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A KIND OF MATCHINGS EXTEND TO HAMILTONIAN CYCLES IN
HYPERCUBES

SHUJIA WANG AND FAN WANG*

Abstract. Ruskey and Savage asked the following question: Does every matching in @, for n > 2
extend to a Hamiltonian cycle of Q.7 Kreweras conjectured that every perfect matching of @, for
n > 2 can be extended to a Hamiltonian cycle of @,,. Fink confirmed the conjecture. An edge in @, is
an edge of direction ¢ if its endpoints differ in the ith position. So all the edges of @, can be divided
into n directions, i.e., edges of direction 1, ..., edges of direction n. The set of all edges of direction ¢
of @, is denoted by F;. In this paper, we obtain the following result. For n > 6, let M be a matching
in Q,, with [M| < 10 x 2"7°. If M contains edges in at most 5 directions, then M can be extended to
a Hamiltonian cycle of Q.
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1. INTRODUCTION

The n-dimensional hypercube, denoted by @Q,, is a graph whose vertex set consists of all binary strings of
length n, i.e., V(Qn) = {u:u =ub--u" and u* € {0,1} for every i € {1,...,n}}, with two vertices being
adjacent whenever the corresponding strings differ in just one position.

The hypercube @, is one of the most popular and effective interconnection networks. It is well known that @,
is Hamiltonian for every n > 2. This statement dates back to 1872 [8]. Since then, the research on Hamiltonian
cycles in hypercubes satisfying certain additional properties has received considerable attention [1-3,7].

A set of edges in a graph G is called a matching if no two edges have an end-vertex in common. A matching
of G is perfect if it covers all vertices of G and a matching is mazimal if no matching with larger size contains
it. A vertex w is called covered by a matching M if u € V(M). Otherwise, u is called uncovered by M.

Ruskey and Savage [10] asked the following question: For n > 2, does every matching in @Q,, extend to a
Hamiltonian cycle of @,,7 Kreweras [9] conjectured for n > 2 that every perfect matching in @Q,, extends to a
Hamiltonian cycle of @,,. Fink [5,6] solved Kreweras’ conjecture by proving the following stronger result. Let
Kg, be the complete graph on the vertices of (),,. Note that @, is a spanning subgraph of K¢, .

Theorem 1.1 ([5,6]). For every perfect matching M in Kq, , n > 2, there exists a perfect matching F' in Qp
such that M U F forms a Hamiltonian cycle in Kq,, .
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Fink [5] pointed out that Ruskey—Savage problem is true for n = 2, 3,4, and Wang [11] provided a complete
proof. Also Wang [14] proved that Ruskey—Savage problem is true for n = 5.

Theorem 1.2 ([5,11,14]). Every matching in Q,, extends to a Hamiltonian cycle of Q,, for n € {2,3,4,5}.

A forest is linear, if each component of it is a path. Dvofdk [3] investigated the problem of extending linear
forests to Hamiltonian cycles in hypercubes, and obtained the following results [3].

Theorem 1.3 ([3]). Forn > 2, let F C E(Q,,) such that |F| < 2n—3. If F is a linear forest, then there exists
a Hamiltonian cycle of Q, passing through F.

Theorem 1.4 ([3]). For n > 2, let z,y,r,t € V(Qn) be pairwise distinct vertices such that p(x) # p(r) and
p(y) # p(t). Then (i) there exists a spanning 2-path Py, + Py in Qy; (1) moreover, in the case when d(x,r) = 1,
path Py, can be chosen such that P, = xr, unless n =3, d(y,t) = 1 and d(xr,yt) = 2.

Wang [13] improved Dvofdk’s result and proved for n > 2 that every matching of at most 3n — 10 edges in
Q@ extends to a Hamiltonian cycle of @Q,,. Dvoidk [4] proved for n > 2 that every matching of at most ’f—; +%
edges in @), extends to a Hamiltonian cycle of Q,,.

An edge in @Q,, is an edge of direction i if its endpoints differ in the ith position. So all the edges of @,, can
be divided into n directions, i.e., edges of direction 1,..., edges of direction n. The set of all edges of direction
i of Q,, is denoted by FE;.

In this paper, we obtain the following result. For n > 6, let M be a matching in Q,, with [M| < 10 x 25,
If M contains edges in at most 5 directions, then M can be extended to a Hamiltonian cycle of @,.

2. BASIC DEFINITIONS AND RESULTS

Let H and H’ be two subgraphs of G. We use H + H' to denote the graph with the vertex set V(H)UV (H’)
and edge set E(H)UE(H'). For F' C E(G), let V(F) denote the set of vertices incident with F. We use H + F'
to denote the graph with the vertex set V(H) UV (F) and edge set E(H)U F. For a set F' C E(G), let G — F
denote the resulting graph after removing all edges in F' from G. For a set S C V(G), let G — S denote the
graph removing all vertices in S and all the edges incident with S from G. When S = {z} and F = {e}, we
simply write G—S, G—F, H+ F and V(F) as G—z, G—e, H+e and V(e). For a set E' C F(G), a subgraph
H of G passes through E' if E' C E(H). ‘ ‘

Let [n] denote the set {1,2,...,n}. For any given j € [n], let Q°7, and Q' with the superscript j being
omitted when the context is clear, be two (n — 1)-dimensional subcubes of @,, induced by all the vertices with
the jth positions being 0 or 1, respectively. Clearly, Q, — E; = Q%_, + QL_,, we say that Q,, is split into two
(n — 1)-dimensional subcubes Q% _, and QL_, by E;. For § € {0,1}, any vertex us € V(Q%_,) has in Q-7 a
unique neighbor, denoted by u;_s. For M C E(Q,,), let Ms = M N E(Q?n_l)).

The parity p(u) of a vertex u in @, is defined by p(u) = Y7, u’(mod 2). Then there are 2"~! vertices with
parity 0 and 2”1 vertices with parity 1 in Q,,. Vertices with parity 0 and 1 are called black vertices and white
vertices, respectively. We observe that if vertex u is adjacent to vertex v in @, then p(u) # p(v). Consequently,
p(u) # p(v) if and only if d(u,v) is odd. Hence @, is bipartite and vertices of each parity form bipartite sets of
Qn.

A wu,v-path is a path with endpoints u and v, denoted by P, , when we specify a particular such path. Let
P =wvvy---v;---vj--- v be a path, we use Plv;,v;] to denote the subpath v; - - - v; of P from v; to v;. We say
that a spanning subgraph of G whose components are k disjoint paths is a spanning k-path of G. A spanning
1-path thus is simply a spanning or Hamiltonian path. We use the notation a spanning ({u, v}, {z,y})-path
P, .+ P, . to denote that there exists a spanning 2-path P, , + P,y or Py y + Py, in Q.

Let u,v be two distinct vertices in @,,. If d(u,v) = 1, then uv is an edge in Q,,. We call such an edge a short
edge. If d(u,v) > 1, then uv is not an edge in Q,,, but an edge in Kg,. We call such uv a long edge. In Q,,, for
simplicity, even when d(u,v) > 1, we still use the notation wv, and in this case, it refers to a long edge.
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FI1GURE 1. Illustration for the proof of Lemma 2.4 with the edges of M curved and the edges
of P, . + P, . bold.

The following content is devoted to auxiliary results preparing the necessary technique for the constructive
proof of the main theorem.

Lemma 2.1 ([12]). For n € {3,4}, let u,v be two vertices in Q. with p(u) # p(v). If M is a matching in
Q. — u, then there exists a Hamiltonian path of Q. joining u and v passing through M.

Lemma 2.2 ([12]). Let u,v be two vertices at distance 2 in Q3 and let x,y be two distinct vertices in Q3 such
that d(u,x) = d(v,y) = 1. If M is a matching in Q3 —u — v, then there exists a spanning 2-path P,z + P, , of
Q3 passing through M.

Lemma 2.3. Let u,v,z,y be pairwise distinct vertices in Qs with p(u) = p(v) # p(x) = ply). If M is a
matching in Q3 —u — v, then there exists a spanning ({u, v}, {z,y})-path P, . + P, . of Q3 passing through M.

Proof. In Q3, since p(u) = p(v) # p(z) = p(y) and u,v,z,y be pairwise distinct vertices, we have d(u,z) =
d(v,y) =1 or d(u,y) = d(v,z) = 1. By Lemma 2.2 there exists a spanning ({u, v}, {z,y})-path P, . + P, . of
s passing through M. |

In the following Lemmas 2.4, 2.7 and 2.8, by the vertex-transitivity of @3, we may assume u = 000. Then u
is a black vertex.

Lemma 2.4. Let u,v,z,y be pairwise distinct vertices in Qs with p(u) = p(v) # p(x) = ply). If M is a
matching in Q3 —u — v, then there exists a spanning ({u,y}, {v,xz})-path P, « + P, . of Q3 passing through M.

Proof. Since p(u) = p(v), there is one possibility of (u,v) up to isomorphism (see Fig. 1(1)). It suffices to
consider the case that M is a maximal matching in Q3 — u — v. There are three possibilities of (M, w,v) up to
isomorphism (see Figs. 1(1)-1(3)).

Case 1. d(u,z) = d(v,y) = 1. Since M is a matching in Q3 — u — v and p(u) = p(v) # p(x) = p(y), by
Lemma 2.2 there exists a spanning 2-path P, , + P, , of Q3 passing through M.

Case 2. d(u,z) =1 and d(v,y) = 3. By examining all possibilities of (M, x,y) up to isomorphism, there exists
a spanning 2-path P, , + P, , of Q3 passing through M (see Figs. 1(4)-1(9)).

Case 3. d(u,z) = 3 and d(v,y) = 1. By Case 2, there exists a spanning 2-path P, , + P,, of ()3 passing
through M.
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FI1GURE 2. Hlustration for the proof of Subcase 2.2 in Lemma 2.5 with the edges of M curved
and the edges of P, , + P, , bold.

Vz'
FI1GURE 4. Illustration for the proof of Lemma 2.6 with the edges of M curved and the edges
of P, ., and P, ,, bold.

Case 4. d(u,z) = d(v,y) = 3. By examining all possibilities of (M, z,y) up to isomorphism, there exists a
spanning 2-path P, , + P, , of Q3 passing through M (see Figs. 1(10)-1(12)).

O

Lemma 2.5. Let u,v be two distinct vertices in Qs with p(u) = p(v). If M is a matching in Q3, then there
exists a spanning 2-path Py o+ P,  of Q3 passing through M, where x,y are two distinct vertices in Q3 satisfying

p(x) = p(y) # p(u).
Proof. Tt suffices to consider the case that M is a maximal matching in Q3.

Case 1. M is perfect.
By Theorem 1.1 there exists a Hamiltonian cycle C : u = vg,...,v; = v,v;41,...,v8 = u of (J3 containing
M. Since M is perfect, the edges of C alternate between M and C \ M. Since p(u) = p(v), we have
{uvy,vvi41} € M or {vru,v;—1v} C M. Without loss of generality, we may assume {uvy,vv;11} C M. Set
P,z =v,v1,...,v—1 and Py y = v;,Vi11,...,v7. Thus the conclusion holds.

Case 2. M is not perfect.
Subcase 2.1. u ¢ V(M) (or v ¢ V(M)).

By Theorem 1.2 there exists a Hamiltonian cycle C' : u = vy, ...,v; = v,v;41, ..., vs = u of Q3 containing
M. Since u ¢ V(M), we have {uvy,uvs} N M = ). Note that vv;11 ¢ M or v;_jv ¢ M. Without loss of
generality, we may assume v;_1v ¢ M. Set P, , = vo,v1,...,v;—1 and P, , = v;, Vi11,...,v7. Thus the

conclusion holds.
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FI1GURE 5. Illustration for the proof of Lemma 2.7 with the edges of M curved and the edges
of P, + P, bold.

Subcase 2.2. {u,v} C V(M).
Since M is maximal but not perfect, there is one possibility of M up to isomorphism (see Fig. 2). Since
{u,v} C V(M) and p(u) = p(v), there is one possibility of (u,v) up to isomorphism. Thus, the conclusion
holds (see Fig. 2).

]

Lemma 2.6. Let u € V(Q3). If M is a matching in Qs, then there are two Hamiltonian paths of Qs joining u
with two different vertices and passing both throngh M.

Proof. If u ¢ V(M), then by Lemma 2.1 there are two Hamiltonian paths of Q3 joining u with two different
vertices and passing both throngh M. If u € V/(M), then it suffices to consider the case that M is a maximal
matching in Q3. There are three possibilities of (M,u) up to isomorphism (see Fig. 3). By examining all
possibilities of (M, u) up to isomorphism, one can verify that the lemma holds (see Fig. 4). O

Lemma 2.7. Let u,z,y be three distinct vertices in Qs with p(u) # p(x) = p(y). If M is a matching in Q3 — u,
then there exists a spanning ({u,v},{z,y})-path P, .+ P, . of Qs passing through M, where v is a vertex in
Qs satisfying p(v) = p(u).

Proof. Tt suffices to consider the case that M is a maximal matching in (3 —u. There are three non-isomorphic
maximal matchings in Q3 — u (see Fig. 5). Since p(u) # p(z) = p(y), we have z,y are two white ver-

tices. By examining all possibilities of (M, u,z,y) up to isomorphism, one can verify that the lemma holds
(see Fig. 5). O
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FI1GURE 6. Illustration for the proof of Lemma 2.8 with the edges of M curved and the edges
of Py + P, bold.

Lemma 2.8. Let u,v,z be three distinct vertices in Q3 with p(u) = p(v) and d(u,z) = 1. If M is a matching
in Q3 —u such that ve ¢ M, then there exists a spanning 2-path P,y + P, of Q3 passing through M, where y
is a vertex in Qs satisfying p(y) # p(u).

Proof. Since p(u) = p(v), there is one possibility of (u,v) up to isomorphism (see Fig. 6(a)). Since d(u,z) = 1,
there are two possibilities of (u, v, z) up to isomorphism (see Figs. 6(a) and 6(b)). It suffices to consider the case
that M is a maximal matching in Q3 —u — {vz}.

If (u,v,2) is the case (a) in Figure 6, then we consider whether x is covered. When z is covered (see
Fig. 6(a-1)), there are four possibilities of (M, w,v,x) up to isomorphism (see Figs. 6(1)-6(4)). When z is
uncovered, since M is a maximal matching in Q3 — v — {vz}, the third neighbor s of z is covered (see
Figs. 6(a-2) and 6(a-3)). Hence there are four possibilities of (M, u,v,x) up to isomorphism (see Figs. 6(5)-6(8)).

If (u,v,x) is the case (b) in Figure 6, then we consider whether x is covered. When z is covered (see
Figs. 6(b-1) and 6(b-2)), we find that these two cases are isomorphic, so we only consider the case (b-2).
In this case, there are four possibilities of (M, u,v,z) up to isomorphism (see Figs. 6(9)-6(12)). When x is
uncovered, since M is a maximal matching in Q3 —u — {vz}, the two neighbors s,t of « are both covered (see
Figs. 6(b-3)-6(b-5)). Hence there are three possibilities of (M, u, v, ) up to isomorphism (see Figs. 6(13)-6(15)).
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By examining all possibilities of (M, w,v,x) up to isomorphism, one can verify that the lemma holds (see
Figs. 6(1)-6(15)). O

Lemma 2.9 ([12]). Let u,v be vertices in Q3 with p(u) = p(v). If M is a matching in Q3 — u, then there exists
a spanning 2-path Py, + Py, of Qs passing through M, where x,y are two distinct vertices in Q3 satisfying

p(x) = ply) # p(u).

Lemma 2.10. Let u,v be vertices in Q4 with p(u) = p(v). If M is a matching in Q4 — u, then there exists
a spanning 2-path P, , + Py, of Q4 passing through M, where x,y are two distinct vertices in Qu satisfying

p(x) = p(y) # p(u).

Proof. Tt suffices to consider the case that M is a maximal matching in Q4 —u. Since | M| < 7, there exists j € [4]
such that |[M N E;| < 1. Split Q4 into subcubes QY and Q} by E;. By symmetry we may assume u € V(Q3).

Case 1. M NE; =0.

Subcase 1.1. v € V(QY).
Since My is a matching in QJ—u and p(u) = p(v), by Lemma 2.9 there exists a spanning 2-path P37U+P3750
of QY passing through My, where x, so are two distinct vertices in Q9 satisfying p(z) = p(so) # p(u).
By Theorem 1.2 there is a Hamiltonian cycle C; of Q3 passing through Mj. Let y be a neighbor of s;
on Oy such that ys; ¢ M. Since p(u) # p(z) = p(so), p(y) # p(s1), we have p(u) # p(z) = p(y), = # y.
Let P, = PSW, P, = Pg’so + C1 + sos1 — ys1. Hence there exists a spanning 2-path P, , + P, of Q4
passing through M.

Subcase 1.2. v € V(Q3).
By Theorem 1.2 there is a Hamiltonian cycle C; in Q3 passing through M;. Let s; be a neighbor of v
on Cy such that vs; ¢ M. Since p(v) # p(s1) and p(sg) # p(s1), we have p(u) = p(s¢). Since u ¢ V (M),
by Lemma 2.9 there exists a spanning 2-path Pgso + P:??y of QY passing through My, where z,y are two
distinct vertices in QY satisfying p(z) = p(y) # p(u). Let Py, = PJ . + C1 + sos1 — vsy, Py = P2,
Hence there exists a spanning 2-path P, , + P, , of ()4 passing through M.

Case 2. |[M NE;|=1. Let M N E; = {wow; }, where wy € V(QY).

Subcase 2.1. v € V(QY).
Since u ¢ V(M) and p(u) = p(v), by Lemma 2.9 there exists a spanning 2-path P, , + Py of QY passing
through My, where x,y are two distinct vertices in QY satisfying p(z) = p(y) # p(u). Without loss of
generality, we may assume wo € V(PY ). Let so be a neighbor of wy on P_ . Since p(s1) # p(w1) and
wy ¢ V(My), by Lemma 2.1 there exists a Hamiltonian path Pj . of Q3 passing through M. Let
P, = Pg’v, P,y = Pf’y +P11u1,51 + {wow1, sp81} — woso. Hence there exists a spanning 2-path P, , + P,y
of Q4 passing through M.

Subcase 2.2. v € V(Q}) and p(u) = p(wp).
Since wy ¢ V(Mp), by Lemma 2.9 there exists a spanning 2-path P, + ng of QY passing through
My, where z,y are two distinct vertices in QY satisfying p(z) = p(y) # p(u). Since p(v) # p(w1) and
wy ¢ V(My), by Lemma 2.1 there exists a Hamiltonian path Pul;l,v of Q} passing through Mj. Let
Py =P, + Py, . +wows, Pry = Py . Hence there exists a spanning 2-path P, , + Py, of Q4 passing
through M.

Subcase 2.3. v € V(Q1) and p(u) # p(wo).
Since wy; ¢ V(M) and p(v) = p(w1), by Lemma 2.9 there exists a spanning 2-path P, , + P, of
Q3 passing through M, where z,y are two distinct vertices in Q3 satisfying p(z) = p(y) # p(v). Since
p(u) # p(wo) and wy ¢ V(Mp), by Lemma 2.1 there exists a Hamiltonian path P}, = of QY passing
through My. Let P,, = P, + Pl ., + wowy, Pyy = ng Hence there exists a spanning 2-path

P,y + P,y of Q4 passing through M.
O
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Lemma 2.11. Let u,v,z,y be pairwise distinct vertices in Q4 with p(u) = p(v) # p(z) = ply). If M is a
matching in Qa —u—v with |M| < 4, then there exists a spanning ({u,v},{z,y})-path Py .+ P, . of Q4 passing
through M .

Proof. Select j € [4] such that |M N E;| is as small as possible. Since |M| < 4, we have |[M N E;| < 1. When
|M N E;| = 0, without loss of generality, we may assume j = 4. When |M N E;| = 1, we have |[M N E;| = 1 for
every i € [4]. So there are four possibilities of such j and moreover, we can choose one such that the edge in
M N E; is not incident with {xz,y}. Now, since |[M| =4 > 2, we have at least two choices of the above j. Without
loss of generality, we may assume the two choices of j are positions 3 and 4 (which will be used in Subcase 2.3).
Split Q4 into subcubes QY and Q} by E4. By the vertex-transitivity of Q4, we may assume u = 0000, then
u € V(Q5).
Case 1. M NE;= 0.
Subcase 1.1. v € V(Q3).
Since p(u) = p(v) # p(z) = p(y) and the vertices u,v are uncovered, the lemma statement is completely
symmetric between © and v and between x and y. Hence we only consider the following two cases.
Subcase 1.1.1. z € V(Q9),y € V(Q3}) (or z € V(Q3),y € V(QY)).
Since p(u) = p(v) # p(z) = p(y) and M is a matching in Q4 — u — v, by Lemma 2.1 there exists a
Hamiltonian path PS@, of Q9 and Pvlﬁy of Q) passing through My and Mj, respectively. Hence the
desired spanning ({u,v}, {z,y})-path P, . + P, . of Q4 is formed by edges E(P] , + P, ).
Subcase 1.1.2. {z,y} C V(QY) (or {z,y} C V(Q3)).
Since p(u) # p(z) = p(y) and u ¢ V (M), by Lemma 2.7 there exists a spanning ({u, so}, {z,y})-path
P) ., 4+ P2 . of QY passing through My, where sq is a vertex in QY satisfying p(so) = p(u). Since
v & V(M) and p(v) # p(s1), by Lemma 2.1 there exists a Hamiltonian path P, . of Q} passing
through M. Hence the desired spanning ({u, v}, {z,y})-path P, . + P, . of Q4 is formed by edges
E(Pz(L),* + R‘?g,* + Pz},sl) U {5051}'
Subcase 1.2. v € V(QY).
In this case, since it is completely symmetric between x and y, we only consider the following three cases.
Subcase 1.2.1. z € V(Q9),y € V(Q3}) (or z € V(Q3),y € V(QI)).
By Lemma 2.6 there exists a Hamiltonian path Pslzi v of Q3 passing through M; for i € {1,2}, where

s1,5% are two distinct vertices in Q3 satisfying p(s1) = p(s?) # p(y). There exists i € {1,2} such

that s) # z. Without loss of generality, assume i = 1. Since M is a matching in QY — u — v and
p(u) = p(v) # p(x) = p(sp), by Lemma 2.3 there exists a spanning ({u, v}, {x, s§})-path P, 4P of
QY passing through M. Hence the desired spanning ({u, v}, {z,y})-path P, . + P, . of Q4 is formed
by edges B(PS, + P2, + P )U {sos1}.

Subcase 1.2.2. {z,y} C V(Q3).
Since p(z) = p(y), by Lemma 2.5 there exists a spanning 2-Path Pj’sl + P;’tl of @} passing through
M, where s1,t; are two distinct vertices in Q3 satisfying p(s1) = p(t1) # p(z). Since M is a matching
in QY —u—v and p(u) = p(v) # p(so) = p(to), by Lemma 2.3 there exists a spanning ({u, v}, {so,t0})-
path P ,.+P}, of Q3 passing through My. Hence the desired spanning ({u, v}, {x,y})-path P, .+P, .
of Q4 is formed by edges E(P, , + P, .+ P, . + P, ) U {sos1,tot1}.

Subcase 1.2.3. {z,y} C V(QY).
If |[M;] = 4, then |Mp| = 0. By Theorem 1.2 there is a Hamiltonian cycle C; of Q3 passing through
M;. Since M is a perfect matching in Q3 and |E(Cy) \ M| — 2 > 1, there exists si1t; € E(Cy) \ My
such that {sg,to} N {u,v} = 0. Since p(u) = p(v) # p(x) = p(y), by Lemma 2.3 there exists a
spanning ({u, v}, {z,y})-path P), + P, of Qf passing through {soto}. Hence the desired spanning
({u, v}, {z,y})-path P, . +P, . of Q4 is formed by edges E(P_ .+ P} ,+C1)U{sos1,tot1}\{soto, s1t1}.
If |M;] < 3, then we claim that there exists at most one edge e in E(Q3)\ M such that M; U {e}
is not contained in any Hamiltonian cycle of Q3. When |M;| < 2, for any e € E(Q}) \ My, since
M; U {e} is a linear forest of Q3 with |M; U {e}| < 3, by Theorem 1.3 there is always a Hamiltonian
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FIGURE 7. Hamiltonian cycles passing through M; U {e} for any e € E(Q3) \ M; when M is
isomorphic to Py, P, or Ps.

cycle of Q} containing M; U {e}. When |M;| = 3, there are three non-isomorphic matchings of size 3
in @3, denoted by Py, P> and P; (see Fig. 7). By examining all possibilities of (M, ), one can verify
that the conclusion holds (see Fig. 7). The claim is proved.
Since My is a matching in QY — u — v, by Lemma 2.3 there exists a spanning ({u, v}, {z,y})-path
P) .4+ P, of Q passing through M. Since |E(P) .4+ P )| = 6 > |M|+|M;|+1, by the above claim,
there exists an edge sotg € E(P), + PY,) \ My such that sit; ¢ M; and My U {s1t1} is contained
in some Hamiltonian cycle C; of Q3. Hence the desired spanning ({u,v}, {z,y})-path P, . + P, . of
Q4 is formed by edges E(ng* + Pa* + Cl) U {Sosl,totl} \ {502507 Sltl}.
Case 2. |[M N E4| =1. Let M N Ey = {wow; }. Note that {wg, w1} N {z,y} = 0.
Subcase 2.1. v € V(Q3).

In this case, since it is completely symmetric between u and v and between x and y, we only consider

the following two cases.

Subcase 2.1.1. z € V(Q9),y € V(Q3}) (or z € V(Q3),y € V(QY)).
Now p(wo) = p(u) or pwr) = p(v). Without loss of generality, assume p(wg) = p(u). Since v ¢
V(My), by Lemma 2.1 there exists a Hamiltonian path P, , of Q3 passing through M. Let s; be a
neighbor of w; such that s # z.
If s; € V(P, ,[v,wi]), then since My is a matching in QY — u — wo, p(wo) = p(u) # p(x) = p(so), by
Lemma 2.4 there exists a spanning ({u,so}, {x,wo})-path PJ, + P) _ of Qf passing through M.
Hence the desired spanning ({u, v}, {z, y})-path P, .+ P, . of Q4 is formed by edges E(P .+ P2 .+
P} ) U {sos1, wowi} \ {syw1} (see Fig. 8(1)).
If s; € V(P,,lwi,y]), then since My is a matching in Qf — u — wo and p(u) = p(wo) # p(z) =
p(s0), by Lemma 2.3 there exists a spanning ({u,wo},{x,s0})-path P_, + P) . of QY passing
through Mj. Hence the desired spanning ({u, v}, {z,y})-path P, . + P, . of Q4 is formed by edges
E(P), + P .+ P},)U{sosi, wowi } \ {syw1} (see Fig. 8(2)).

Subcase 2.1.2. {z,y} C V(Q}) (or {z,y} C V(Q9I)).
If p(wo) # p(u), then p(v) = p(wi). Since M; is a matching in Q3 — v — wy and p(v) = p(w;) #
p(x) = p(y), by Lemma 2.3 there exists a spanning ({v, w1}, {z,y})-path P, , + P} . of Q3 passing
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FIGURE 9. Illustration for Subcase 2.1.3.

through M;. Since My is a matching in QJ — u and p(u) # p(wp), by Lemma 2.1 there exists a
Hamiltonian path P_ , in Qf passing through M. Hence the desired spanning ({u,v}, {2, y})-path
Py + Py . of Q4 is formed by edges E(Py ,, + P, .+ Py, ) U{wow: }.
If p(wp) = p(u), then since v ¢ V (M), p(v) # p(z) = p(y), by Lemma 2.7 there exists a spanning
({v,s1}, {z,y})-path P}, + P} . of Q} passing through M), where s; is a vertex in Q} satisfying
plsr) = plv).
If wy € V(P},), let t; be a neighbor of wy on P, [v,wy]. Since p(u) = p(wo) # p(so) = p(to) and
M is a matching in QY — u — wp, by Lemma 2.4 there exists a spanning ({u,to}, {so,wo})-path
P, + P, of QY passing through M. Hence the desired spanning ({u, v}, {z,y})-path P, . + P, .
of Q4 is formed by edges E(P) , + PP .+ P, + Pl ) U{wows,tot1,s0s1} \ {t1w1} (see Fig. 9(1)).
If wy € V(P] ,), let t; be a neighbor of wy on P}  [wi,x]. Since p(u) = p(wo) # p(so) = p(to)
and M is a matching in QY — u — wp, by Lemma 2.4 there exists a spanning ({u, o}, {s0,wo})-path
P) . + P, of QY passing through M. Hence the desired spanning ({u,v}, {z,y})-path P, . + P, .
of Q4 is formed by edges E(P) , + PP 4+ P, + P! ) U{wow:,tot1, sos1} \ {t1w1} (see Fig. 9(2)).
Subcase 2.2. v € V(QY) and p(u) # p(wo).
In this case, since it is completely symmetric between x and y, we only consider the following three cases.

Subcase 2.2.1. z € V(Q9),y € V(Q}) (or z € V(Q3),y € V(QY)).
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Since M; is a matching in Q) — w; and p(y) # p(w), by Lemma 2.1 there exists a Hamiltonian
path P, . of Q% passing through M. Since My is a matching in Q§ — u — v and p(u) = p(v) #
p(x) = p(wg), by Lemma 2.3 there exists a spanning ({u, v}, {z, wo})-path PS,* + Pg* of QY passing
through My. Hence the desired spanning ({u, v}, {z,y})-path P, . + P, . of Q4 is formed by edges
E(P),+P),+ P, ) U{wow:}.

Subcase 2.2.2. {z,y} C V(QY).
Since My is a matching in QY — u — v and p(u) = p(v) # p(z) = p(y), by Lemma 2.3 there exists
a spanning ({u,v}, {z,y})-path PS7* + PR* of QY passing through M. Let so be a neighbor of wg
on P}, + PJ,. Since p(w1) # p(s1) and M is a matching in Q3 — wy, by Lemma 2.1 there exists a
Hamiltonian path P, . in Q3 passing through M;. Hence the desired spanning ({u,v}, {z,y})-path
Py + Py of Q4 is formed by edges E(P), + P, + Py, ) U{wowy, sos1} \ {woso}

Subcase 2.2.3. {z,y} C V(Q3).
Since p(w1) # p(x) = p(y) and M; is a matching in Q} — wy, by Lemma 2.7 there exists a span-
ning ({z,y}, {wi,s1})-path P}, + P, of Q3 passing through M;, where s; is a vertex in Q3
satisfying p(s1) = p(wi). Since My is a matching in QY — u — v, by Lemma 2.3 there exists a
spanning ({u, v}, {wo, so})-path Puo’* + PB’* of QY passing through M. Hence the desired spanning
({u, v}, {x,y})-path P, . + P, . of Q4 is formed by edges E(P} .+ P_ .+ P; .+ P, .) U{wow1, 5051}

Subcase 2.3. v € V(QY) and p(u) = p(wy).

In the case, we split ()4 into subcubes Qg’?’ and Qé’?’ by E3. Note that |[M NE;| = 1 for every i € [4]. Let

M N B3 = {w)w}}, where wf) € V(Q3*). At the beginning of the proof of Lemma 2.11, we showed that

the edge in M N E3 is not incident with {x,y}. Hence {w{, wi} N{z,y} = 0.

Subcase 2.3.1. v € V(Q3?).
We regard the vertices u, v, z, y, wj), w] in Subcase 2.3.1 as the vertices u, v, z, y, wg, wy in Subcase 2.1,
respectively. Since {w}, w]} N{z,y} =0 and {wo, w1} N{z,y} = 0, the conditions here are the same
as in Subcase 2.1. Thus the conclusion holds by Subcase 2.1.

Subcase 2.3.2. v € V(QY?) and p(u) = p(v) # p(w}).
We regard the vertices u, v, z, y, wj), wj in Subcase 2.3.2 as the vertices u, v, z, y, wg, wy in Subcase 2.2,
respectively. Since {w, wi} N {x,y} =0 and {wg, w1} N{z,y} = O, the conditions here are the same
as in Subcase 2.2. Thus the conclusion holds by Subcase 2.2.

Subcase 2.3.3. v € V(Q%B) and p(u) = p(v) = p(wy}).
Since {u,v} C V(Q3") N V(QY?), we have v = 1100 (see Fig. 10(a)). Since p(u) = p(v) = p(w}),
we have w(, = 0101 or wy = 1001. Without loss of generality, assume w({ = 0101 (see Fig. 10(a)).
So wj = 0111. Since p(u) = p(v) = p(wo) and wy € V(QY?), we find wy = 1010 or wy = 0110. If
wp = 0110, then w; = 0111 = w contradicts that M is a matching. So wg = 1010, w; = 1011 (see
Fig. 10(a)). Since M \ {wowy, wjw)} C Ey U E3, we have the two edges of M \ {wowy,wjw}} only
can choose from the four bold edges in Figure 10(a). Since |M N Ey| = |M N E3| = 1, there are two
possibilities of M (see Figs. 10(a-1) and 10(a-2)).
Next, we distinguish two cases to consider based on the position of {z,y}. If the edge in M N E4
or the edge in M N Ey is not incident with {z,y}, without loss of generality, assume M N E; is not
incident with {x,y}, then we split Q4 by E;. Now u € V(Qg’l) and v € V(Qé’l), We regard the
vertices u, v, x,y here as the vertices u, v, x,y in Subcase 2.1, respectively. Since the conditions here
are the same as in Subcase 2.1, the conclusion holds by Subcase 2.1. If the edge in M N F; and
the edge in M N Ey are both incident with {z,y}, then since p(u) = p(v) # p(z) = p(y), we have
{z,y} = {0001,0010} when M is the case (a-1) in Figure 10, and {x,y} = {1101,1110} when M is
the case (a-2) in Figure 10. Thus, there also exists a spanning ({u,v}, {z,y})-path P, . + P, . of Q4
passing through M (see Fig. 11).
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FIGURE 11. A spanning ({u, v}, {z,y})-path P, . + P, . of Q.

3. MATCHINGS IN AT MOST FIVE POSITIONS

Theorem 3.1. Let u,v be two vertices in Qs with p(u) # p(v). If M is a matching of Qs — u with | M| <9,
then there exists a Hamiltonian path of Qs joining u and v passing through M.

Proof. Since [M| <9, there exists j € [5] such that [M N E;| < 1. Without loss of generality, assume j = 5.
Split Qs into subcubes Q} and Q1 by Es. By symmetry we may assume u € V(Q9).

Case 1. M N E; =0.
Subcase 1.1. v € V(Q}).
By Theorem 1.2 there is a Hamiltonian cycle C; of Q} passing through M;j. Let s; be a neighbor
of v on Cy such that vs; ¢ M. Since p(u) # p(v) and p(s1) # p(v), we have p(u) # p(sg). Since
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u §Z V(My), by Lemma 2.1 there exists a Hamiltonian path P_ = of Q} passing through M. Let P, =
0 so T C1+ s0s1 —vs1. Hence P, , is a Hamiltonian path of )5 joining u and v passing through M.
Subcase 1.2. v € V(QY).
If M; is not perfect in Q}, there exists s; € V(Q}) \ V(M) such that sop # v. Since u ¢ V(Mp) and
p(u) # p(v), by Lemma 2.1 there exists a Hamiltonian path P/, of Q) passing through Mjy. Let to be a
neighbor of sg on P_  such that toso ¢ Mo. Since s1 ¢ V(My) and p(s1) # p(t1), by Lemma 2.1 there
exists a Hamiltonian path P} of Q} passing through M. Let P, , = P, + P} . +{sos1,tot1} — soto.
Hence P, , is a Hamiltonian path of @5 joining u and v passing through M.
Otherwise, M; is a perfect matching in Q}. Now |M;| = 8 and |My| < 1. By Theorem 1.2 there is
a Hamiltonian cycle C; of Q) passing through M;. Choose an edge s;t; € E(Cy) \ M; such that
u ¢ {so,t0}, soto € Mo and MoU{soto} is a matching of Q9. Since |E(C1)\ M1|—2|Mo|—1 > 1, the above
edge sit; exists. Since u ¢ V(M U {soto}) and p(u) # p(v ) by Lemma 2.1 there exists a Hamiltonian
path Py, of QY passing through Mo U {soto}. Let P, = P, + C1 + {sos1,tot1} — {soto, s1t1}. Hence
P, is a Hamiltonian path of ()5 joining v and v passing through M.
Case 2. [IM NE;5| =1.Let M N E5 = {wows }.
Subcase 2.1. v € V(QY).
By Lemma 2.1 there is a Hamiltonian path P?, of QY passing through My. Let so be a neighbor of wg

on P . Since wy ¢ V(M) and p(wy) # p(sl) by Lemma 2.1 there exists a Hamiltonian path Pj  of
Q4 passing through M;. Let P, , = P0 + P&)I s T {wows, s0s$1} — woso. Hence P, , is a Hamiltonian

path of Q5 joining u and v passing through M.
Subcase 2.2. v € V(Q}) and p(u) # p(wy).
Since p(u) # p(v) and p(wy) # p(wy), we have p(wy) # p(v). Since u ¢ V(M) and wy ¢ V(My), by
Lemma 2.1 there exist Hamiltonian paths P, of Q} and P, , of Q} passing through My and M;,
respectively. Let P, , = P wo T P&;I » + wowi. Hence P, , is a Hamiltonian path of Q)5 joining v and v
passing through M.
Subcase 2.3. v € V(Q}) and p(u) = p(wy). Note that [My| + |M;] < 8.
Subcase 2.3.1. |My| < |M;]. Now |My| < 4.
Since p(w;) = p(v) and M; is a matching in Q} — wy, by Lemma 2.10 there exists a spanning 2-
path P} L Psl1 ¢, of Q} passing through M, where s1,t; are two distinct vertices in Q} satisfying
p(s1) = p(tl) + p(wl). Thus p(u) = p(wg) # p(se) = p(to). Since My is a matching in QY — u — wg
with [Mo| < 4, by Lemma 2.11 there exists a spanning ({u, wo}, {so,to})-path P}, + P) . of Q}
passing through Mo. Let Py, = Py, + P, .+ Pa, ., + Pl + {wows, sos1, totl}. Hence P,,isa
Hamiltonian path of @5 joining u and v passing through M.
Subcase 2.3.2. |My| > |M;| and w; = v. Now |M;| < 3.
Choose a neighbor t of wo in QY. Since u ¢ V(M) and p(u) = p(wo) # p(to), by Lemma 2.1 there
is a Hamiltonian path P? 4 Of QY passing through Mj. Let s¢ be the neighbor of wy on P? 1o [4, wo-
Since wy ¢ V(M) and wysy,wit; are two edges in Q, we find My U {wys1, w1t} is a linear forest
of Q} with |M; U {wys1,wit;}| < 5. Thus by Theorem 1.3 there is a Hamiltonian cycle Cy of Q}
passing through M; U {wy s, w1t }. Let P, , = P2 1o+ C1 +{wown, sos1, tot1 } — {woso, wisi, witi}.
Hence P, , is a Hamiltonian path of @5 joining w and v passing through M (see Fig. 12).
Subcase 2.3.3. |My| > |M;| and wy # v. Now |M;| < 3.
Subcase 2.3.3.1. The four neighbors of w; all uncovered by M; in Q1.
Choose a vertex t; such that d(t1,w;) = 3 and t; ¢ V(M;y). Since |M;| < 3, the above vertex
t exists Since u ¢ V(My) and p(u) = p(wg) # p(to), by Lemma 2.1 there is a Hamiltonian
path P}, of Q} passing through M. Let so be the neighbor of wy on Py, [wo,to]. Since the
four neighbors of w; in Q} all uncovered by M;, we have s; ¢ V(My). Since M; is a matching
of Qi —t1 — s1, p(t1) = p(s1) # p(w1) = p(v) and |M;| < 3, by Lemma 2.11 there exists a
spanning ({t1,s1}, {w1,v})-path P! 4+ Pl . of Q} passing through M;. Let P,, = P_, +

81,%
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Ptlly* + {wows, Sps1,tot1} — woso. Hence P, ,, is a Hamiltonian path of @5 joining u and

v passing through M.

+ P}

S1,%

Subcase 2.3.3.2. There exists a neighbor of w; covered by M; in Q1.

Since |M;| < 3, there exists j € [4] such that M; N E; = (. Without loss of generality, assume
j = 4. Split @} into QLF and Qif at position 4. Let M5 = My N E(Q3?) for every 6 € {L, R}.
Note that every vertex s, € V(Q3iL) has in Qi# a unique neighbor, denoted by s1r, and every
vertex t1r € V(QLF) has in Q3 a unique neighbor, denoted by #;7,. Without loss of generality, we
may assume w; € V(Q3E). Choose a vertex t; in Q3% such that d(t;,w;) = 3 and t; ¢ V(My).
Since |M;| — 1 < 3, the above vertex t; exists. Since u ¢ V(M) and p(u) = p(wo) # p(to),
by Lemma 2.1 there is a Hamiltonian path Pf;to of QY passing through My. Note that w; has
four neighbors in QJ, where one is in Q3% and the other three are in Q3. So we can choose a
neighbor sy of wg on PfL)’tO such that s; € V(Q1L). Next we will distinguish two cases depending
upon s1v € M; or not. When syv € M7, we will further distinguish two cases depending upon

sp € P&to [wo, to] or s € P37t0 [u, wo].
Subcase 2.3.3.2.1. sjv ¢ M;.

Ifv € V(QiF), since w; ¢ V(Myyr), p(wy) # p(s1) and t; ¢ V(Myr), p(t1) # p(v), by Lemma 2.1
there is a Hamiltonian path PLE_ ~of Q3% and PLR of Q3 passing through My, and Mg,

t1,v

respectively. Let P,, = P, + PiF . + PLE + {wowy, sos1,tot1} — woso. Hence P, is a

Hamiltonian path of Q5 joining u and v passing through M (see Fig. 13(1)).
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FIGURE 14. Hamiltonian path P, , in Q)5 passing through M.

Otherwise, v € V(Q3%). Since wy ¢ V(Mi.) and p(w;) = p(v) # p(s1), by Lemma 2.8 there

exists a spanning 2-path PJ,IL’Sl + PJ% ., of QAL passing through My, where a1y, is a vertex in

i satisfying p(v) # p(air). Since t; ¢ V(Mig) and p(t1) # p(a1r), by Lemma 2.1 there is
a Hamiltonian path PL%,  of Q3 passing through Mig. Let P,, = P_, + Pik  + PyL -+
tlllfalR + {wow1, s081,tot1, a1r.a1 R} — woSo. Hence P, ,, is a Hamiltonian path of Q5 joining u
and v passing through M (see Fig. 13(2)).
Subcase 2.3.3.2.2. 510 € My and so € Py, [wo, to].
Since s;v € My, sy € V(Q3F) and My N Ey = 0, we have v € V(QF). Since wy ¢ V (M),
by Lemma 2.1 there is a Hamiltonian path PLL_ of Q1L passing through M . Let a1, be the

wi,81

neighbor of v on PXF_ [wy,v]. Since s;v € My, we have ajpv ¢ M. Since t; ¢ V(M;g) and

w1,81

p(t1) # p(a1r), by Lemma 2.1 there is a Hamiltonian path P2 of Q3% passing through M.

ti,a1R

Let P, , = P37t0 + Pﬂlle’Sl + Ptlfam + {wown, sos1, tot1,airair} — {woso, a1Lv}. Hence P, , is a
Hamiltonian path of Q5 joining u and v passing through M (see Fig. 14).
Subcase 2.3.3.2.3. sv € My and sg € P&to [w, wo].

Also, we have v € V(QiL). In this case, due to the special position of sp, we cannot use

so. Therefore, we choose the other neighbor ry of wy that lies on the path Pg’to [wo, to]. Now
riv & My. Next we will distinguish two cases depending upon r; € V(QiL) or r; € V(QLF).
When r; € V(QAL), since wy ¢ V(M) and p(w;) = p(v) # p(r1), by Lemma 2.8 there exists
a spanning 2-path P&HL“ + Pvlflu of QiF passing through My, where ayy, is a vertex in Q3%
satisfying p(v) # p(a1r). Since t; ¢ V(Mig) and p(t1) # p(air), by Lemma 2.1 there is a
Hamiltonian path PL%  of Q3" passing through Mig. Let P,, = P}, + Pit  + Pt +

tlllfalR + {wows, 071, tot1, a1pa1r} — were. Hence P, , is a Hamiltonian path of Q5 joining u
and v passing through M.
When 7; € V(Q3F), since d(ty,w1) = 3 and d(r1,w;) = 1, we have r; # t;. Note that t; ¢
V(My), and p(t1) = p(r1) # p(wy) = p(v), and |M;q| < 3. If 1y ¢ V(My), then by Lemma 2.11
there exists a spanning ({t1,71}, {w1,v})-path P!, + P}, of Q} passing through M. Let
Pyy =P, + P ,+ P +{wow,ror1,tot1} — wore. Hence P, , is a Hamiltonian path of Qs
joining v and v passing through M.
It remains to consider the case that ry € V(QiF) and r; € V(M;). Note that t1,71 € V(Q3F),
and wy,v € V(Q3F), and My N Ey = 0, and |My| + |Mig| = [Mi| < 3, and p(w;) = p(v) #

p(t1) = p(r1), and wy ¢ V(Mip),v € V(M) t1 ¢ V(Mig), 1 € V(Mig), and the neighbor s;
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FIGURE 15. (1) The counterexample in Qi when |M;g| = 1; (2) The structure of (v,wy, M;z)
in Q3F when |M;| = 1.

of v in My, is adjacent to wy. First, we claim that there exists a spanning ({w1, v}, {t1,7r1})-path
P, .+ P}, of Q} passing through M.

If |Mig| = 1, then since 4 — |My1| > 2, there exist two distinct vertices air, b1z such that
plarr) = p(bir) # p(wr) = p(v) and {air,bir} NV (M) = 0. By Lemma 2.3 there exists

a spanning ({wy,v}, {a1r,bir})-path PLL, + P of QL passing through M;z,. Without loss

w1, % v, %
of generality, denote the 2-path by P&HL’M .+ PU{%M. Now, let us show another selection of

{a11,,b11}. Since wy ¢ V(M) and p(s1) # p(v) = p(w), by Lemma 2.1 there is a Hamiltonian
path PLL_ of Q1L passing through M. Note that s;v € E(PLE ). Let by, = s1, and ayy, be

w1,81 wi,81

the neighbor of v on PLL, [wy,v]. So, a;pv ¢ M. Let PLE— + P = plL g 70, Under

wi,81 w1,a1L v,bir, wi,81
this selection, by, is covered by My, which differs from the previous choice.
Before ending the proof, we point out a small conclusion. In Q3% for any two distinct vertices
x,y satistying p(x) = p(y) # p(r1) = p(t1), if (r1,t1,2,y, M1g) is not the case in Figure 15(1),
then there exists a spanning ({ry,t1}, {z,y})-path PE, + PR of Q3" passing through M g.

Let us prove this conclusion. If {z, y} NV (Mjg) = 0, then by Lemma 2.3 there exists a spanning
({r1,t1}, {z,y})-path P2 + PE of QLF passing through M;g. If {z,y} NV (M;g) # (), then

T1,% t1,%
Mg = {riz} (or Mg = {r1y}). By Theorem 1.4, there exists a spanning 2-path rix + Ptllljiy of
1E except the case in Figure 15(1). Thus, the above conclusion holds.
Since there are two selections of {aip,bir} in QéL, we can choose one such that
(ri,t1,a1Rr, b1, M1gr) is not the case in Figure 15(1). By the above conclusion there exists a

spanning ({r1,1}, {a1r, bir})-path PXE 4+ P of Q37 passing through M. Let PL, .+P, , =

T1,% w1 ,*
Pit o, + Pog, + P 4+ P 4 {aipair, birbigr} (see Fig. 16(1)).
If |Mig| = 2, then now |Myz| = 1 and My, = {sjv}. Choose two distinct vertices aig,b1r

such that p(air) = p(bir) # p(r1) = p(t1) and {a1g,bir} N V(M1g) = 0. By Lemma 2.3
there exists a spanning ({r1,¢1}, {a1r, b1r})-path P,}f* + Ptlf* of QF passing through Mig.
In Q3% now p(w1) = p(v), and My = {s1v}, and s; is adjacent to w; (see Fig. 15(2)). Thus,
(v,w1,a1r,b1r, Mir) is not isomorphic to the case in Figure 15(1). By the above conclusion

there exists a spanning ({v, w1}, {air, b1 })-path P2+ PIL of QIF passing through M. Let

V% w1 ,*
Py .+ P, =PL+ Pk + P 4+ PR 4 {aipa1r,bipbir}. The claim is proved.
Let P, , = Puo,to + P&m* + Pvl’* + {wowz, ror1, tot1} — wore. Hence, P, , is a Hamiltonian path

of @5 joining u and v passing through M (see Fig. 16(2)).
O

Theorem 3.2. Forn > 6, let M be a matching in Q,, with |M| < 10 x 2"=>. If M contains edges in at most
5 directions, then there exists a Hamiltonian cycle of Q. passing through M.

Proof. Since M contains edges in at most 5 directions, without loss of generality we may assume M contains
edges only in directions {1,2,...,5}. Then M C E; U Ey U E3 U E4 U Es.
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FIGURE 16. (1) Spanning ({w1, v}, {t1,71})-path P, + P}, of Q}; (2) Hamiltonian path P,
in @5 passing through M.

Let @Qn—s5 be a (n — 5)-dimensional hypercube. When n = 6, let V(Q,—5) = {zo,21}. When n > 7, choose
a Hamiltonian cycle C = g, 21, ...,%9n—5_1, 79 of Q,_5. Note that for every k € {0,1,...,2"5 — 1}, 23 is a
binary string of length (n — 5).

For every k € {0,1,...,2"7% — 1}, let Q* be the 5-dimensional subcube of Q,, induced by the vertex set
{y e V(Qn) : y' = 2L ° for every i € {6,...,n}}. Then Q,, — Eg — -+ — B, = Q¥ + Q%' +--- + Q:" "~ and

2" PUB(QEY) = By U By U By U By U Es. Hence M C J2) "V E(QE*). Let My, = M N E(Q*) for every
k> 0. Then M = 2", ' M.

Since |M| < 10 x 2775, there exists some M; such that |M;| < 9. Without loss of generality, assume
|[Mo| < 9. First apply Theorem 1.2 to obtain a Hamiltonian cycle Cy of Q:* passing through M for every
kefl,... 205 1}

For every k € {0,1,...,2"5—1}, since x}, is adjacent to x4 1 in Q,,_s, every vertex y € V(QE*) has of Q5™
a unique neighbor y'y?y*yy 2l | - :vZ;ir’, with subscripts taken modulo 2”75, Let ug € V(Q2°) \ V(Mp) and
vy be the neighbor of ug in Q. Then p(ug) # p(v1). From k& = 1 to 2"7° — 1, let uy be a neighbor of vy
on Cy such that ugvr, ¢ M and let v 1 be the neighbor of ug in Q:*™, where the subscripts modulo 2"75.
Then p(uy) # p(vx) and p(uy) # p(vks1) for every k € {1,...,2"7% — 1}. Hence p(ug) # p(vp). Since My is a
matching of Q=° — ug, by Theorem 3.1 there exists a Hamiltonian path P, ., of Q:° passing through My. Then
‘Eihe desired }Hamiltonian cycle of Q,, is formed by edges of E(Py, v,) U (Uills_l(E(Ck) U{uk—1vg} \ {upor}))U

Ugn—5_100 } (]
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