15,6) — (5] X1) + pTwy ) dt JH @Rt 1, f1y6,6) — 5(s| X5) + pTwy ) dt

St i, 6,6) + s(sV1) — pTsibdt [ 16, ¢) + s(s|Ya) — pTsihdt
subject to
p(e) =0=pu(d), <(c)=0=¢(d),
fule) = 0= j(d), <(c)=0=¢(d),

k
ZTi{[q)iu — D®;;, + wi] G (1,6) — [Viy — DTy, — Sv;]Fi*(u,§)} >0,

d

/ u? Zﬂ'{[q’m — D@y + 13]G (p,6) — [Wiy — Dy — Si]Fi*(va)} <0,
¢ i=1

>0, 7fe=1, tel,

w; € A;, si€B;, i€N,

where ®; : I x R" x R" x R™ X R™ — R, and ¥; : I x R" x R" x R™ x R™ — R;\{0} are continuously
differentiable function and

d

Fi(v,k) = / {@;(t,v,0,k, k) + s(v]|4;) — &Tzi} dt,
"

Gi(v, k) = / {Wi(t,v, 0, K, i) — s(v|B;) + KZTTZ'} dt,

d
Fi*(u,<)=/ {®i(t, s fi,5,$) — s(s|Xi) + " w; } dt,

and
(CHTAN / {0t 1, f1,6,¢) + s(s]Y;) — sl}dt

Kang et al. [18] developed a pair of symmetric dual problems for nondifferentiable multiobjective fractional
variational problems with cone constraints over arbitrary cones in his paper. We develop symmetric duality
relations for Mond-Weir-type issues under invexity and pseudoinvexity assumptions using weak efficiency. It is a
continuation of Mishra et al. [21]. Gulati and Mehndiratta [13] first modify a converse duality theorem for a scalar
variational problem of second-order duality. Consider its multiobjective analog as well, and find the required
optimality criteria and duality relations. Jayswal et al. [16] constructs an example to test the presence of the
newly introduced class of functions, which is more general than previously specified functions. Several duality
results, such as weak, strong, and strict converse duality results, are created to relate the primal variational
problem and its second-order dual. For variational problems, the concept of second-order (F, a, p, d)-convexity
is as follows.



SYMMETRIC MULTIOBJECTIVE FRACTIONAL VARIATIONAL PROGRAMMING 4555

By neglecting the equality condition, have a look at the following variational problem (CP):

d
Min / O(t,v, ) dt (CP)
subject to
v(c) =0=v(d), (1)
U(t,v,v) <0, tel. (2)
Gulati and Mehndiratta [13] formulation of the second order dual problem for (CP) is given below
¢ 1
Max [ (@00 - 36775 a (cD)
subject to
p(c) = 0= p(d),

@V(t,u,,u)—|—\Ify(t,u,,u)/£—D(<I>l,)—|—\IJ,,(t,u,,u/£)+(F—|—H)ﬁ:O, te[7
1

ﬁqu(tvuau)_gﬁTH/BZOu t€I7

k>0, tel,

where

F(t, s fuo iy F, HY) = @yt g, 1) — 2Dy (t, g, 1) + D@ (t, 1, 1) — DP @ (t, 1, 1), t,€ T

H(t, o fu, fi, 1,1 Ry oy iy B = (W, (t, py f1)K)—2D (W, (¢, (1) K)o +D2 (U (£, a, 1) k)5 — D> (U (¢, iy f1)K) 5, t € .
Jayswal and Jha [15] presented a set of second order fractional symmetric variational programming under
cone constraints and established weak, strong, and converse duality theorems under second order F-convexity
assumptions. A pair of multiobjective second-order symmetric dual variational problems were introduced by
Sachdev et al. [26]. Under the premise of 7-bonvexity/n-pseudobonvexity, we demonstrate weak, strong, and
converse duality theorems for this pair. For additional information, see [7-12,14,17,19,24,27]. In a vector
optimization issue, Prasad et al. [25] developed a pair of nondifferentiable multiobjective symmetric fractional
duality models with cone function, where each component of the objective function has support function of a
compact convex set.

Primal Problem (NFVP)

fd(d) tv, 0,6, k) — 5pT Xp+ s(v|E) — kTz) dt

fcd (¥ (t,v, 0,5, i) — 5pTYp — s(|F) + kTr) dt
subject to

v(c)

k(c)

{G(v,

/ KT{G(v, k)[®. — DOy + Xp — 2] — F(v,K)[¥,, — DUy + Yp+r]}dt >0,

v(d), ©(c)=0=7wv(d),
K(d), F(c) =0=#r(d),
[, — DO; + Xp—z] — F(v,k)[¥,, — DY, +Yp+r]} € C5,

0=
0
K)

vedl, tel,
zed, rek.
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Dual Problem (NFVD)

fcd( (t, 1, 1,5,$) — 30" Wa — s(s|J) + plw) dt
fcd( (t, s f1,5,6) = 347 Zq + s(|K) — uT's) dt

subject to
u(e) = 0=u(d), file)=0= j(d),
s(c) =0=c¢(d), <(c)=0=¢(d),
—{G (1, 9) [Py = DOy + W+ w] = F* (1, 6) [V, — DYy, + Zq — s} € O3,

d
/MT{G*(u7<)[‘Pu—D‘I’»+Wq+w]—F*(u,g)[‘IIV—D\PﬁZCI—S]}dtZO,
ceCy, wekE, seF,

where

(i) f:IXCXxCxCyxCy— Ry,and g: I x C x C xCy x Cy — R\{0},
p:I— R"and q: I — R",

X(t,v, 0,k k) = @ (t, v, 0, K, i) — 2D® i (t, v, 0, Ky k) + D?®p(t, v, 0, Ky k) — D?
Y(t,v, 0,k k) = U (t, v, 0, K, k) — 2DV (t, v, 0, K, k) + D2V (t,v, 0, k, k) — D3
W(tvua /.1’7<7<) = q)VV(ta /1‘7/)4396) - 2Dq)l/V(t ﬂaﬂa §,§.) + qu)DV'(ta ﬂvﬂagaé) -

Qi (t,v, 0, K, k), t €1,

Uen(t,v, v,k k), t €1,
D3®,,(t, u, f1,5,<),t € 1,

(Vi) Z(t, s f1,6,6) = W (b, o f1,6,6) — 2D (L, p, f1,6,S) + D2V (L, py f1,6,<) — DPW (L, iy f1,6,<), L € 1,

i)

(i)

(iv)

)
(vil) F(v, k) = fcd(q)(t,y,b,m, i) — spT Xp+ s(v|E) — kT2) dt,

)

)

)

i)

)

v
v

(i
(

(viii)) G(v, k) = fj(\I/(t, VU, R, K) — %pTYp —s(v|F) + I{TT) dt,
(ix) F* (<) = [ (Dt o 1, 6,<) — 3p"Wp + s(s]J) — pTw) dt,

X d .
(x) G* () = [ (W(t, iy f1,5,$) — 507 Zp — s(<|K) + pT's) dt,
(xi) F and F are compact convex sets in R™,
(xii) J and K are compact convex sets in R™.

2. PRELIMINARIES AND DEFINITIONS

Let N = {1,2,...,k} and for r € N, the set K, = N — {r}. The following convention for vector inequalities
will be used: for a,b € R",

azb@aizbi, 1=1,2,...,m;
a>b < a; >b; and a # b;
a>b <<= a;>b;, 1=12,...,n

The following variational problem is taken into consideration in this paper:

i <fj@1(t,y,p)dt [40s(t,v, i) dt ) [te.(t, D)dt)
(900t v, o)At [T Qo vy, 0)dt [T (v, 0)dt
subject to v(c) = a, v(d) =P,
g(t,v,0) = (g1(t,v,0), 1 (t, v, 1), ..., gp(t, v, 1)) <0, tel.

(FVP)

Taking [©©,(t,v,7)dt > 0 and [*Q(t,v,0)dt > 0,V i € {1,2,...,r} and V v € X. Consider Xy = {v €
X|g(t,v,v) £0,t € I,v(c) = a,v(d) = B} be the set of all feasible solutions of (FVP), where © : I x R" x R" —
Rand Q: I x R™ x R" — R™ are continuously differentiable function and v,t € I = [¢, d] is an n-dimensional
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piece wise smooth continuous function, whose derivative is represented by the symbol ©. For the sake of notation,
D, ¢, Ky, Ry S, S, 14, f1, v and © written in the place of p(t), q(t), k(¢), £(t), <(¢), (), u(t), p(t), v(t) and v(t).
The gradient vectors of © w.r.t. v and » are referred to by ©, and O, i.e.

00 00 00 \" 00 00 00 \"
O,=—,—,...,— and ©; = | ==, 25,1 5>
ovl’ ov? ovn ovl’ o2 o

Similarly, ©,, denote the n x n matrix w.r.t. v. Let M(t,v,0) = ©,, — 2DO,,;, + D?0,,;, — D3*0;,; ,t € I.
The symbol for the space of a piecewise smooth function is C(I, R), V v € C(I, R), we specify its norm by

[l = [[“llee + 1DV loc,

where D represents the differential operator specified by
t
uw=Dr < V:oz+/ u(s)ds,
0

where the boundary value « is given. So = D (except at discontinuous).

) E

Definition 1. Let C C R™ is called cone if it satisfy conditions:
0<¢eR velC = &rel.

Definition 2. In general polar cone C* for cone C' is defined as

C’*z{z:VTzSOVVEC}.

Definition 3. Let C : I x X x X x X X X x R™ — R(X C R") be a function which satisfies Cy . ;. (0) =
0,V(v,o,u, 1) € X x X x X x X. The function C' is thus considered to be convex on R™ with respect to the
third parameter iff for every given (v, 0, u, 1) € X x X x X x X,

CrooppAvt + (1= XNva) < ACi o) + (1= XN)Crropp(e), YA€ (0,1), Vi, v € R
Definition 4. For a compact convex set C' C R™ support function is defined as
s(v|C) = max{vTﬁ k€ C.
Any set S C R™ normal cone is described by
Ns(v)={k € R": k" (2 —v) <0,V z € S}.

Definition 5 ([19]). 7 € X is said to be a efficient solution for (FVP), if there is no other v € X such that

T |

f@tuudt f@
thV,,th fQ Dz7d

)

Vie{l,2,...,r} with strict inequality for at least one i

Definition 6 ([19]). 7 € X is said to be a weak efficient solution for (FVP), if there is no other v € Xy such
that
f 0;(t,v,v)dt f O,(t, v, )

f Qi tl/,ﬂ/)dt f Qi

" Vie{l,2,...,r}.

tl
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Definition 7. The vector of functionals fcd 0= (fcd O1,..., fcd @k) is defined as second order (C, p, 0)-convex
at u € X, 3 functions g € C(I,R"), p€ Rand : I x R" x R" — R™ such that Vv € X and Vi € N, we have

d d
. . 1 ) )
/ (@i(t, v, ) — O;(t, p, 1) + 5qTMZ-q — p92(t, v, M)) de > / Ctw,ip) (O (t, i, f1r) — DOy (1, i, f1) + M;q) dt.

Definition 8. The vector of functionals deG) = (fcd @1,...,de @k) is defined as second order (C,p,0)-

pseudoconvex at pu € X, 3 functions ¢ € C(I,R"), p € Rand § : [ x R" x R" — R" such that Vv € X
and V i € N, we have

d . .
fc C(t,u,b,u,/l) (@1V(t7 Hy ,u) - D@il)(t7 Hy /J/) + MzQ) dt Z 0
= [1(©it,v.ir) — Oi(t, p, 1) + 2q7 Mg — pb*(t, v, p)) dt > 0.

Definition 9. The vector of functionals fj@ = (fcd @1,...,de @k) is defined as second order (C,p,0)-

quasiconvex at p € X, 3 functions ¢ € C(I,R"), p € R and 6 : I x R" x R" — R" such that for all
ve X and Vie N, we have

JHOit,v,0) — Oilt, p, i) + 547 Mig — p0*(t,v, )} dt > 0
d . .
= fc C(t,v,y’,u,ﬂ) (Qill(ta Hy ﬂ) - DGiI'/(tv 1y M) + MZQ) dt > 0.

We will try to constract an example which is second order (C, p, #)-convex, but not (C, p)-convex at a given
point.

Example 1. Assume I = [0, 1]. Suppose the functional © : I x R x R — R be defined by

O1(t,v,v) =13 + 12 +1 and Oy(t,v, ) = 202 — v + 3.
Suppose C: I X RXx RXx RXx Rx R" — R,and 0 : I x R x R — R be given by

Ct-,V’l"»#vll(C) = C(V - /u')v
O(t,v,u) =v—p, v=tand ¢g=1t+3.

Then, the functional fol O(t,v,v)dt is second order (C, p, §)-convex at the point =0, for v =t,qg =t + 3 and
p =3, but it is not (C, p)-convex at same point.

Solution.

1
1
Let ¢1 = / |:{®1(tvyv V) _Gl(ta;u'vﬂ) + 2qTMq_p02(t7V7ﬂ)}:| dt.
0
Substituting the values of ©1, ¢, p and 0, we get after simplifying, we have

193

M=

and

1
Yo = / Ct i (O (¢, 1, 1) — DO (¢, p, 1) + g M) dt.
0

Putting the values of ©1,¢ and Cy ., . (c), and after simplifying, we get

Py = /1((752 + 3t)(6t +2)) dt,
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after simplifying, we have

1
NeXta Let 1/13 = / |:{@2(t7 v, V) - @2(t7ﬂ, :u’) + %qTMq - p92(t7 v, :U’)}:| dt.
0

Substituting the values of O3, ¢q, p and 0, we get

wg—/ol(tt2+2(t+3)2),

after simplifying, we have
143

1/J3:T;

and L
Let ¢4 = / Ct,V,D,;L,;Z (921/ (t7 M, M) - D®21'/(t7 M, M) + qM) dt.
0

Substituting the values of ©2,¢ and Cy . 1 . (c), and after simplifying, we have the following expression

1
Yy = / (4¢% + 11¢) dt
0

or

Obviously,

1
/ |:{®i(taya V) - (—)Z(ta,uyu) + %qTMq - p92(tal/7 :u)}:l de
0

1
> / Ct,u,f/,u,ﬂ(eiu (t7 12 ,U) - D("‘)“,(t, s :u) + qM) dt7 fori= 17 2.
0

Therefore, the functional fol O(t,v,v)dt is second order (C, p, §)-convex at y = 0.

Next, we will try to claim that fol ©;(t,v,v)dt is not (C,p)-convex at the same point, as shown below.
Currently, to check (C, p)-convexity, we take ¢ = 0.

1
Consider 1/}5 = / (61(ta v, V) - @1(t7 Hy /1’) - p92 (t7 v, M)) dt.
0

Substituting values of ©1, p and 6, it yield

Y5 = /1(t3 —2t%) dt.
0

After simplifying, we have
_5
12
1
Let o= [ (Oalt,n7) ~ Oult. o) — p6°(t,v,1)) .
0

Vs =
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Substituting the values of O9,¢ and Cy . .. (c), and simplifying, we get

5

1/16 = —6'

1
Consider 7 = / Ctvipn(O1(t, i, ft) — DOy (t, 1, 1)) di.
0

Substituting values of ©1, p and 6, we have
Y7 = 0.
And

1
wS = / Ct,V,D,u,ﬂ<®2V(t7 M, /J) - D®2f/(t7 M, /J)) dt.
0
Putting the values of O3, ¢ and Cy ..y .. (c), we find that

1

Yg = —3

After simplifying the following expression, reduced in the following form:
1
| (©:ltv9) — 01t ) = (2., )
0
1
2/ Ctov,i (O (t, s f1) — DO (t, 1, 1)) dt, i =1,2.
0

Hence, fol O,(t,v,v)dt is not (C, p)-convex.
In contrast, to the class of (C, p)-convex functions, the class of second order (C, p, 8)-convex functions is more
inclusive, as demonstrated by the aforementioned example.

Example 2. Let I = [0,1] and X = [0,107%] x [0,1072] C R?. Consider the functional ¢ : I x X x X — R

which is defined by

2

o(t,v,v) =sin 11 + ve.

Let the functional C' : I x X x X x X x X x R™ — R be given by
Civoppla) = lal(vy +ve —p), 0(t,v,u) = vu.

For p=1,q = (3,1) and p = (0,0), we have

Solution

b . . b . .
Let ¢1 = [ {o(t,v,0) — @t p, 1) + 3¢7Mighdt — [ Cruippi(u(t, i, ) — Doy (t, p, 1) + Miq)dt +

I p62(t, v, ) at.
Substitute the value of ¢, Cy . 5 4 (@), p and 8, the following expression reduces as

1 1
1
$1 = / <sin2 Vit va + 7 cos 21/1) dt */ Ctvipofi(cos2v) dt
0 0

or

1 1
1
o = / (Sil’l2 v+ v+ 4c052u1> dt —/ |cos2vy| (v1 + vg) dt.
0 0

This follows that
¢1 >0,V v e X (as seen by Fig. 1).
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0.000

FIGURE 1. (sin2 vy +vs + %COS 2v1 — | cos 2| (v + ug)).

Hence ¢; > 0. This means, the functional fol p(t,v, ) dt is second-order (C, p, §)-convex at u = (0,0). Further,
note that fol o(t, v, ) dt is not (C, p)-convex at u = (0,0), since, for p =1 and ¢ = (%, 1), we obtain.

1 1 1
Consider ¢2 = / ((P(t, v, V) - (p(t’ Hs /“‘L)) dt — / Ct,l/,f/,u,ﬂ((pl/(t s /.L) - D@V (ta Ky ,U)) dt + / p92 (t7 v, :u) dt.
0 0 0

Substituting the values of ¢1,p,8 and Cy, 5 ... (a), we get

1 1
$2 :/ (Sin2 Vl) dt _/ Clt,ip,p) (cos2vp)dt.
0 0

It follows that 1 1
¢2:/ (sin® vy + 1) dt —/ |cos 21| (w1 + 1) dt
0 0

or
¢2 # 0,V v e X (as it can be seen from Fig. 2).

Hence, fol (t,v,v)dt is not (C, p)-convex.
In contrast to the class of (C, p)-convex functions, the class of second order (C, p, #)-convex functions is more
inclusive, as demonstrated by the aforementioned example.

3. SECOND ORDER NONDIFFERENTIABLE MULTIOBJECTIVE SYMMETRIC DUALITY MODEL

In the past several years, there has been a lot of development in the field of duality in variational pro-
gramming problems. A constrained variational issue was introduced by Mond et al. [22] as a mathematical
programming problem, along with its Wolfe type dual, which was used to validate different duality results
under convexity. By adopting a continuous form of invexity, Smart and Mond [28] extended the symmetric
duality results to variational problems. Duality theorems for variational programming problems with reduced
convexity assumptions were further studied by Bector et al. [3]. Bector et al. [2] found duality relations for
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Wolfe and Mond-Weir type duals for multiobjective variational problems under convexity by extending the
results seen in Bector et al. [3], Dantzig [5] to the multiobjective case. Now, we consider the problem of finding
functions v : [¢,d] — R™ and & : [¢,d] — R™, where (v, k) is piecewise smooth on [c,d], to solve the following
pair of symmetric dual multiobjective nondifferentiable fractional variational problems over arbitrary cones

R. KUMAR ET AL.

FIGURE 2. (sin2 vy + vy — | cos2u (g + 1/2)).

introduced as follows:

Primal Problem (NFVP)

Minimize

subject to

fcd(q)l(t, v, 0, K, k) — spT Aipr + s(V|Er) — kT 21) dt
(fcd(\lll(t7 v, 0, K, k) — 3pT Bipr — s(v|F1) + kTrq) a
fcd(ék(t, V0, K, k) — 5pF Appi + sV E) — k7 2;) dt
fcd (Ui(t,v, i, K, k) — 2pF Bepr, — s(v|Fi) + £Try) dt) ’

k
— Z /\l{Gl(V, K) [@m — D®;,. + Aipi — Zl] — F‘i(l/7 H) [\I/m — DV, + B;p; + 7'1]} S C;,
=1

d k
/ w1 Z MNi{Gi(v, K)[ @i — DOy + Aipi — 23] — Fi(v, k) [V — DV + Bip; + 3]} dt > 0,
¢ i=1

A>0, Me,=1, veC, tel,
zi €J;, r €K, iEN.
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Dual Problem (NFVD)

d . .
Lo @1t s f1y5,€) — 301 Yiqr — s(]J1) + pTwy) dt

d . . ’ttT
Lo (Wi (t, s i, 6,6) — 597 Zign + s(s| K1) — pT'sy) dt

d . .
T @r(t, g 1y 6,6) = 3aE Yiar — s(s|Jx) + pTwy) dt)

Maximize <

d . .
Tkt s 1y 5,6) = 3af Zrar + s(s| Ki) — pTsi) dt
subject to

> NG (11, 9)[®iv — D®isy + Yiqi + wi] — F (1,6)[ Wiy — DV + Zigi — 4]} € C3,
=1

d k
/ /JT Z XNi{ Gy (1, 9)[ @iy — Dy, + Yigqs + wi] — Fi (1, 6) (Vi — DV, + Ziq; — s3]} dt > 0,
c i=1

A>0,A\Te,=1,6€Cy,
w; € E;, s;,€F;,ieN,

(1) <I>,»:I><Cl XCl XCQXCQ—>R+,and\I/Z‘:IXCl XCl XCQXCQ_)RJF\{O},
i Ai(t, v, U, K, H) = (I)m,.@(t, v, U, K, /'Q)—QD‘I)Z‘R;;(I*,, v, U, K, ;‘%Z)—FDQ(I’i,'@,;(t, v, U, K, li) @ikﬁ"/(t, v, U, K, I.i),t el,
\I/i,;m‘(t,l/,l./, /437I2;),t S I,
@ig,;(t,u,/l,@é),t S I,
\I!i,;ﬁ(t,u,/l,g,é),t S Ia

) — D3y
) Bi(t,v,0,k, k) = Wy (6,0, 0, Ky ) — 2D Wi (t, 0, 1, Ky )+ D2 Wi (0,17, Ky o) — D3W 5
) K(u Hy /)/7 ) §) = (I)iul/(t7 Hy /:1’7 S, §) - 2Dq)il/l'/(t7 M, /)/7 S, §) + DZ@iI'/Z'/(t; M, /.j/a Sy g) - DS
) Zl (tv 12 ,L.La ) () =W (t, Ky /l; Sy §) - 2D\Ijim)(t7 s ,[L, ) () + D2\I/WV' (tv i, .[La ) §) - D3
)pi: I —R™ q: I — R™,
(vil) Fy(v, k) = fd (@i(t, VU, Ky k) — %piTAipi + s(v|E;) — ,%Tzi) dt,
) (Wi(t,v, 0, K, k) — 3pT Bipi — s(v|F;) + &Tr;) dt,
) (@i(t, 1y f1,,) — 307 Yipi + s(s| ;) — pTw;) dt,
) Gi(p,s) = fcd(‘l’i(t, 1, 1,5, S) — 3P Zipi — s(s|K;) 4+ pT's;) dt,
) E; and F; are compact convex sets in R",
) J; and K; are compact convex sets in R™.

We assume that the numerators and denominators of the primal and dual problems, as stated above, are
nonnegative and positive in order to properly characterise the problem, respectively. First, we introduce I' and
T, described follows, the objective function’s optimum value matches the value of the objective function in the
previously specified situation. This turns our problem into a parametric problem. Let’s take

fd(q)i(u v, 0, K, k) — 3pT Aipi + s(V|E;) — kT 2;) dt

[

fd(\Ili(t, VU, Ky R) — %piTBipi — s(v|Fy) + nTri) dt

C

I, =

and

d . . 1.7 T
(I)ita s Fy Sy 771‘3/1'1'* J7. zdt . =
1, = o (Rilh g fu6,9) = 50l Yigi = s(l i) + plwi)dt o

fcd(\IJi(tu uaﬂa §7§.> - %quZZqZ + S(§|Ki) - MTSZ) dt

Equivalently, the aforesaid problems may be expressed as follows.
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Primal Problem (NFVP’)

Min I' = (Fl,Fg,...,Fk)

subject to

d
1
(@i(t, VU, Ky k) — ipiTAZ-pi + s(v|E;) — IiTZi> dt

d
— Fi/ <\I/,'(t, v, f/, R, /Q) — %p?Bipi — S(V|Fi) + K;T’/‘Z‘) dt = 0,
k
-3 )\i{ [®in — D®iy + Aipi — 2] = Ti[Wix — Dy + Bip; + 7"1]} €Cy,
i=1
k
KT Z )\i{ (@i — DPjy + Aip; — 2] — T3 [ Vi — DYy + Bip; + 1] } >0,
i=1

A>0, MNe,=1, veC, tel,
zi € J;, 1 € Ky, iGN.

Dual Problem (NFVD’)

Max YT = (Tl,TQ,...,Tk)

subject to

d
N |

[ (@it = GatVias - stsl ) - s ) at

d 1

C

k

Z )\i{ (@i — D@y + Yiqi + wi] — T [V — DV, + Ziq; — 54 } € Cy,
i=1

k
7 Z )\i{ (@i, — DOy, + Yiqi +wi] — T [V — DV, + Ziqs — Sz]} <0,
i1

A>0, MNey=1, ¢ceCy, tel,
w; € E;, s;eF,, ieN.

Let V* and W* be the sets of feasible solutions of primal (NFVP’) and dual (NFVD’), respectively.

Theorem 1 (Weak Duality). Let (v,x,T,p,z,7) € V* and (u,s, T, q,w,s) € W*. Suppose that

(i) fcd(@i(t, 00 $) + (O)Tw = (W5t ., ,6,¢) — ()7's;)) dt be second order (C, p, 0)-conves at p for fized <,
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(ii) — fcd (®i(t,v,1,.,.) — ()2 = Ti(W(t, v, 0, .,.) — ()Tr;)) dt be second order (C, p, 0)-convez at k for fized v,
(iil) Cropppplc) +cfu>0VceCy, tel, Crceni(d)+d'hk>0VdeCs, tel,
(iv) 11)\]( (t,v,1,6,$) +<Try —vl's;) dt > 0,

(v) ZZ LA f {p0%(t,v, n) + pB*(t,s, k) } dt > 0.
Then, T' > T.

Proof. Using the constraint (9) and hypothesis (iii), we have
k
Crvipi (Z Ai{[®iy — D@y + Yigi + wi] — Y[V, — DY,y + Zig; — 52]})
i=1
k
+u” Z Ai{[®iy — D®iy + Yigi + wi] — Ti[Wi — DV + Zig; — 5]} > 0,
i=1
which by the virtue of (10) reduces in the following form:
k
/ Cruiup (Z — Dy +Yiqi +w;| — Y[V, — DYy, + Ziq; — 5i]}> > 0. (13)

As fcd(q)i(t, 0068+ (O w — Ti(Wi(t, . .6,¢) — () T's;)) dt is second order (C, p, 0)-convex at p for fixed s, we
have

d
L |
/ { ((I)z(t7 v,v,g, g) + VTwi - (I)i(t7 My [y S,y g) + iqu}/lql - ,uTwi - p02(ta v, ,U))

1

- Ti(\lli(t7yal'/7g7§.) - VTsi - \Iji(t,/,b,,ll,§,§.) +/’[’T57, + 2

d
> / Crvipip{(@i — DOy, + Yig; +w;) — Ti(Vi — DYy + Ziq; — s4)}) dt.

Since, \Tej, = 1, we get

1
ZA/{< (b0, 0,6,€) v wi = @il i, i, 6,) + 567 Vidi = uTwi—pé’z(t,V,u))

1

- Tz (‘I/i(tﬂ/,l./,§,§.) - VTSi - \I/i(t7//['a,u7§7§.) + /’LTSi + 2

/ Ct (RN T (Z)\ { w Dézu + }/ZQZ + wl) Tl(\p“’ - D\II’LV + Zlql - Sl>}> dt?
=1

which due to (13) reduce to

1
ZA/{ it v,,6,6) + v wi = @it p j1,6,<) + 567 Vidi — uTwi>

—Ti<\I!i(t,z/,1),<,§')—szs Wyt p, f1,5,6) + 'l s + ql 1q1>}dt>22)\/p92t1/,u)d.
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This can be rewritten as
. . 1
ZA / {( (t,v,0,6,$) + v w; — <1>i(t,u,u,§,<)+quTYiqi—uTwi)

1
§QiTZiQi = Yi(Vi(t, v, 0,6,$) + T — VTSz’)) } dt

+ 1, (‘I’i(t,u,ﬂ,c, <)+ Try —uTs; —
>2ZA / p0%(t, v, p1) dt.
Using (8) together with ¢7r; < s(|K;) in the above inequality, we get
Z/\ / (v, 0,6,¢) + v w; — s(s|J;) — Tt v, 0,6,¢) + Ty —vTs;) dt
>2Z>\/ pb?(t, v, ) dt. (14)

Likewise, as — fcd (@i (t,v,0,.,.) — ()2 = Ti(¥5(t, v, 0,.,.) — (.)T'r;)) dt is second order (C, p, 6)-convex at  for
fixed v, we get

Z)\/ ®;(t,v,0,6,$) + <" 2 — s(W|E;) + Ty (t,v,0,6,¢) — vl s +¢Try) dt

>22>\/ P02 (t, <, k) dt. (15)
On adding (14) and (15) and applying (iv), we have
k d
Z)\i/ ((gTzi —s(s| ;) + viw; — s(W|E)) 4+ (T — 1) (W (t, v, v,6,¢) + Tri—v sz)) dt > 0.
Since ¢Tz; < s(|J;), vTw; < s(v|E;) the above inequality yields

k d
Z/\i/(ri_ Dt v, 0,6,¢) +¢Try —vTs;) dt > 0. (16)

Suppose, if possible, that T'; < T; for all 4, then from A'e =1 and (v) gives

k d
Z/\i/(ri_ D (Wit v, 0,6,¢) + T —vls;) dt <0, (17)
i=1 ¢
which is in contradict to inequality (16). Hence, proof is completes. |

Example 3. Let I = [0, 1]. Consider the functional ® : I x R x R — R be defined by

Oy (t,v,v) =v, Ui(t,v,v) = 1.
Suppose, C: I X RXRXRXRXR"— R,0,:IXxRxR—R,and 65 : I Xx R X R — R, be given by

Ct,V,l),;,L,;:L(C> = C(V - /’[’)’
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91(t, v, /l) = \/17; 02(t7§7/1‘) = \/67
v="=13t—-1)% ¢=1*(t-1)>
Next, £y = J1 = K1 = {0}, F1 = [0,1],q1 =p1 =t +2, p1 = —29 and p1 = 30.

Proof. (A1). Since we claim that fol (@1t 5,¢) + () Twr — T1(P1(t, -, .,5,¢) — ()Ts1)) dt is second order
(C, p,0)-convex at p = 0 for fixed ¢. We have

1
S o1
/ { <(I)1(t7 v, V7§7§) + VTwl - (Dl(ta oy Ly gag) + 5(]?}/1(]1 - //"Twl - p02(t7 v, M))
0

. . 1
- Tl (\Ill(tay7l/7§7g) - VTSI - ‘I’l(t7M>Ma§7§> +:LLT81 + 5(1{21(11 - p92<t7yalu)) } dt

1
> / Cvppp({(Pry — D@1y +Yiqn +w1) — Y1 (Y1, — Dy + Z1gy — s1)}) dt, (18)
0

o (@1t f5,<) = FaT Vi = s(s] ) + pTwr) dt
Jo (@1t 1, 1,6,<) = 3aT Zagy + s(s| K1) — uTs1) dt

where Y;

Substituting the values and simplifying, we obtain

1
0dt
o
Jo dt

or

T, =0.

Let

1
Y e o1

A= / { <¢)1(t’ vr,6, ) Fviwn = Rat s 5, €) + §qfY1ql — p"wy — pb3(t, v, M)>

0
1

- Tl(\l,l(t7l/a1'/7§7§.) _VTSI - \I/]_(t,lu/,/.l/,§,§')+,U/T81 + 2

q,fZlql - p62(ta v, /”’)) } dt.

Substituting the values and simplifying, it follows that

1
Ay :/ (30t2(t — 1)*) dt
0

or

Ay =1.
Let L

AQ = / Ot,l/,u',u,;l({((l)ly — D‘I)lp + qul + wl) - Tl(\lllu - D\IJIﬂ + Z1(]1 - 51)}) dt.
0

Putting values and after simplifying, we have

1
AQ:/ t2(t —1)2dt
0

or 1
Ay = —-
2730
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Thus, inequality (18) satisfied.

Hence, fol (@1(t, ., 6,¢) + ()Twr = T1(Ui(t, ., .,6,¢) — (.)Ts1)) dt is second order (C, p,6)-convex at pu = 0
for fixed .

(A2). Next, we have to show that —fo (@1(t,v,0,.,.) — ()21 = T1(1(t, v, 0, .,.) — (.)Tr1)) di is second order
(C, p,0)-convex at x = 0 for fixed v, i.e.

1
1
_/ {(@1(t,u,v,g,¢)_gTzl — & (t, v, 0, K, k) + 241 TAiq — kT2 — p0%(t,v, u))
0
1 _
- Fl (llll(tv v, l./v S, §) - CTTl - \I’l(t? v, l./v R, KJ) - K:Trrl + §q,1TB1q1 - ﬁez(tv v, .u)> } dt
1
> */ Crcinis({(Pr1x — DP1s + A1g1 + 21) —T1(¥1, — DUy + Bign — 1) }) dt, (19)
0

fo( (t,v, 0, K, k) — 5p1 Aipr + s(v |E)—/£Tzl)dt.
fo( (t,v, 0, K, f) — 2p1 F'Bipy — s(v \Fl)—i—/iTrl) dt

Putting values and put v = t2(t?> — 1)2, we have

where I’y =

J (=263 + ) e
Jo(@—ti 4263 —¢2)dt’

or ]
r=—
T2
Now let
! 1
As = —/ {(@ﬂt,uzk,g,q’) — T2 =@ (t v, 0, K, k) + 70 TA g1 — kT2 — pB2(t, v, ,u))
0
1 _
— F]_ <\111<t, v, D, S, §) - gTrl - \III(t7 v, ﬂ7 R, K) - HTTI + §q{qu1 - ﬁ62(t7 v, M)) } dt7
1
30
As = / (30t2(t —1)? = =3 (t - 1)2> dt
0 29
or
28
3 = 297
and

1
Ay = —/ Crecni{(P1x — DP1j + Ar1gs +21) —T1(V1 — D4 + Bign — 1) }) dt.
0
Substituting the value of ®;, ¥;,I'y and Cy . ;. ,4,, in above expression, we have
Ay =0.

Therefore, inequality (19) holds.

Hence, — fol (®1(t,v,1,.,.) = ()20 = T (V1 (t,v,2,.,.) — (.)Tr1)) dt is second order (C, p, 6)-convex at £ =0
for fixed v.

(A3). Crpppplc)+clu=cv—cut+cp=cv>0YceCi, tel, Crcerni(d)+d's=ds—dr+dr=ds>
0,vdeCs, tel

(A4). \; fol(\lll(t,u, 7,6,¢) +¢lry —vls))dt = N fol(l —vs1)dt >0,V v, s1€[0,1].
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(A5). A1 [y {p0(t,v, 1) + pB2(t, s, )} At = Ay [ {—2962(t — 1)2 + 306%(t — 1)2} dt = Ay [y 2(t — 1)2dt > 0.
Hence, all the assumptions of weak duality are satisfied.

Validation. To validate weak duality theorem, it is enough to claim that I' > T i.e. I’y > Ty,
1
FlzﬁandleO.

Therefore, T' > T.

Hence, this validates the weak duality theorem. (I

Remark 1. Since every convex is pseudoconvex and quasiconvex so that the following results can be done on
the lines of Theorem 1.

Theorem 2 (Weak Duality). Let (v,k,I',p,z,7) € V* and (u,¢, T, q,w,s) € W*. Suppose that
(i) fd(CI)i(t,.,.,§7<') + () Tw; = Ti(Wi(t, ., .,6,$) — ()Ts;)) dt be second order (C, p,6)-pseudoconvex at p for

fized ¢,

(ii)) — fcd(cbi(t, v, — ()72 = Ti(Wy(t, v, v, .,.) — (1) T'ry)) dt be second order (C, p,0)-pseudoconvez at K for
fized v,

(iii) Cpppopplc )+c p>0VeeCy, tel, Crecnild)+d'k>0,Yde Cy, tel,

(iv) 11)‘f< (t,v,0,6,¢) +<Try —vTs;) dt >0,

V) SF N f {p0%(t,v, n) + p6*(t,s, k) } dt > 0.

Then, I' > T.
Proof. The proof is in accordance with Theorem 1. O
Theorem 3 (Weak Duality). Let (v,x,I,p,z,7) € V* and (u,s,Y,q,w,s) € W*. Let
(1) fd(<I>i(t, 006 S) + ()Tw = (WL, ., ., 6,<) — ()F's;)) dt be second order (C, p, 8)-quasiconvez at y for fized

)

(ii) ffcd(q)i(t,y,l'/,.,.) — ()72 =LYt v, 0,.,.) — () Tr;)) dt be second order (C, p,0)-quasiconvex at k for
fized v,

(iii) Otw,w( )+c p>0NeeCs, tel, Crecnild)+d'k>0,YdeCy, tel,

(iv) 11)\f( (t,v,0,6,¢) +<Try —vTs;) dt >0,

v) 2F N f {p0%(t,v, n) + pO*(t,s, k) } dt > 0.

Then, T > 1.
Proof. The proof is in line with the Theorem 1. O

Theorem 4 (Strong Duality). Consider that all feasible solutions to (NFVP') and (NFVD') satisfy the Weak
duality theorem’s preconditions. Fix A = \. Let

(i) (7,R,T, )\ 21, 2, . . s 2k, T1,T2, -, Tk, D) be an efficient solution of (NFVP'),
(ii) the matrices A; — F iBi, i€ N be non-singular, B )
(iil) the set {(®in — %) — Di(Win + 7)) — D(®ip — TiWis) + (A; — TiBi)pi, i € N, t € I} be linearly independent,
and
(iv) the matriz 3%y Ni[(Aipi)s — Ti(Bipi)x — D(Aipi) i+ TiD(Bipi) i+ D2 (Aipi)z — i D2 (Bipy )z — D> (Aipi)  +
L;:D3(Bip;) i + DY Aipi) s — TiDY(B;ipi)-w+], t € I, be positive or negative definite.

Then, (0,k, T, N\, 21, Z0, ..., 2y 1, To, . . ., Try D = 0) is an efficient solution of (NFVD')y.



4570 R. KUMAR ET AL.

Proof. Since (7,&,T',\, 21, Za, . . ., 21,71, Ta, . . . , Tk, D) is an efficient solution of (NFVP’), there exist « € RF, 3 €
R, ~ € Cy, §€ Ry, we R and n € RF satisfying the following Fritz John necessary conditions [1] at the
point (7,%,T', A, 21, 22, . .., Zk, 71, T2, . .., Tk, P) such that

k —
[Z ﬁi{(q)iu +w;) =T (Wi — 5;) — D(®sp — T W) — %(]53141']51'),, + %(ﬁ?Biﬁi)u + %D(ﬁ?Aiﬁi)V-

%

T, 1 . 1 _ I o

— < Do Bibi), — 5D (0} Aipi) , + D2( pi Bipi), + 5D (b Aibi) - = 5 D° (07 Bibi)
1 T, ko _

B §D4( Alpz) -+ D4(p1 Biﬁl)u} + (’7 - gR)T Z )‘Z{@zym - Fl\Illy:E

= D(®iniy — LiVWipi) — D( Py — DiWizy) + D*(Pigp — TiWiiy)
— D* (@i — DiWisip) + (Aibi)y — Di(Bibi)y — D((Aifis), — Ls(Bipi)y,) + D* ((Aipi)i — Ti(Bipi);)

— D* ((Aip) v — Ti(Bibi) ) + D*((Aips) v — Ti(Bipi) ) }] (v — ) >0, te,VveCl, (20)
k —
_ _ 1 r;, _
Z{(ﬁz — ) {( i — DBy — %) — Ti(Vy, — Dy +73) } + 51'{—2(13?141'1%)& + ?(peripi)H
i1
1 | P 1 5, _
+ §D(P¢TA1‘P¢),€ - ED(PiTBz‘pi),{ - §D2( ; Azpz) + D2( Tszz) + Dg( pi AiDi)
r; L 1 - r; . e
- 5D3 (p?szi)H - §D4(pi Azpﬁ) -+ D4( Tszi) } + (7 - gH)T)\i(A - F B + (Azpz)
—Ti(Bipi)x — D(Aipi)i + TiD(Bipi) i + D*(Aipi)ic — DiD*(Bipi)i — D*(Aipi) e + TiD? (Bipi)w
+ D*(Aipi) - — DiD*(Bipi)w+) — £(—Aipi + TiBips) } =0, t e, (21)
(v = &R)T{(®in — 21) = D3(Vyps +75) — D(®yi — Ty Vi) + Asp; — TiBipi } — 0+ wey, = 0, (22)
T
o — ﬂi (\I/z — EﬁzTBlﬁZ — S(Z7|F) —+ K,T’I“i> —+ (’}/ — fk)(—‘l’m + D\I/lﬂ — Bzi)z — 771') = 0, te I, (23)
- 67, (Azpz - F Blpl) + )‘ (’Y f/i) ( - lez) = 07 te I, (24)
k
VZ Ai[(®in — Zi) = Ti(Wip +75) — D(®ip — [iWig) + Aip; — TiBips| =0, (25)
i1
k —
ERT D Ni((®in — 7)) = Ti(Win +75) — D(@ip — TiWi) + Aips — TiBipi) =0, (26)
=1
Mn=o, 27

(27)

w(Xe, —1) =0, (28)
s(P|E;) = v w;, w; € B, (29)
s(o|Fy) = o754, 5 € Fy, (30)
Bik™ + X[y — €RIN; € Ny, (%), (31)
T; [Bis" + Nily — €R]] € Nk, (), (32)
(@, 8,7, §w,n) #0, (a,8,7,§w,m) 20, t €. (33)

Using assumption (ii), in equation (24), it yields

Ai(y — &R) = Bipi- (34)
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Converting (21) into a suitable form, we get
k — — — —
D (B = EN)(Pin — Zi) — Ti(Win + 73) — D(Qiic — TiW3i) + (A; — TiBi) (v — €& — £pi))

7

+ ((Aipi) — Ti(Bipi)w — D(AiDi)s + LiD(Bipi)is + D*(Aipi)ic — LiD*(Bips)
_ _ 1
— D*(Aipi)ie + TiD*(Bipi) s + D*(Aipi) s — TiD*(Bipi)w°) ((7 —ER)A\ — 25@) =0

From equation (34), it follows that
k — — —
> (B = OM((Pin — 7)) — Ti(Win + 73) — D(Pise — TiWii) + (A; — TiBy)p;)
i=1
1 _ _
+ iAi((Aiﬁi)m —Ti(Bipi)r — D(Aipi) i + LiD(Bipi)x + D*(Aipi)i
—T:D*(Bipi)i — D*(Aipi) & + TiD*(Bipi)w + D*(Aipi)w — TiD*(Bipi)»-) (v — €R)T = 0. (35)
Premultiplying (35) by (v — £&) and using (25) and (26), the above relation follows that
1 B _ — _ _ = _ _
5 (v = ER)((AiPi)n = Ts(Bipi)s — D(Aipi)i + LiD(Bipi) i + D*(Aspi)i — TiD*(Bipi)x
— D*(Aipi)i + TiD*(Bipi) & + D*(Aipi) - — TiD*(Bipi)se) = 0,

as a result of supposition (iv) gives

v = &R (36)
Using (36) in (35), we have
(Bi —EX) (P — Z) = T(¥, +7;) — D(® — T'W,) + (4; — TB;)p) = 0. (37)
Using hypothesis (iii), it follows that
Bi = & (38)

Since A > 0, and 5 > 0, (27) implies that 7 = 0.

Now, if we replace £ = 0 in (38), we get, § = 0, this results in v = 0 on utilising (36). Additionally,
we using (23) to obtain @ = 0 and use (36) and n = 0 in (22), we obtain w = 0. Ultimately, we come to
(o, B,7,& w,n) =0, t € I contradicting (33). Therefore, we take \; > 0, £ > 0, ¢t € I and hence 8 > 0. Given
that £ > 0,t € I, and (36) give,

:EGCQ, tGI

We derive the following by using the relations (36) and (38) in (20), we find that

Zﬂz v —+ w1 f‘l(\I/“, — 51‘) — D((I)“, — qu/“,))(l/ — ﬂ) Z O, t S I,V S Cl. (39)

As both §; and ); are greater than zero,i € N the relation (38) indicates that & > 0. Now, utilising (38) and
& > 0, relation (39) reduces to

Z/\ ( Piy + ;) — Ti(Wiy — 5;) — D( P — Ty W) (v — ’7)) >0, tel,Vvel. (40)
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Suppose v € Cy so that v+ 7 € Cy. If we substitute v + © for v in (40), we obtain
k
Z @, + ;) — Di(Uy — 5;) — D(® — Ti03)) >0, tel (41)
This, due to polar cone’s characteristics, provides

k
Z 5\1((@“, + ’Lf}l) — f‘z(\I’w — 51‘) — D(q)w — f‘l\I/’LD)) S Cf, tel. (42)

i=1

Again, in equation (40), if we simultaneously choose v = 0 and v = 20, we get

_T Z A P, + ’LUZ fz(\llw — g’i) — D((I)i,) — Fz\I/w)) = O, tel. (43)

However, based on relation (3) and the knowledge that p; =0, i € N , we have

d d
/ ((I)i(t, v, U, K, R) + S(ﬂ‘EZ‘) - IZJTEZ‘) dt — Fl/ (\I/i(t7 v, U, K, Fa) - S(D|Fz) + I%T’Fi) dt = 0. (44)
c c

Due to the fact that 3 > 0, by (31) and = ¢R, we obtain & € Ny, (),i € N. This denotes
7Tz = s(R|J;), i€ N. (45)
Similarly by (32), we have & € N, (7;),i € N. This implies
7T = s(R|K;), i€ N. (46)
Combining (29), (30), (44)—(46), we get
d d
/ (®i(t, v, 0, K, i) + 07wy — s(R|J;)) dt — Fi/ (Ui(t, v, i, 1, k) — 07t + s(R|K;)) dt = 0. (47)
The above equation together with (42) and (43) shows that (7, &, T, \, @y, W, . .., Wk, t1,ta, ...,k = 0) is a

feasible solution to (NFVD'). Under the assumptions of Theorem 1, if (7, &, T, \, @y, Wa, . . . , Wy, L1, T2, . . ., tp, § =
0) is mnot an efficient solution to (NFVD'), then there exists other feasible solution

(1,5, X, \, 01, Wa, . .., Wk, t1,t2,...,k,q) to (NFVD') such that (¥ — T) € K\{0}. Since
(7R, T, N\, 21, 22, . .., Bpy 1, T2, - .., Tk, p) is an feasible solution of (NFVP’), by Theorem 1, we have
(Y — f) ¢ K\{0}. Therefore the contradiction suggests that (7, &, ', \, w1, Wa, . . ., Wk, t1,t2, ..., tx, @ = 0) is an
efficient solution of (NFVD'). The proof is now complete. O

A converse duality theorem may be formulated in light of the previous theorem, and its proof will proceed
in same manner as the proof of Theorem 4. because the primal-dual pair is symmetric programming problems.

Theorem 5 (Converse Duality). Consider that all feasible solutions to (NFVP’) and (NFVD') satisfy the Weak
duality theorem’s preconditions. Fix A = \. Let

(i) (@,5, Y, N\, w1, W2, ..., 0k, 51,52, ...,5 q) be an efficient solution of (NFVP'),
(ii) the matrices Y; — Y;Z; be non-singular,
(iii) the set {(®;, —w;) — Ti(Viy + 5;) — D(<I>,-V- — Ti\I'i,-,) +(Y; = Y42))Gi, t € I} be linearly independent, and
(iv) the matriz Zle N[(Yiqi)y — Yi(Zi@i)y — DY) o + YiD(Zi@i) + D*(YiGi)s — YiD*(Z:q:) s — D3 (Yid@i) v +
YD3(Z:q;)+ + D*(Yi@)-v- — YD*(Z;q;)-v-], t € I, be positive or negative definite.

Then, (j1,<, T, N\, W1, Wa, ..., Wy, 51,82, - - ., 5,4 = 0) is an efficient solution of (NFVD’),.
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4. CONCLUSION

In this paper, we construct a pair of non-differentiable second-order symmetric multiobjective fractional
variational programming with cone constraints, where each component of the objective function contain support
function of a compact convex set. The (C, p, 8)-convexity/(C, p, §)-pseudo-convexity functions are defined. This
research may also be used to variational control over cones and higher order symmetric fractional programming
problems. This will be feature task for the researcher.
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